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PREFACE. 



The plan and method of presentation of this work are the result 
of many years of teaching experience. It has worked well in the 
hands of the author and has grown into its present form gradually, 
in response to the needs of student and teacher. It would seem 
therefore not unreasonable to hope that it may be of service to 
others in similar circumstances and with similar needs. 

It is the confirmed opinion of the writer that a text-book to be 
of the highest value to the student should contain more than a 
brief outline of the most elementary principles, even although the 
time at disposal for actual class work may oblige the teacher to 
confine himself to such an outline. A text-book should be of use 
to the student during the whole of his course and afterwards as a 
book of reference, as the various applications of mechanics oblige 
him to look up more in detail the underlying principles. With such 
a text-book in his possession the student grows in the knowledge 
and mastery of the subject long after his class has passed on, and 
such a work becomes a valuable possession. His growing famili- 
arity with its scope and uniform notation make it easy of reference, 
and it forms the best preparation for reading with ease and intel- 
ligence more advanced works. He should find in it everything in 
the way of principle he may need, with enough of practical applica- 
tion to illustrate and guide him. 

For the teacher the work should be so arranged that he can 
readily lay out his course according to the time at his disposal and 
the needs of his students. 

In most of our technical institutions the calculus is taken up at 
an early stage. It is very desirable that its applications should be 
kept in view. If, then, the study of mechanics can be taken up 
earlier than is customary, the two subjects will illustrate each other 
to mutual advantage. 

The present work is an attempt to cover the points indicated. 

The subject of Kinematics ia treated in Vol. I with all the 
tiioroughness its importance demands, and intentionally with more 
fulness than the time ordinarily at disposal for this subject would 
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IV PREFACE. 

warrant. We would, however, call attention to the following 
points : Articles for advanced students are in small type. Articles 
containing applications of the calculus are enclosed in brackets. 
The large tyx>e by itself constitutes an abridged course. The teacher 
can thus lay out such a course as regards time and thoroughness as 
he desires. As a work of reference f Or both student and teacher it 
should have an independent value. It is believed that the engi- 
neering student will seldom need to go outside for reference. 

The examples are numerous. The value to the student of these 
is, in the writer's opinion, very great. They are kept apart from 
the text, and the teacher can make use of them to such extent as 
seems good to him. Those who may be at first sight deterred from 
using the book, because of its covering more ground than the time 
at their disposal warrants, are asked to look it over in the light of 
the preceding explanation. It is believed that no matter how 
abridged a course is thought necessary, the teacher will find it here 
ready to his hand. 

The subject of Statics is treated in Vol. II, and here the same 
remarks hold. The discriminating teacher who wishes a short 
practical course will easily find it here. A large portion of the 
volume is devoted to engineering applications, such as Dams, Earth- 
work, Retaining Walls, Strength and Elasticity of Materials, Theory 
of Flexure. All these subjects are taught with more or less fulness, 
usually by the use of separate works. The subjects named are 
treated with thoroughness and fully illustrated by numerous 
examples, within the compass of 160 pages. 

The subject of Kinetics is treated in the third volume according 
to the same plan. 

The volumes have been printed separately for convenience of 
class work. Each is furnished with a complete index for reference. 
We have included in the three volumes no more of the subject than 
in our opinion the engineering student should sooner or later be 
familiar with. ** If a man knows mechanics," says a well-known 
engineer, **he can make himself an engineer; if he does not, 
nobody can make an engineer of him." 

There are two ways of teaching this subject. One by the use 
of an elementary abridgment, which student and teacher must 
afterward supplement by the use of more advanced works later 
on. The student then throws aside his elementary treatise as soon 
as he finishes it, and either has to start again with a new work, or, 
as is often the case, gets no real grasp of the subject and no work- 
ing familiarity with any valuable reference-work. 

The other way is that here pursued, of giving the student a work 
sufficient for his needs, written with direct reference to his needs 
and development from beginning to end, while at the same time it 
allows of all desirable curtailment in the introductory work. It 
is so presented that the subject may be taken up earlier than is 
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customaiy and made to illustrate and help in the other mathemati- 
cal studies of the course. 

It is the author^s plan, with his students, to first go over all three 
volumes, omitting everything not absolutely essential, taking thus 
only selected portions of the large print. When the student thus 
has a connected and intelligent grasp of the whole subject, the 
remaining time is employed in picking up those omitted portions 
which are of most importance. The work is then in the student's 
hands as a work of reference which he can use, and which he is 
safe to use and value during the rest of his course. 

Heretofore, works thus valuable for reference have been too 
condensed and too abstract. They are written for the engineer, 
not for the student. On the other hand, text-books for the student 
have been too elementary and too much abridged. They are 
intended for the beginner only and have no value for the progressive 
student. The present work is an attempt to take the beginner and 
leave him with a work which shall be of permanent value to him 
during and after his entire course. 
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DYNAMICS. 



PART II. KmETICS. 



SECTION I. KINETICS OF A PARTICLE, 



CHAPTEB I. 

EQUATION OF FOECE. 

KINETICS. TKANSLATION. EQUATION OF FOKCE. EQUATIONS OF MOTION. 

Kinetics. — We have treated in Vol. I of the science of Kinematics 
(KivTfua, motion), or the measurable relations of space and time 
only, that is, of pure motion. We have therefore considered the 
motion of a point or of a system of points without reference to 
matter or force. But we have to deal in nature with force and 
material bodies. 

The science which treats of those measurable relations of matter, 
space, and time involved in the study of the change of motion of 
bodies due to force is called Dynamics (dvvajut?, force). 

That portion of Dynamics which treats of those principles which 
are necessary for the discussion of forces and bodies in equilibrium, 
and generally of forces without reference to the change of motion 
caused by them, we have called Statics, and have considered in 
Vol. II. 

That portion of Dynamics which treats of forces with reference 
to the change of motion caused by them we call Kinetics, and treat 
in the present volume. 

Kinetics of a Particle— Translation. — We have seen (page 83, Vol. 
II, Statics) that when a rigid body is acted upon by any number 
of forces applied at different points and acting in different direc- 
tions, that IS, whatever the motion of the body may be, the motion 
of the centre of mass is precisely the same as if the body were re- 
placed by a particle of equal mass at the centre of mass, and all the 
forces were transferred to this particle without change of direction 
or magnitude. 
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2 KINETICS OF A PARTICLE — ^TRANSLATION. [CHAP. I. 

When, therefore, we consider only the motipn of translation of 
a body without reference to its rotation, if any, ive can always con- 
sider the body as a particle of equal mass concentrated at the centre 
of mass. 

The study of motion of translation of a body under the action of 
force is therefore the same as that of a particle of equal mass. We 
thus consider first the Kinetics of a Particle, or Translation. 

Equation of Force. — The student before taking up this portion 
of our work should be familiar with the general principles of Dy- 
namics as given in Vol. II, Introduction, Chapters I to IV, pages 1 
to 55.* 

We have there seen how to measure mass and force, and how to 
find the centre of mass of a bodv. We have also seen that the 
direction of a force is the same as tnat of the acceleration it causes, 
and the magnitude of the force is proportional to the acceleration 
it causes. The relation between force, mass and acceleration is 
there found to be given by 

F = mf a) 

where m is the mass of a particle in units of mass and / is the in- 
stantaneous acceleration in units of acceleration and F is the force 
in units of force. 

This is called the equation of force. It gives the magnitude of 
the force F which causes in any particle of mass m the acceleration 
/ in the direction of the force. Force, then, has magnitude and 
direction and can be represented like acceleration by a straight 
line. The principles, then, of pages 70, 84, 95, Vol. I, Kinematics, 
hold good for forces also, and we can resolve and combine forces 
and have the "triangle and polygon of forces." 

Thus let r 1 be the initial velocity of a particle P of mass m, moving 
in any path PiP, and v its final velocity at the end of any time t. 

If we draw OQi parallel and equal 
to Vi and OQ parallel and equal to v, 
then QiQ gives the integral or entire 
acceleration in the time t, both in direc- 

QiQ 
tion and magnitude, and ^^r^ gives the 

magnitude and direction of the mean or 
average acceleration, or mean time-rate 
of change of velocity in the time t. 

The limiting magnitude and direction of -~^ when the time t 

is indefinitely small, is the acceleration /, or instantaneous time- 
rate of change of velocity at any instant. 

Now this change of velocity is due to the force. If there were 
no force, Vi would remain unchanged both in magnitude and direc- 
tion. The force at any instant is then given in magnitude by 

F=mf 

and its direction is the direction off. 

Force, then, like acceleration, is uniform when it does not 
change either in magnitude or direction. If either magnitude or 
acceleration changes it is variable. 

The unit of force is then that force which gives one unit of mass 
one unit of acceleration in the direction of the acceleration. This 

* Any student taking this work in course should not fail to thoroughly 
review these pages at this point before going farther. 
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•CHAP. I.] EQUATION OF FORCE. 3 

is called the poundal when the unit of acceleration is 1 ft.-per-sec. 
per sec. and the unit of mass is the pound. If then in equation 
(1) we take m in pounds and / in feet-per-second per second, equa- 
tion (I) always gives F in 'poundals. 

Since the acceleration due to gravity is g ft.-per-sec. per sec, 
the force of gravity upon one pound is then gpourvdals. One pound 
then weighs gr poundals. Hence if we wish F in gravitation units 
(page 6, vol. U, Statics)^ since one pound weighs g poundals we 
have only to divide mf in equation (i) by g. We have then 

F = f. (II) 

In equation (II), if we take m in pounds and /in feet-per-second 
per second, we have F in gravitation units ; that is, we obtain the 
number of pounds whose weight will be equal to the force. 

If in equation (I) we take m in grams and / in centimetres-per- 
«econd per second, we always obtain Fin dynes; while equation (II) 
^ives us F in gravitation units, that is, the number of grams whose 
weight will be equal to the force. 

The accurate value of g for the locality should be taken when 
^eat accuracy is required. The values of g for different localities 
are given on page 93, Vol. I, Kinematics. In ordinary calculations g 
is usually taken at 32^ ft.-per-sec. per sec, or 981 cm.-per-sec per 
sec. We see then that one poundal is the weight of about one 

half an ounce, or more strictly the weight of - part of a pound, 

while one dyne is the weight of about 1 milligram, or more strictly 

the weight of — part of a gram, g in the first case being taken in 

feet-per second per second, and in the second case in centimetres- 
per-second per second. 

Equation of Motion. — The equation of force i^ = mf enables us 
to find in any case any one of the three quantities, acting force F^ 
mass of particle m, or acceleration /, if the other two are given. 

F 

If then mass and force are given, the acceleration / = — can be 

found. We can then apply the equations of motion given in Kine- 
"mattes, Vol. I, Chap. Vll, page 81. 

Illustrations. — The following illustrations will make clear the 
application of the preceding article. 

1. Motion of a Particle Projected Vertically Upwards from the 
Surface of the Earth.— Take the origin at the starting-point on the 
earth's surface. Let the mass of the particle be m and the accel- 
eration of gravity at the earth's surface be g. Then at or near the 
earth's surface the weight of the particle is F = ^ mg, where the 
minus sign denotes that the force acts towards the origin (page 58, 
"Vol. II, Statics). 

F 

We have then for the acceleration/ = -- or 

If the initial velocity is Vi , we have then for the velocity v at 
the end of any time t 

t; = Vi — gt 
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4 KINETICS OF A PARTICLE— TRANSLATION. [CHAP. !• 

We then proceed as on page 93, Vol. I, Kinematics, 
[In calculus notation we have 

We then proceed as on page 94, Vol. I, Kinematics,] 

2. Motion of a Particle Projected Vertically Downwards towards 
the Surface of the Earth.— Take the origin at the starting-point. Let 
the mass of the particle be m and the acceleration of gravity at the 
earth's surface be g. Then at or near the earth's surface the 
weight of the particle is -P = + mg, where the plus sign denotes- 
that the force acts away from the origin (page 58, Vol. II» Statics), 

We have then for the acceleration/ = — or 

If the initial velocity is Vi , we have then for the velocity t; at 
the end of any time t 

v = Vi + gt. 

We then proceed as on page 93, Vol. I, Kinematics. 

[In calculus notation we have 

^ dv d^s 

^^di^df^-^^' 

We then proceed as on page 94, Vol. I, Kinematics,] 

3. Motion of a Falling Particle at a Great Distance from th» 
Earth's Surface — Resistance of Air neglected. — ^Take the origin at the 
earth's surface, and let m as before be the mass of the particle and 
the acceleration of gravity at the earth's surface be a. Then at the 
earth's surface the weight of the particle is — mg, where the minus 
sign denotes direction towards the origin (page 68, Vol. II, Statics). 
Since, by Newton's law (page 44, Vol. II, Statics), the force of 
gravitation is inversely as the square of the distance, we have for 
the force F at any distance s, if r' is the earth's radius, 

F:-mg::r^':s\ or F = - ^-, 

s 

where the minus sign denotes that the force acts towards the 
origin. 

F 
We have then for the acceleration / = — or 

,_ gr;^ 

We then proceed as on page 99, Vol. I, Kinematics, 
[In calculus notation 

^_dv _^ <Ps^ __ gr^^ 

•^ ~ di'^dt^ ^"'V 
We then proceed as on page 100, Vol. I, Kinematics,] 

4. Motion of a Particle Falling under the Action of Gravity near 
the Earth's Surface in a Resisting Medium. — ^Take the origin at the 
starting-point. Let V be the volume of the particle and d its 
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densitv, and A the density of the medium. Then the mass of the 
I)article is m = 5Fand its weight is + mg = + <5 Fgr, where g is the 
acceleration of gravity at the earth's surface and the plus sign 
denotes direction away from the origin (page 58, Vol. II, Statics), 

The buoyant force of the medium is, according to a well-known 
principle of Physics, equal to the weight of an equal volume of the 
mediimi, or — A Vg, the minus sign denoting direction towards the 
origin. The resultant force is then 

F= +8Vg-AVg = dVg{l-j\. 

We have then for the acceleration, apart from the resistance of 

F 
the medium, / = — or 



/=.('-r)- 



[In calculus notation 

We then proceed as on page 111, Vol. I, Kinematics.] 

5. Motion of a Particle Projected Upwards under the Action of 
Gravity near the Earth's Surface in a Resisting Medium.— Take the 
■origin at the starting-point, which in this case is the earth's surface. 
The mass of the particle as before is wi = <5 V, and its weight is 
— mg = — <5 Vg, where the minus sign denotes direction towards 
the origin (page 58, Vol. II, Statics), 

The buoyant force is as before + A "Fa, where the plus sign de- 
notes direction away from the origin. The resultant force is then 
in this case 

F='-dVg + AVg = - 8Vg(l - fj. 

We have then for the acceleration, apart from the resistance of 
F 
the medium, /= - or 



/=-.(i-i)- 



6* 
[In calculus notation 

^ dv d^s i^ A\ 

We then proceed as on page 113, Vol. I, Kinematics,] 
6. Motion of a Particle in a Straight Line under the Action of an 
Attractive Force proportional to the Distance of the Particle from 
a Fixed Point in the Line of Motion.— Take the fixed point as origin. 
Let m be the mass of the particle and a' its acceleration at the dis- 
tance f'. Then the force at the distance r' is — ma\ where the 
minus sign denotes direction towards the origin (page 58, Vol. II, 
Statics), Hence we have for the force at any other point at a dis- 
tance 8 

■^ , . -^ wet' 

F: —ma' :\8:r', or F = — —rS* 
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F 
We have then for the acceleration /= - or 

a' 

The motion is therefore simple harmonic (page 101, Vol. I, Kine- 
m>atic8). 

[In calculus notation 

We then procoed as on page 106, Vol. I, Kinematics.] 

7. Motion of a Particle in a Straight Line nnder the Action of Sr. 
Repnlsive Force proportional to the Distance of the Particle from a 
Fixed Point in the Line of Motion.— Take the fixed point as origin, 
let m be the mass of the particle and a' its acceleration at the dis- 
tance r'. Then the fprce at the distance r' is + ma\ where the plus- 
sign denotes direction away from the origin (page 58, Vol. II, 
Statics), Hence we have for the force at any other point at a dis- 
tance s 

Fima' :: 8 :r' or F = + --, s. 

r 

F 
We have then for the acceleration / = — or 

a' 
/= + :p^' 

The motion is therefore simple harmonic (page 101, Vol. I, Kine- 
matics), 

[In calculus notation 

We then proceed as on page 107, Vol. I, Kinematics,] 

The preceding illustrations, together with the following exam- 
[ make clear the application of the equation of force 

F = mf 

to cases of motion of translation or motion of material particles. 

EXAMPLES. 

(1) A spring-balance is gradvated for a place where g = 32,2 ft,- 
per-sec, per sec, and indicates 1.6 pounds at a place where g = B2 
ft,-per-sec. per sec. Find the correct ixilue of the mass, 

Ans. If m is the actual mass, m X 32 is the actual weight in poundals of 
that mass at the place where it is weighed. 

If the balance is correctly graduated, its indicated mass X 82.2 ought to give 
the actual weight. Hence m X 32 = 1.6 X 32.2, or m =x 1.61 lbs. 

(2) A uniform force of 2 lbs. acts on a particle of 40 /6s. mass for 
half a minute, Pind the velocity acquired and the space passed 
through, (g = 32.) 



The p] 
pies, win 
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Ans. Since the force is uniform, / is constant in directio^ and magnitude. 
The force is the weight of 2 lbs. or 2g poundals. By equation of force 2g = 40/, 

or/= ^ = 1.6 ft.-per-sec. per sec. Since / is uniform, equations page 51, 

Vol. I, Kinematics, apply, and we have 

f) =ift ;= 48 ft. per sec, « = -^ft^ = 720 ft. 

(3) A particle acted upon by a uniform force 'deacrihea in ten 
seconds, starting from rest, a distance of 2&ft. Compare the force 
with the iveight of the body and find the velocity acquired, (g = 32.) 

1 2s 50 

Ans. 8 = yP (page 51, Vol. I, Kinematics). Hence /=— = — = 0.5 

ft.-per-sec. per sec.; v =ft = 5 ft. per sec. ; F=mf or —=^= -^ z= ^. 

(4) In what time will a force which is equal to the weight of a 
pound move a mass of 18 pounds through 50 ft, along a smooth 
horizontal plane, and what will be the velocity acquired f (gf = 32.) 

Ans. (Page 51, Vol. I, Kinematics.) « =ft, s = g/!f«, F=: mf Hence 
/= :^ = -- ft.-per-sec. per sec,; « = 7^ sec. ; 13i ft. per sec. 

lo a 

(5) A mass of 224 lbs. is placed on a smooth horizontal plane and 
a uniform force acting on tt parallel to the plane for 5 sec. causes it 
to describe 50 ft. in that tims. Show that the force is equal to about 
28 lbs. weight, (g = 32.) 

(6) Forces of 20 and 30 units acting on two particles produce 
accelerations of 40 and 50 units respectively. Show that the masses 
are as 10 to 12. 

(7) Two forces produce in two particles accelerations of 25 and 30 
units respectively. Show that if the 7nasses are equal the forces are 
as 5 to 6, and that if the forces are equal the masses are as ^ to 5. 

(8) A mass of 20 lbs. is placed upon a horizontal plane which is 
made to descend with a uniform acceleration of SO ft.-per-sec. per 
sec. Find the pressure on the plane due to the mass. 

ig = 32.2.) M M^ 

Ans. Acceleration of the mass with retorence to the earth 
is ^r ; of the plane relative to the e^arth 30. Acceleration of 
the mass relative to the plane is g — SO = 2.2 ft.-per-sec. 
per sec. Pressure = 2.3 X 20 = 44 poundals or weight of 

Ji=:1.861bs. ... 

(9) A mass of 20 lbs. rests on a horizontal plane which is made to 
ascend, first, with a constant velocity of 1 ft. per second ; second, 
ivith a velocity constantly increasing at the rate of 1 ft.-per-sec. per 
sec. Find in each case the pressure on the plane, (g = 32.) 

Ans. In the first case the pressure is the weight of 20 lbs. simply. In the 
second case the acceleration of the mass relative to the plane is ^ + 1 =33 
ft.-per-sec. per sec. Pressure = 20 X 33 = 660 poundals or weight of 

^ = 20Hlba 



?P4 



tflr-ao 
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8 KINETICS OF A PARTICLE — TRANSLATION^. [CHAP. I. 

(10) A balloon is ascending vertically xvith a velocity which is 
increasing at the rate of 3 ft.-per-sec. per sec. Find the apparent 
weight of 1 lb. weighed in the balloon by means of a spring-balance, 

to = 32.2.) 

Ans. 1.093 lbs. 

(11) A mass M lies on a smooth horizontal plane. A uniform 
horizontal force F is continuously applied. How long will it take 
to move the mass s ft. from rest ? Take M= 2240 lbs., F = 28 Ibs.j 
8 = 5 ft (fir = 32.) 

, Ans. F= J/jrpoundals; hence /= -^ or /= ^^ = ^g ft.-per-sec. per 

sec. 

2 
If ^ = 38 ft.-per-8ec. per sec., we have/= — ft.-per-sec. per sec. 

Since /is uniform, we have (page 51, VoL I, Kinematics) 

1 12 

s = — /««. or 6^ jr-X ■^«'. or « = 5 sec. 

(12) Let the mass M= 2240 lbs. be moved by a rope which passes 
over the edge of the plane on a pulley and sustains a mass jP = 2S 

J , lbs. at its other end. Disregarding all friction 

I M I ^ ^ and mass of pulley and rop^e and stwposina the 
t> ^PP^ perfectly flexible and inextensiSle, find how 
long it will tafce to move the mass M a distance 
I 8 = 6 ft from rest (g = 32.) 

I P I Ans. The student should carefully compare this 

example with the preceding and following. 
Here the tension on the rope is 25'* = Jf^poundals, where /is the accelera- 
tion o f if Since P has the same acceleration downward, the resultant acceler- 
ation of P isg —f. Hence the tension on the rope is also P(g — /) poundals. 
Therefore 

^= A^ - A or /= pqpy =« 23^ = gf ft.-per.sec. per sec. 



Or we may obtain the same result as follows : The moving force is the weight 
of P or the attraction of gravity for P, or Pg poundals, or the weight of 28 
lbs. as in Ex. 11. The mass moved is P + ^- Hence 

(P+M)f=Pg, or /=.^^. 

We have for uniform acceleration (page 51, Vol. I, Kinematics) 

« = |/*'. or 5 = |x^«». or « = 5. 051 sec. 

The tension on the rope is Mf or P(g — /) or— — ^ = poundals, 

or the weight of ^ ^ = -^ = 27f f lbs. 

(13) Two masses P = 2240 lbs and Q = 2212 lbs. are hung by means 
of a perfectly fleocihle inextensible rope over a s^nooth pmley . Dis- 
regarding all friction and the mass of pulley and rope, how long 
will it take for each mass to mx)ve througJi s = 5ft. from rest f 
(g-=32.) 
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Ans. The student should carefully compare this with the two preceding 
•examples. 

Tne tension on the descending side is P(g — f), on the 
^ascending side Q(g +/), where /is the acceleration. Hence 



P{3-f)=Q^9+fh or/ = 



(P-Q)9 324 



p+e 



1113 



ft. 



•per- sec. 
[per sec. 






•D 



O 



Or we may obtain the same result as follows: The weight 
of P is Pg poundals. The weight of Q is Qg poundals. 
The moving force is Pg— Qg or {P — ^g poundals, or the 
weight of 28 lbs. as in Ex. 11 and 12. The mass moved is 
P + Q. Hence 

(P+Q)f={P'-Q)ff, o' /=-^5^r|^. 

1 1 224 

Since 8 = ^ft^, we have 5 = g- X TiTo*'» or t = 7.04 sec. 

The tension on the rope is Q{g -^f) or P(g —/) or ^ ^ poundals, or 



the weight of 



2QP 



P+Q 



= 2225.9 lbs. 



P+Q 

Note.— The moving force in Ex. 11, 12, 13 is the weight of 28 lbs. In 
Ex» 11 the mass moved is Jlf = 2240 lbs., hence 28^ = Mf. In. Ex. 12 the mass 
moved is P + Jf = 2268 lbs., hence 28^ = (P + M)f. In Ex. 13 the mass 
moved is (P-\-Q) z= 4452 lbs., hence 28fir = (P+ Q)f. In all cases, rrumng 
force = mass moved X acceleration. 

The pressure on the axle is the sum of the two tensions, or (P + Q)g — 
(P — Q)f. If the pulley is not allowed to rotate, the pressure upon the axle 
would be the weight of P and Q, or (P -[- Q)g. The pressure on the axle 
•during motion is therefore less than when at rest. 

(14) Two equal masses A and B each of M lbs, are suspended by 
u perfectly Jtexible ineoctensihle string over a smooth pulley. A 
small mass u of m lbs, is placed on the mxiss A. Find the resulting 
(acceleration and the tension of the string, disregarding friction and 
the mass of the pulley and string, 

Ans. The weight of A and C is (M+ m)g. The weight of B is Mg. The 
moving force is then the weight of m or m^. The total mass moved is 2Jf + ^* 
We have then by the equation of force 



mg = (2M+ m)f, or / = 



m^ 



%M+m' 



The mass B rises with this acceleration and the mass A sinks with this 
acceleration. 

The tension on the string, if we consider the mass B, is M{g +/); i^ we 
consider the mass A^ it is (Jtf + m){g — /). Substituting the value of /, we 

■ -i^j^-. or m gravitation units r= -^^j^ 



(have in both cases T - 



Again, before the mass m is placed on A, the two masses A and B are at 
rest. The tension added by m is then the force which gives acceleration to the 

masses A and P, or 2Mf=m{g — /), or/ = 



2M- 



(15) Suppose that in the preceding example the mass m is removed 
at the end of the time t. Find the resulting motion, 

mgt 



Ans. The velocity at the end of the time t is v = ft 



^ ,, . — , and the 

2if-4'?» 
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Npace through which A has fallen or B risen in that time id 



2(2if + my 



When 971 is removed ihe moving force is zero, and henco the acceleration is 
zero and the masses A and B continue to move with the uniform velocity 



(16) A man in an elevator at rest holds in his hand a spring- 
balance with a mass of 1 lb, suspended from ity the balance there- 
fore reading 1 Jb, Upon starting he observes the balance to register 
15 oz, for a certain time. Then it changes to 17 oz. for a certain 
time, Tlien it aqain registers 1 lb,, and he finds the elevator at 
rest and that it nas descended 128 ft. Find the time of descent, 
ig = 32.) 

Ans. When the balance registers 15 oz. we have g^fi= —g, or the con- 
stant acceleration /i = + 3 ft.-per-sec. per sec. In the time ti , then, during 
which the balance registers 15 oz. the velocity increases from to tJj =/i^ ft. 

per sec. and the space passed over is Bi = g'^i = o-/»^»*' When the balance 

17 
registers 17 oz. the elevator is retarded, and we have ^+/9 = r^gorf^ = 2 ft.- 

per-sec. per sec. Since the retardation is equal then to the acceleration, the 
elevator comes to rest in the same time, U^ which it required to attain its 
velocity V\ , and passes over the same distance while coming to rest. We have 
then the spaed passed over 128 = 2«i =/i<i*, or ^i = 8 sec. The total time is 
then 2^1 = 16 sec. 

(17) An elevator whose mass is 2240 lbs, is descending a shaft 
which is 100 feet deep. The chain by which it is suspended has a 
uniform tension of 1680 lbs. If the elevator starts from rest at the 
top of the shaft, ivith what 'velocity would it reach the bottom f Dis- 
regard the mass of the chain, 

Ans. We have 2240(^ -/) = 168Q^. If ^ = 32 ft. -per sec. per sec., the 
acceleration /= 8 ft.-per-sec. per sec. Since ® = 1^2/^ (page 51, Vol. I, Eine- 
mattes), we have ® = V^1600 = 40 ft. per sec. 

(18) Suppose in the preceding example the elevator is counter- 
balanced by a mass at the other end of the chain, the chain passing 
over a j^tuley. Neglecting friction and mass of the chain, what 
must this mass be in order that the tension may be 1680 Ibs.f The 
chain is supposed perfectly flexible and ineoctensMe. 

Ans. m{ff + 8) = 1680^, or taking g = 32 ft.-per-sec. per sec., m = 1844 lbs. 

(19) A man can lift 168 lbs, on the ground. If in an elevator 
descending tvith an acceleration of 8 ft.-per-sec. per sec, how much 
can he lift f If ascending with the same a^iceleration, how much can 
heliftf 

Ans. m{g —/) = 168^, or taking g = S2 ft.-per-sec. per sec, m = 224 lbs;. 
If ascending, m =- 184.4 lbs. 

(20) A rope passes over a pulley and has a mass P lbs. attached 
at one end and on the other side a mass Q lbs, which slides along the 
rope. If P remains at rest, find the friction which must act bettoeen 
the rope and Q ; also the acceleration of Q, 
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II 



Ans. The friction must equal Fa poundals. The force acting on Q to move 
it ib (Q^ — Fg) poundals. If / is the acceleration of Q, then 

Hence the velocity at the end of the time £, starting from rest of Q, is 
t-fl=. ^^ "J"^^ , and the distance described is « = i/lf* = ^^-^^kp^- 



2-^ 



n 



• (21) [If a perfectly flexible and perfectly smooth rope is hung over a 
perfectly smooth pin, find tlie time it toill run itself off. 

Let 2^ = the length of the rope, m = the mass of a unit of length of the 
rope. Then the mass of the rope is %rnl. 

Let motion commence when one end is at a distance 
of 2«j above the other. Take the origin of co-ordinates 
half way between these two ends at 0. 

At any other instant after motion has commenced let 
the distance of the short end above be «. Then the 
unbalanced mass at that instant is 297M, and the moving 
force at that instant is ^^mgs. Since the mass moved by 

this force is 2ml and the acceleration is -^-z, we have 

at* 






«i 



-1- 
o 



.«! 



= ^^S» ^^ d7« 






Multiply by ds and integrate and we have 
When« = «i let« = 0. Then <7= - — and 



..^/l.dt = -J^==. 
Integrating again, and we have 

y £.t = iogn{s+ i/«« -*!«)+ a 

When « =3 «i let e =r 0. Then C = — log «i and 

« = j/-lognJl_ . 

When « = ^ the rope will run oflf and the time required is 



-^',™^+i^ 



I = a/I logn 



■ (22) \Buppose a spring whose natural length is AB to he fl^ed at tht 
end B and compressed from A to C, where it presses against a body of 
mass m which is p&rfecUy free to move horizontally. Disregarding the^ 
mass of the spring, discuss the motion. 
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12 KINETICS OF A PABTICLE—TRANSLATION. [CHAP. I. 

Ans. Let the force at any distance x from A be F', and at the distance 
AC=:s\)eF. 

Then we have F' :x::F:8, or F' = F-, 

f' r^HAIWUIMJ "^^ acceleration at any point is ^, and therefore 
-* — X — M ! ■"■""B i,«v« 



we have 

where we take the minus sign becaus*' the force and therefore the acceleration 
is towards the origin (page 50, Vol. I, Kinematics), 

Since the acceleration is proportional to the distance, the motion is harmonic 
and the integration will give the^&ame results as page 106, Vol. I, KinemcUics. 

We have simply to substitute — for — and 8 for r and a; for « in the equations 

m^ r 
of page 106, Vol. I, Kinematics. 

We thus have for the velocity at any distance x from A 

For the time of reaching any point distant x from A 
. A/ms . X 

For the time of reaching A 

t - "La/^ 



For the velocity at A 



^ ms 



If i^is given in pounds, or gravitation measure, it must be multiplied by ff 
whenever it occurs. 

We have then, taking i^in gravitation units, for the time of reaching A, 

or half the time of vibration of a pendulum whose length is -=fi (page 275, 

Vol. I). 

If the sprinfi^ is attached to the mass m, the mass will vibrate to a distance s 

on the other side of A, the entire time of vibration being that of a pendulum 

m 
of length -=», and the motion will then be periodic. 

If the spring is not attached to the mass m, the mass will leave the spring 
at A, and move with uniform velocity 

r ms 



where i^is in gravitation units. 
If the spring were destitui 
mass, it will pass A and vibrate back and forth also. 



If the spring were destitute of mass it would stop at A, But as it has 
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• (23) [Discuss the motion of a particle under the mutual attraction of 
two spherical bodies. 

Ans. Let the mass of the two spherical bodies be mi and ms» and their radii 
Ti and ra respectively. 




I 

I _^ 
--- » >4*-- d-x ^ 

Let the particle of mass m be at the distance x from the centre of mass Ci 
of Wi , and let the distance Gx Ca between the centres of mass of wii and Wa be 
df so that the distance of the particle from the centre of mass of Wa is d — x. 

From page 46, Vol. II, Statics, the spheres attract any particle m between 
them as if the entire mass of each sphere were concentrated at its centre of 
mass. 

Let/i and /a be the accelerations due to attraction at the surfaces A and'J?^ 
of each sphere. Then the weight of the particle m bX A would be mfi , and at 
-B, wi/a. 

When the particle is at the distance x from Ci , let the force of attraction 
upon it due to m, be Fi , and that due to Wa be iJ^a. Then, since according to 
Newton's law (page 44, Vol. II, Statics) the force of attraction is inversely a& 
the square of the distance, we have 

F,:mf,::r^^:x\ or F^ = ^!^; 

F,:mf,::r,^:(d^x)\ or 2^,= -^J^. 

Let Ft be greater than ^t. Then the resultant force of attraction towards: 
Ci upon the particle is 

,7T « w/ara» m/iri* 
(d — «)• aj* 

If we divide this force by m, we have the acceleration of the particle m 

(1> 



dv^ __ /«ra» /iri« 

dt (d - xf x^ ' 



dx 
Multiply both sides of (1) by 2dx. Then, since — - = t>, we have 

dt 

"^"^ - (d _ xy x^ • 

Integrating, we have for the velocity v at the distance x from Ci 

d — X X ' 



Let « = t>i when x = ru Then 




Const. = «,« 


2/ar,» 2/,r,« 
d — r, ri 



We have then, substituting this value for the constant of integration, for the* 
velocity « at any point distant x from Ci , if Vi is the initial velocity at A, 



i.' = i>.' + ^w[-^^-^]+^.n'[l-l]. 



(3> 
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Let V be zero when x = d^. Then we have 

= ... + 3/,r..[^^-5-L-]+y.n'[i--i]. . . (3, 

From (8) we can find the distance do from Ci for which the velocitj v is 
zero. We see that this value of do depends ut)on the initial velocity Vi &t A. 
Suppose this initial velocity to be such that the 'particle comes to rest at the 
point for which Fi and Ft are equal. Then we have 

Substituting this value of /iri' in (8), we have for the corresponding value 

of tJi 



t,,« == 2/.r,« J^^ - ^4^; + (dZ^ 



(4) 



If Vi is less than the value given by (4), the particle will come to rest before 
it reaches do and will then return to A. If Vi is greater than the value given 
by (4), the particle will pass the point of equilibrium at do and then fall 
towards B. 

We can simplify (4) as follows : When Fi = Ft, we have 

do^ _ f,r,^ 
(d-dof ""/,r,«- 

The point at which the attractions Fi and Ft are equal divides the distance 
d then into two portions do and d — ' do , whose ratio n is given by 



d — do r^y ft 



Hence 



do = -z — i^ — and d — do = -z — ; — (5) 

1 '\- n 1 -f- n 



We have also by Newton's law (page 44, Vol. II, £^<Ui6s) 



Hence 






^^^ or ^ = ^. or n = i/^. 



(6) 



If we insert in (4) the values of do and d — do given by (5), we obtain for Di 



.. = 4^^1/5^ -p{l + «)' + «'^ (7) 

where n is given by (6). 

If iJi is less than this, the particle will come to rest before it reaches do and 
will then return to A. If 'Ox is greater than this, the particle will pass the point 
of equilibrium at do and then fall. towards B, 

From (5) and (6) we have for the distance do to the point of equilibrium 

do = --= (8) 

1 + 4/??^' 
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CHAPTER II. 
DEFLECTING FORCE. 

DEFLECTING FORCE. BIMPLE CONICAL PENDULUM. DEFLECTING FORCE ON 
THE EARTH. DEFLECTING FORCE— PARTICLE MOVING ON EARTH'S SUR- 
FACE. DEVIATION OF A FALLING BODY DUE TO EARTH'S ROTATION. 

Deflecting Force.— We have seen (page 83, Vol. II, Statics) that 
v^hatever the motion of a body, its centre of mass moves as if the 
entire mass of the body were concentrated at the centre of mass 
and all the forces were transferred to this poifit. 

We have also the equation of force 

F=:mf. 

Suppose then the centre of mass of a body to move in a curve 
whose radius of curvature at any point is p. Then (page 76, Vol. I, 
Kinematics), the tangential acceleration is ft = pet and the normal 

acceleration is/n = — = po>^ where a is the rate of change of angu- 

lar speed, v the linear speed and a> the angular speed at the point. 

If m is the mass of the body, we have then acting at the centre 
of mass the tangential force 

ft = mft = nipa, 
and the normal force 

Fn = mfn = = mpoD^ (1) 

This latter force is the deflecting force, because it is at right angles 
to the direction of motion and can therefore cause no change of 
speed, but only change of direction of motion. 

If the path is a circle, p is constant and equal to the radius r, 
and we have 

Fn = ~= mroD^ (2) 

r 

If there is no tangential force, there will be no change of speed. 
In such case, if T is the periodic time, or the time of a complete 

revolution, we have «?==—, or v = -^, and 

Fn = -^^ = mrQD' (3) 

If the force is required in gravitation units, we must divide by 
g (page 6, Vol. II, Statics). 

The force Fn in the case of circular motion is sometimes called 
" centripetal force,^^ since it constantly draws the particle towards 
the fixed centre. This term is correct and descriptive. 

The more general term is, however, deflecting force, since it con- 
stantly draws the particle out of the tangent to its path at any 
instant without affecting the speed, the centre not being fixed in 
general. 

15 
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It is also often called ^'centrifugal force,^^ that is, force away 
from the centre. This is neither correct nor descriptive. The sama 
force evidently cannot be both centripetal and centrifugal, and as. 
there is really no force on the body acting away from the centre 
and there really is a force acting on the body towards ^the centre, 
the term centrifugal is incorrect when the body is considered. 

A particle moving in a circle was formerly thought to possess an 
inherent so-called ** centrifugal force," by virtue of which it tended 
to fly away from the centre, and hence the term, which has un- 
fortunately passed into common use. 

But a body' cannot change its direction of motion. The centre 
of mass in circular motion is moving at any instant in a straight 
line tangent to the path, and an external force is necessary to make 
the direction of the motion change. 

This external force must be in the direction of the acceleration 
or towards the centre of the circle. It is therefore a deflecting force^ 
or ** centripetal" forc§. 

If the body is attached by a string to the centre of the circle we 
have tensile stress in the strmg^ and two equal and opposite stresses- 
of action and reaction (page 37) between the body and centre of 
the circle. If now we consider the body from the standpoint of 
the centre, the force on it is the centripetal stress towards the 
centre. This is the deflecting force. 

If we consider the centre from the standpoint of the body, the 
force on it is the centrifugal stress away from the centre. This is 
the so-called ** centrifugal force." 

The term ** centrifugal force " always signifies then the opposite 
aspect of the stress between the centre and body. In this sense it 
may properly be used, but as it is apt to be misleading it is just aa 
well to discard it altogether.* 

Simple Conical Pendalum. — The simple conical pendulum con- 
sists of a particle of mass m attached to a fixed point P by a mass- 
less inextensible string of length I, and 
moving with uniform speed v in a circu- 
lar path about a vertical axis through 
the fixed point. 

In this case the particle is acted upon 
by two forces, its weight mg vertically 
downwards and the tension T of the 
string directed towards the fixed point 
P. If the particle moves with uniform 
speed V in the circle whose radius is r = 
I sin 0, where B is the inclination of the 
iig string to the vertical, the vertical com- 

ponent T cos of the tension T must 

* ** When I was about nine years old, I was taken to hear a course of lec- 
tures by an itinerant lecturer in a country town, to get as much as I could of 
the second half of a good, sound philosophical omniscience 

" * You have heard what I have said of the wonderful centripetal force, by 
which Divine Wisdom has retained the planets in their orbits round the sun. 
But, ladies and gentlemen, it must also be clear to you that if there were no 
other force in action, this centripetal force would draw our earth and the other 
planets into the sun, and universal ruin would ensue. To prevent such a. 
catastrophe, the same Wisdom has implanted a centrifQgal force of the same 
amount, and directly opposite.' .... 

" I had never heard of Alfonso X. of Castile, but I ventured to think that if 
Divine Wisdom had just let the planets alone it would come to the same thing- 
with equal and opposite troubles saved. " — De Morgan, Budget of Paradoxes. 
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balance the weight mg^ and the horizontal component J sin of the 

tension T must be equal to the deflecting force ~ necessary to 

make the particle move in a circle with uniform speed. We have 
then 



mgf — T cos = 0, or T cos 9 = mg, 
and from equation (2), page 15, 



r Zsmd 



: mroa* = mZ sin 6.<»*, 



where a> is the angular speed. 

We can find T from either (1) or (2). Squaring (1) and i 
adding, we have also 



T = mf/flf*+ ^ = m i^flf* + r"«*. 



Also dividing (2) by (1), we have 



gr g/ sin 6 






(1) 



(2) 



land 



(3) 



(4) 



For T in gravitation units we must divide (3) by gr as usual. 

Let h be the distance of the fixed point P above the plane of 
motion, or the height of the penduliun. Then since h tan 6 = r, we 
have from (4) 



»'=^. 



(5) 



If then Off is the angular e^eed of the particle about the centre O, 
Too = V, and from (6) <» = y ^. If t is the time of a revolution, 



ft" 

00 r g 



(6) 




This is the same as the time of oscillation of a simple pendulum 
of length h (page 164, Vol. I, Kinematics). 

CoR. 1. If 6 is indefinitely small, h and I 
are equal and 

t^2n\/l, 
^ 9 

and we have the case of the simple i>en- 
dulum. 

CoE. 2. Since « = |/-2, we see that the 

greater the angular velocity the less h, and, 

as Z is constant, the greater r. This fact is 

taken advantage of in the steam-engine 

governor. As the piston speed increases, the spindle PO revolves 

more rapidly, the balls separate and the slide at B rises and by 

means of levers acts upon the valves of the engine to diminish the 

supply of steam. 
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Defleoting Foroe on the Earth.— Suppose the earth to be a homo- 
geneous sphere of radius r and centre C. Let WAE represent the 

equator, NS the ajcis, and let P be 
any point of the surface on the me- 
ridian PAS, so that the latitude of 
P is A. = PC A. 

Let a particle of mass m rest on 
the earth's surface at P. Let G be 
the acceleration of gravity acting 
towards the centre of mass C along 
the radius PC Then mG is the 
force of attraction. Let g be the 
observed acceleration of gravity at 
the point P. Then the observed 
weight of the particle at Pas given 
by a spring-balance is mg acting 
towards the centre C along the ra- 
dius PC The pressure of the earth 
upon the particle is then mg acting 
in the opposite direction. 

Then the difference between mG 
and mg, or mG — mg, is that portion 
of the earth's attraction which is 
required to keep the particle in con- 
tact with the earth. This force has 
no effect upon a spring-balance. 
We call it the central delecting 
force and denote it by Fc. We 
nave then 




-wrco^oosA. 



Fc = mG — mg. 



(1) 



We can resolve this central deflecting force Fc into two com- 
ponents, one Ft tangent to the meridian at P and one Fn in the 
direction PB. This latter component is the deflecting force on the 
particle necessary to keep it on the latitude circle whose radius is 
BP = r cos A. We have then (page 15), since the angular velocity 

00=.—, where Tis the time of rotation. 



Fn = mrao* cos A = — , COS A. 



(2) 



We have therefore, since cos X sin A = - sin 2A, 

i^^c =Pn cosA = mr<»"cos" A = i^!^cos«A; . . . (S) 

Ft = Fn sin A = Imroo' sin 2A = ?^^ sin 2A. . . . (4) 
2 J. 

From (1) and (3) we have 

mg = mG — mroo* cos* A = mG jfr- cos* A. . . . (6) 

Hence, the central deflecting force Fc is proportional to the 
square of the cosine of the latitiide and diminishes the observed force 
Of gravity at the surface. 
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If the earth were a homogeneous sphere the effect of the tan- 
gential component Ft upon liquid particles on the surface would be 
to force them towards the equator and thus increase the equatorial 
-and diminish the polar diameter. The fact that the earth is not a 
sphere thus indicates that the now solid portions may once have 
existed in a plastic condition. The equatorial diameter is found to 
-exceed the polar by about 26 miles. The ratio of this difference to 
the equatorial diameter, called 
the ellipticity of the earth, is 
about ^hf. The earth is con- 
sidered then as an ellipsoid of 
revolution with this elhpticity, 
so that the direction of the ob- 
served force of gravity or of the 
Elumb-line AP (see following 
gure) is always normal to the 
^surface of the earth or to a 
water-levd and hence does not 
pass through the centre of 
ngure C except at the equator 
and the poles. 

The force of attraction mG 
is then resolved into two com- 
ponents, one mg normal to the 
surface and one Fn along BP. 
This latter is the deflecting force 
necessary to keep the particle 
on the latitude circle whose 
radius is BP = r cos A. The 
former is balanced by the press- 
ure of the earth upon the par- 
ticle. There is then no result- 
ant tangential force Ft and no tendency of the particle at P to 
move towards the equator. 

Let r be the radius vector for any point P whose latitude is 
PCE= A, and let <p be the angle of the normal AP to the surface 
with r. Then we have for the earth regarded aa a spheroid 




?^mrGO*eo9X 



Fc = mG - 



mg 



(1) 



cos 0' 

and as before 

Fn = wrw' COS A « . . (2) 

We have then from the figure 
Fc = Fn COS X—Fn sin A tan = mroo* cos A (cos A — sin A tan 0) ; (3) 



„ i^n sin A 1 , sin 2A 

Ft = —zz:r-r^ = T^mrar 



(4) 



cos 2 "" cos ' 

and from (1) and (3) 

mg = mG cos — mrco* cos A cos (cos A — sin A tan 0). . (6) 

We have also the tangential component of the pressure mg equal 
and opposite Xx> Ft, so that there is no resultant tangential force. 
Since ui the case of the earth the deviation from a sphere is small. 
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the angle (f> is very smaU, and equations (1) to (6) reduce to equa- 
tions (1) to (5), page 18. we can then practically treat the earths 
as a »phere of mean radius r and neglect the tangential component 
Ft. 

Cor. 1. If we take the mean radius r = 8960 miles and r=: 86164 
seconds, we have 

-=- r= rcw* = 0.111255 ft.-per-sec. per sec (6> 

We have then from (6), pa^e 18, for the total acceleration of 
gravity G at any point P in latitude X 

G^ = fir + 0.111256 cos' A, (7> 

where a is the observed acceleration of gravity at P. 

At the poles A = 90"* and G^ = (/, or the observed acceleration of 
gravity at the poles is eaual to the total central acceleration G of 
the earth considered as a nomogeneous sphere. 

At the equator A. = 0, and the observea value of g at the equator 
at sea-level is about 32.09022 ft.-per-sec. per sec. Hence from (7) we 
obtain 

G = 32.20148 ft.-per-sec. per. sec (8> 

The central deflecting force at any point is, from (3), page 18,. 
and (6), 

i^c =0.111265wco8'A (9> 

At the equator we have the central deflecting force, from (9> 
and (8), 

Pcjp = 0.111266m = 2^m& (10} 

That is, the central deflecting force at the equator is about 1/28^ 
cf the total force of gravity, 

CoE. 2. To find the time of rotation To of the earth in order 
that a particle at any point P may have no weight, i.e. exert no 
pressure on the surface, we have from (3), page 18, by putting 
K = mGandr=2;, 

G = ^cos*A, or To = \/^ cosU. 

But from (10), 

"j»?* 289 or (t — ya 

Inserting this value of G, we obtain 

To = ^TcosA (11) 

At the equator we have To = — T. In order, then, that a particle 

at the equator may have no weight the earth must rotate in one 
seventeenth of a day. 
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EXAMPLES. 

(1) A string 5 feet long just breaks with a weight ofzO lbs. It is 
fastened to aflxeapoint at one end^ and at the other to a mass of 5 

lbs. which revolves round the point in a horizontal plane. Find the 
greatest number of complete revolutions that can be m^ade in a minute 
without breaking the string, {g = 32.) 

Ans. To break the string requires a force of 20g poundals. Let n be the 

number of revolutions per minute. Then d = .- = -3-. The stress in the 

oU o 

. mv* ^ ^y-rrr 1171 „ 6 i/20g -o 

4Stnng 18 — = 20^, or « = y20g = -j- . Hence n = — - — - = 48 com- 

plete revolutions. 

(2) Suppose the m^ass revolves in a vertical plane. 

Ans. Then at the lowest point the stress is 1- mg poundals, and 

r 

\'ing = 20g, or « = i/i5^ = -x- . Hence n = — — - = 41 complete 

T O 7t 

revolutions. 

(3) What portion of their weight do bodies lose at the equator, 
assuming the radius of the earth 4000 miles and g = S2 ft.-per-sec. 
j)er sec. f 

Ans. About ^. 

(4) Find the length of day in order that a body may possess no 
■weight at the equator. 

Ans. About one seventeenth of 24 hours. 

(5) A skater describes a circle of 100 feet radius, with a speed of 
18 feet per second. Find his inclination to the ice. 

Ans. About 84' 18'. 

(6) An engine of 20 tons runs with a speed of 30 miles an hour, at 
<i part of the track where the radius of curvature is 10 miles. Find 
the pressure against the rails. 

Ans. V5- *oJis. 

l^g > 

(7) What should be the difference of level between the rails when 
the radius of curvature of a railway curve is 300 yards, the breadth 
of gauge 4 ft. 8i in., the greatest speed of a train 45 miles per hour f 

Ans. 8.6 inches. 

(8) A mass of 32 lbs. moves in a circle of radius 4 ft. with a uni- 
Jarm speed of 20 ft. per sec. Find the force directed towards the 

centre. (gr = 32.) 

Ans. poundals or 100 lbs. 

(9) A mass of 32 lbs. revolves uniformly in a circle of radius 4 
feet, making 48 revolutions per minute. Find the force directed to- 
tvards the centre. 

Ans. The angular velocity is a? = l.dflr radius per sec. The acceleration is 
/ = ra?* = about 100 ft.-per-sec. per sec. The force is 3200 poundals or about 
100 pounds, taking^ = 32 ft.-per-sec. per sec. 
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(10) Find the necessary eletmtion of the outer rail on a railroad- 
track on a curve of radius r, so that an engine weighing m lbs. mov- 
ing with a speed v can pass without lateral pressure on the rails by 
the wheel-flanges. 

Ans. Let E be the centre of mass of the engine and h = EB the distance of 

the centre of mass above the rails. 

We have acting at E the weight mg 
vertical. TMs can be resolved itno a 
component along EB and a horizontal 
component EF. If there is no flange 
pressure the component EF most be 

equal to the deflecting force — . Let a be 




the angle of elevation DAG. 
= mg tan a or tan a 



Then EF 



- — = — 
r " gr "AC 

If a is small, AC is practically equal to AD = the gauge of track. Hence 
approximately, 

DC = . 

gr 

For the standard gauge of AD = 4 ft. 8i in. =56.5 inches, taking ^ = 32: 
ft.-per-sec. per sec. and v in ft. per sec. and r in feet, we have 

DC = -7— inches, nearly. 
If « is taken in miles per hour and r in feet, we have 
DC = -"i — inches, nearly. 

(11) Find the speed v of an engine on a curved level track of 
radius r and gauge w when it is just on the point of overturning^ 
the centre of mass being h above tne rails. 

Ans. « = i/^~. If A is 6 ft. and «r is 4 ft. 8i in., we have, taking g = 32. 

ft,-per-sec. per sec, the speed « = 8.55 4/r ft. per sec, nearly, where r must 
be taken in feet. 

(12) Masses of 3 and 4 lbs. are fioced at the ends of a horizontal 
rod. If the rod is unthout mass, find the position of the vertical axis- 
round which it must revolve in order thai the deflecting forces may- 
be equal. 

Ans. At =-1 from the larger mass. 

(13) A particle ofm lbs. is fastened to a flexed point by a string I 
ft long and describes a horizontal circle so that the strinq generates 
a right circular c me of vertical angle 20. Show that the speed of 
the particle isv= i/lg sin* 6 sec 0. 

(14) Find the height hofa governor to run at 60 revolutions per 
minute, (g = 32.) 

Ans. A = 9.73 inches. 
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^15) One end of a string 21 feet long iafaatentd to a point A on a 
smooth vertical rody the other to a small ring Pof mass m lbs, which 
slides on the rod. Another mass Q of m' lbs, is fastened to the 
middle point of the string and revolves with a velocity vft. per sec. 
in a horizontal circle, so that the angle AQP is a right angle. Show 

V2 m' 

(16) What ought to be the difference of level between the rails, 
when the radius of curvature of a railway curve is 300 yards, the 
breadth of gauge 4 ft, 8^ in., and the highest speed of the train 46 
miles an hour f 

Ans. 8.4 inclies. 

(17) A railway car is going round a curve of 500 /f. radium at 30 
miles an hour. Find how much a plummet hung from the roof by a 
thread 6 ft. long would be deflected frmn the vertical if there were no 
pressure on the rails by the ivheel-jtanges, 

Ans. About 0.73 ft. 

(18) A particle is whirled round horizontally by a string 2 
yards long. What is the time of one revolution when the tension of 
the string is 4 timss the weight of the particle f 

Ans. T = ni/- = 1.35 sec. 

(19) A man standing at one of the poles of a rotating planet 
whirls a body of 20 lbs. on a smooth horizontal plane by a string 1 
yard long a? the rate of 100 turns per minute. He finds that the 
difference of the forces which he has to exert according as he whirls 
the body one way or the other is 0.01 lb. Find the period of rota- 
tion of the planet 

Ans. 13 hr. 87 min. 21.6 sec. 

(20) A railroad car is going round a curve of 500 ft. radius at 
the rate of 30 miles an hour. Find how mu>ch a plummet hung from 
the roof by a thread mil be deflected from the vertical. 

Ans. 6° 51'.4. 

(21) A particle of mass m attached by an inextensible string of 
length I to a fixed point moves in a vertical plane in a circle of 
radius r. Find the tension T in any position, the least and greatest 
values of T. Show also that the least value of the speed with which 
a circle will be described is ^Tg, and that when the speed has, this 
value the greatest value of T is equal to six times the weight of the 
particle. 

Ans. Let A be the highest pomt of the path, and Pany pomt, and the angle 
subtended by the arc AP, Let Fbe the speed at A, and d that at any point 

P. The normal acceleration is -r-. The vertical acceleration is ^. The vertical 

u 

distance fallen from A is ^1 — cos G). Hence the velocity at any point is 
given by 

1)2= F« + 2^?(l-cosG), 

and the normal acceleration is 

-=-Y+W-cos0). 
The normal component of ^ is ^ cos 6. The deflecting force then is 
T+ mg COB B = —r- = —j h 3^wi(l — cos G). 
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Hence 

2»— 1- 2gin — dgm ooe B. 

c 

The greatest value of T will be when B = 180", or when the particle is at 
the lowest point, and equal to 

The least vaine of T will be when 6 = 0, or when the particle is at the 
highest point, and equal to 



T= 



I 



— mg. 



Placing this equal to zero, we find for the least value of V with which a 
circle will be described F= ^ig. Substituting this in the preceding value of 
Ty we find T=f^mg. 

Particle Moving on the Earth's Siir£Etoe.->Let the particle P 

instead of being at rest on the surface of the earth have a velocity 

V relative to the earth at any 
instant in any direction tangent 
to the earth's surface. 

Take the point P as origin, 
the axis of JTtowards the east, 
the axis of Ftowards the north, 
the axis of Z along the radius 
through P 

Let Vx and Vy be the com- 
ponents of V along the axes of 
X and F, so that Vx is positive 
towards the east and negative 
towards the west, €uid Vy is pos- 
itive towards the north and 
negative towards the south. 

Let PiPa = Vyt be the dis- 
tance south along the meridian 
described by P in north latitude, 
in an indefinitely small time t. 
If there were no rotation, PiP» 
would coincide with the merid- 
ian through Pi. But owing to 

the rotation of the earth this meridian moves to Pi'lf, while Pi 

moves to Pa', so that if Pi'O' is parallel to the 

axis NO, the angle MCyPi = od, where oo is 

the angular velocity of rotation. The angle 

O'Pi'Pa' = A = the latitude of Pi. We have 

then O'Pi = Vyt sin k and 

MP% = Vyt sin A . oot. 
But if fx is the acceleration due to rotation 

of P with reference to the meridian M, we 

have 

JlfPa' = -fj* =z VyGof Siu A. 

Hence we have for the acceleration of P with 

reference to the meridian M, due to rotation and the velocity Vy , 

fx = 2<oVy sin A (1) 
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Equation (1) is general if we take Vy positive towards the north 
and negative towards the south, and A positive or negative accord- 
ing as the point is north or south of the equator. Thus in the figure 
Vy is south or negative, and hence for north latitude /c is negative 
or towards the west. (CJompare page 216, Vol. I, Kinematics.) 

Again, let PxPt = Vxt be the distance east described by P in 
north latitude in an indefinitely small time t. The meridian moves 
to M while Pi moves to Pa , so that the 
aDgle MPiPt = <ot. We have then n 

AfPa = Vxt . caf , 

and its projection on the meridian is 
MPi sin X = oovxt^ sin A towards the south. 
If /y is the acceleration of P with reference 
to the meridian, due to rotation and the 
velocity v*, we have 

-/yf«= ~ ooVxP&m\, or fy^— 2(»Va?sinA.. 

Equation (2) is general if we take Vx positive towards the east, 
ne^tive towards the west, latitude north positive, south negative, 
and fy positive towards the north, negative towards the souSi. 

Agam, we have in the preceding figure for the projection of MP^ 
along the radius r, MP% cos A = ooVxt^ cos A upwards. If fz is the 
radial acceleration due to rotation and the velocity Vx of P with 
reference to the meridiem, we have 

g/zf' = oovxt^ cos A, or fz = 2oovx cos A (3) 

But we also have the acceleration of P with reference to the 

meridian when there is no rotation, ~ = ^ ^^ due to the veloc- 

r r 

ity V, and also the downward acceleration g due to gravity. Hence 

the total radial acceleration of P vnth reference to the meridian, due 

to rotation and the velocities Vx and Vy , is 




fz = -g + 



Vx^ '+ Vy"" 



+ 2ooVx COS A. 



(4) 



Equation (4) is general if we take 
Vx positive towards the east, negative 
towards the west, and Vy positive to 
wards the north, negative towai»ds the 
south, A positive for north, negative 
for south latitude, and fz positive up- 
wards, negative downwards. 

Deviation of a Falling Body by 
Reason of the Rotation of the Earth. 
— Let a particle be projected up- 
wards along the radius of the earth 
with a relative velocity v«, and let 
PiPa = Vzt be the distance described in 
an indefinitely small time t. If there 
were no rotation, PiP'i would coincide 
with the radius through Pi. But 
owin^ to the rotation of the earth the 
meridian moves to PiM while Pi 
moves to Pa', so that if P^O is parallel to the axis NO, the angle 
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M(yP% = dot, where oo is the angular velocity of rotation. The 
€uigle OPi'Pt^ 90 — A, where \ is tne latitude of Pi. We have then 
OP% = Vzt . cos A and 

MPi = — Vzt cos X, oat. 

But if fx is the acceleration due to rotation of P with reference 
to the meridian, we have 

MP^'^ \fxt^ = - Vzt^oo cos A. 



Hence we have for the acceleration in longitude of P with refer- 
ence to the meridian, due to rotation and the velocity Vz , 



/a; = — 2QiiVz cos A. 



(1) 

Eqi^ation (1) is general if we take Vz positive upwards and 
negative downwards, north latitude positive, south latitude nega- 
tive, and fa; positive towards the east, negative towards the west. 

For a falling body, then, Vz is negative and we have /« essentially 
positive or towards the east. Hence a falling body falls to the east 
of the point vertically beneath it at the start. 

Let t be the time of fall. Then if the particle starts from rest, we 
have for the height of fall 



h = ^gt\ or t = Y—. 



(2> 




The resultant acceleration at any point 
of the path is then 



Vti" + fx =^9" + ^v'oo* cos* X. 
But 00 = . For ordinarv 

60 X 60 X 24 uxuiuodjr 

falls, then, we may neglect 4vW cos' A, 
and we have practically the acceleration 
at any point of the path equal to g. The 
velocity at €uiy point of the path is then 
practically v = fft, and from (1) 

f X = 2Gi)gt COS X (3) 

The mean acceleration is then 

^fx = Gogt cos A, 



and the final velocity in longitude is then --/a;# = oogt^ cos A. The 

velocity in longitude varies then as the square of the time, or as 
the ordinate to a parabola. The mean velocity in longitude is then. 

-Gogt* cos A, and hence the distance in longitude is 
o 

X = ^oagt' COS A. 
o 



Inserting the vaiue of t from (2), we have 



X = ^goo cos A 



AtH 



-hoa COS A, 



vn 



g' 



(4> 
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Equation (4) gives the deviation in longitude of a falling body hy 
reason of the earth's rotation. It is always towards the east or 
positive. For a body projected vertically upwards it is towards 
the west. 

[Equation (4) is deduced by Calculus as follows. From (3) 
/« = ^ = ^oagt cos X. 

Integrating and making vx=^ when ^ = 0, we have 

dx .^ ^ 

t?a? = -— = oogv cos X. 

Integrating again and making ^ = when ^ = 0, we have 

X = —oagt^ cos A. 
3 

Substituting the value of t from (3), we obtain (4). 
. [Foucanlt's Pendnlnm. — Let a pendulum AB of length I swing in 
any plane through the vertical APC, Take the point of suspeni^ion A as 
origin, the axis of X towards the east, the axis of Y towards the north, 
the axis of Z vertical as shown in the figure. 




Let the angle of the pendulum at any instant with the vertical be ^^ 
and let «« , % , i?2 be the components along the axes of its velocity at that 
instant. Let a?, y, -s? be the co-ordinates of the end B at that instant. 

Then the pendulum AB makes angles with the axes of X, F, Z^ given 
respectively by 



cos a = y , cos & = y , 



cos c = — . 



If we regard the pendulum AB as a simple pendulum, i.e., a massles» 
string with a particle B of mass m at the extremity, the tension of the 
string, if i? is the velocity at any instant, 

r = W^r cos + — = W^r cos + i, • • (1) 
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The acoeleration aloDg the axis of Xot the mass B with reference to A 
dae to rotation and the velocities Vy and Vz ifl, from (1), page 24, and (1)^ 
page 26, 

2toVy sin X — 2<a^t cos X. 

We have then for the force on B parallel to the axis of X 

d^x X 
m-^ = r- + 2m«0(«y sin A. — t?«cos A.) (2) 

The acceleration along the axis of F with reference to A due to rotation 
and the velocity Vx iS) from (2), page 25, 

— %oDfOx sin X. 

We have then for the force on B parallel to the axis of F 

w^ = r^ — %mfavx sin A. (8) 

The acceleration along the axis of Z with reference to A due to rotation 
and the velocity Vx is, from (8), page 26, 

2oskVx cos A. 

We have then for the force on B parallel to the axis of Z 

7JV-r7f = Tj mg -^ 2m<aVx cob X (4) 

Equations (2), (8) and (4) are the differential equations of the motion 
otB. 

In order to find the motion of the projection of J? on a horizontal plane, 

multiply (2) by y and (8) by x and subtract, and we have, since t;^ = --^, 

dx dz 

Let s be the distance of the horizontal projection of B from A, so that 

« = 2 cos 0. 
Then 

aj« + y* = «•, 

-2 p-x or, differentiating and dividing by dt, 

dx dy ds 

Let 8 make the angle with the axis of X Then 
« = 5 cos fi, y = « sin 0, 
and from equation (25), page 84, Vol. I, Kinematics, we have, since 

= ±d(s'^l] 
sdt \ dt) 

= the horizontal acceleration perpendicular to s, from (5), 

^^^ ^ = — 2a?^— - sm X + 2ooy— cos A. (6) 

dt dt ""dt ^ ' 




d^y ^ d^x . ^ 
_^cos9-— sine 
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If we suppose a very long pendulum with small arc of yibration, so 
that z is very small and can be neglected, equation (6) becomes 



Integrating, we have 



_ 2«*— sin A. 
at at 



do 
«•— = — (»«• sin A + Const. 
at 

d9 
But 8- is the horizontal yelocity perpendicular to Sy and hence 

d6 
^ — - IB the moment of this yelocity with reference to the axis of Z, Let 

s =s sisA the start, and let this moment be zero when 8 = Si^ that is, let 
the pendulum swing at the start either in the plane of YZ or ZZ. Thea 
we have 

Const. = oosi* sin A, 
and 

«^ ^ = a? sm A (^i*.— «^. 

If in addition the initial position of the pendulum coincides with the 
yertical, 8t ss 0> and we haye for the horizontal angular yelocity 

dB 

di =-^8^^^ (7> 

The minus sign in equation (7) indicates that the angular velocity is 
from east through south to west in north latitude, or clockwise to one 
facing the north. 

From (7) we have, if = when ^ = 0, for the angle of 8 with the 
axis of JT 

6 3= — ^00 sin A . (8> 

In 24 hours, then, the angle of 8 with the axis of ^, if the pendulum 
starts from A in the preceding figure and swings initially along A^ east 
and west, will be 2?r sin A. At the pole, then, s will describe a complete 
circle. At the equator s will not deviate from its initial direction. In 
latitude 30*" north, in 24 hours will be it radians or 180*" from east to west, 
or clockwise to one facing the north. In latitude 30° north, in 24 houra 
will be ISO"* counter-clockwise to one facing the north. 

EZAMPLES. 

(1) A locomotive weighing 27 tons runs at the rate of 45 miles 
per hour on a straight track in latitude 30** north. Find the 
pressure on the rails (a) when it runs north; {b) south; {c)east; 
(d) west, (g = 32.) 

Ads. (a) 290 poundals or about 9 pounds on the east rail; (6) the same on 
the west rail; {e) the same on the south rail; (d) the same on the north rail. 

(2) In the preceding example let the latitude he 30'' south. 

Ans. (a) 290 poundals or aI)out 9 pounds on the west rail; (&) the same on 
the east rail; ' (e) the same on t]ie north rail; {d) the same on the south rail. 

(3) In example (1) find the vertical pressure on the rails when the 
locomotive runs (a) north; (b) south • (c) east; (d) west (r = 3960 
miles.) 
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Ans. (a) Less hy 12.6 poundals or about 0.4 pounds; (&) the same; (c) less 
}3j 515 poundals or about 16 pounds; (d) increased hy 490.2 poundals or about 
15.3 pounds. 

(4) Find the velocity of a body in order that it may have no 
weight when it moves, in latitude 60% (a) north; (b) south; (c) east; 
{d) west, (r = 3960 miles, g = 32.) 

Ans. (a) and (b) about 5 miles per sec.; (e) about 4.85 miles per sec.; 
{d) about 5.14 miles per sec. 

(5) A particle in latitvde 30" north has a velocity of ^Q feet per 
sec, and moves on a perfectly smooth horizontal plane. Disregard- 
ing resistance of the air, find the acceleration and the distance 
described in latitvde ana longitude in 4 secovids (a) when the 
velocity is north; (b) south; (c) east; (d) west, (r = 3960 miles.) 

Ans. (a) fx = 0.00436 ft.-per-sec. per sec. east, distance 240 ft. north and 
0.035 ft. east. 

(b) fx = 0.00436 ft.-per-sec. per sec. west, distance 240 ft. south and 0.015 
ft. west. 

(c) fy = 0.05236 ft.-per-sec. per. sec. south, distance 240 ft. east and 
0.42 ft. south. 

(d) fy = 0.05236 ft.-per-sec. per sec. north, distance 240 ft. west and 
0.42 ft. north. 

(6) A cannon-hall is fired in latitude 30* north with a velocity of 
1440 /if. per sec. Neglecting resistance of the air, find the accelera- 
tion ana distance described in latitude and longitude in 4 seconds, 
(a) when the velocity is north; (b) south ; (c) east ; (d) west, 

Ans. (fit) fx — 0.10472 ft.-per-sec. per sec. east, distance 5760 ft. north and 
0.84 ft. east. 

(6) fx = 0.10472 ft.-per-sec. per sec. west, distance 5760 ft. south and 
0.84 ft. west. 

(c) fy = 0.15272 ft.-per-sec. per sec. south, distance 5760 ft. east and 1.22 
ft. south. 

{d) fy = 0.15272 ft.-per-sec. per sec. north, distance 5760 ft. west and 1.22 
ft. north. 

(7^ A particle in latitude ^0° north falls from rest a distance of 
1296 /if. to the around. Find the deviation in latitude, disregarding 
resistance of the air, 

Ans. 0.2827 ft. towards the east. 

(8) In latitude SO'*, north, find the angular velocity of rotation of 
the plane of a pendulum. 

Ans. 0.0000363 radians per sec. in a direction clockwise to one facing the 
north. The plane rotates through 180" in 24 hours. 

(9) A locomotive weighing 32 tons runs at the rate of 45 miles per 
hour in latitude 30** north in a direction S. 30" E. on a curve of one 
mile radius in a counter-clocJcudse direction to one looking north. 
Find the pressure on the outer rail, 

Ans. 1868 pounds. If we disregard rotation of the earth, the pressure 
would be 1848 pounds. 

(10) In the preceding example suppose the direction is clockwise 
to one looking north. 

Ans. 1825.6 pounds. 
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CHAPTER m. 

IMPULSE. MOMENTUM. STRESS. 

IMPULSE. MOMENTUM. NBWTON'S LAWS OF MOTION. STRESS. 

Impulse. — Let a uniform force be F acting in any direction and 
the time of its action be t. Then we call the quantity Ft the 
impulse of the force in that direction, and denote it by ^. 

We have then 

♦ = i^. 

The direction of the impulse is the same as the direction of the 
force. 

Hence, impulse is the product of a uniform force by its time of 
<zction, and it acts in the direction of the force. 

Line Representative of Impulse. — Impulse then has magnitude 
and direction, and we can represent it by a straight line like force. 
The principles, therefore, of pages 70, 84, 95, vol. I, Kinematics, 
hold good for impulse as well as force, and we can resolve and 
combine impulses, and have the ** triangle and polygon of im- 
pulses" as well as of forces. 

Unit of Impulse. — If [F] is the unit of force and F the number 
of units of uniform force, [T] the unit of time and t the number of 
units of time, [+] the unit of impulse and + the number of units of 
impulse, we have by definition 

*m = FiF]xt[n 

We have then the numeric equation 

*=Ft, 
provided that 

[♦] = [F] X [T]. 

The unit of impulse is then the impulse of one unit of uniform 
force acting for one unit of time. 

The English absolute unit of impulse is therefore the poundal- 
secondy or the impulse of a uniform force of one poundal acting for 
one second. We may write it **jpcfZ.-«ec." 

The C. G. S. absolute unit of impulse is the dyne-second, or the 
impulse of a uniform force of one dyne acting for one second. We 
may write it '' dyne-sec y 

In gravitation units we have then the pound-second (lb. -sec.) or 
the gram-second (gr.-sec). 

When, then, we say that ** the impulse in any direction on a 
particle is + = Ft,^^ we mean that a uniform force F acts in that 
direction for t seconds, and that this impulse is the same as that of 
a uniform force of + units acting in that direction for one second. 

81 
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Momentum. — Let the mass of a particle be m, and its velocity in 
any direction be v. Then we call the quantity mv the momentum 
of the particle in that direction, and denote it by n. 

We have then 

n = TOV. 

The direction of the momentum is the same as the direction of 
the velocity. 

Hence, the momentum of a particle in any direction is the 
product of its m^isa bp its velocity tn that direction- 
Line Sepresentative of Momentum.— -Momentum then has mag- 
nitude and direction, and we can represent it like velocity ^ a 
straight line. The principles, then, of pages 70, 84, 95, Vol. I, Swe- 
mutics, hold good and we can resolve and combine momentums 
and have the ** triangle and polygon of momentum'^ as, well as of 
velocity and force. 

Uitit of Momentum.— If [M] is the unit of mass and m the num- 
ber of units of mass, [V] the unit of velocity and v the number 
of units of velocity, [N] the unit of momentum and n the number 
of units of momentum, we have by definition 

n[2V] = mlM] x t^V], 

We have then the numeric equation 

n = mVy 
provided that 

[N] = [M]x[jr\. 

The unit of momentum is then the momentum of one unit of 
mass moving with one imit of velocity. We may <»11 a unit of 
velocity, or one unit of length per unit of time, a '^velo,^'* 

The English unit of momentum, then, is the pound-velo {Jb.-velo)^ 
or the momentum of a mass of one pound moving with a velocity 
of one footper second. 

The C. Gr. S. unit of momentum is then the gram-veto (gr.-velo) 
or the kilogram-velo (kih-velo)^ that is, the momentum of a mass 
of one gram or one kilogram moving with a velocity of one centi- 
metre per sec. A committee of the British Association have pro- 
posed for this the name bole. 

Relation between Impulse and Momentum. — A force, as we have 
seen (page 2), is uniform when it does not change in magnitude or 
direction. When either the magnitude or the direction changes it 
is variable. 

Let a particle of mass m have the initial velocity Vi in anjr given 
direction, and, under the action of a uniform iorcePy acting in that 
direction during the time f , acquire the final velocity v in that di- 
rection. Then the path of the particle is a straight Ime, the motion 
is uniformly accelerated, and (page 51, Vol. 1, Kinematics) the 
uniform acceleration is 

V--Vi 

^~ t • 
Hence by the equation of force (page 2) 

_ _ nhiv—Vi) 

Fu=fnf = 7 , or F„^ =mt? — mvi. ... (1) 
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Dividing by f , we obtain 

„ mv — mvi 

Fu = ^ (2) 

But we have defined Fut as the impulse (^ of a uniform force J^^ 
acting for a time tj and the direction of the impulse is the direction 
of this force. Also by definition mvi is the initial and mv the final 
momentum in the direction of Vi and v. Hence, 

For rectilinear motion under the action of uniform^ force — 

1. The change of momentum in any direction for any tims t is 
equal to the impulse + = Fut of the uniform force Pn acting in that 
direction for that time, 

2. The tim^-rate of change of momentum in any direction for any 
time t is equul to the uniform force acting in that direction during 
that time. 

If we take m in pounds and v and Vi in f eet-per-second, equations 
(1) and (2) give + = Fut in poundal-seconds and Fu in poundals. 
For gravitation measure we must divide by gf in feet-per-sec. per 
sec. to obtain pound-seconds and pounds. So also if we take m in 
grams and v and Vi in centimetres per second we obtain ^ in dyne- 
seconds and Fu in dynes. For gravitation units we must divide by 
g in centimetres-per-sec. per sec. to obtain gram-seconds and grants^ 

If ^ comes out minus, Vi is greater than v and the impulse and 
force are opposite to Vi. 

A variable force may be considered as uniform during an indefi- 
nitely small time. 

Let then a particle of mass m be acted upon by a variable force 
during the time t, and have the initial velocity Vu The path of the 
particle is now a curve. 

Let Pi , Pa , Pa , etc., be points of the path and Vi , Va , Vs , etc., 
the corresponding velocities, and the corresponding times of passing 
from Pi to Pa , Pa to Pa , ctc., be <i , fa , 
tt , etc. 

Let the variable force acting upon the 
particle be resolved into a normal and a 
tangential component. The normal com- 
ponent causes no change of speed (page 
15). Let the tangential component be 
Fi, jPa, i?'a,etc.,atthepointsPi,Pa,P8, 
etc. If the times ti, fa , fa , etc., are taken 
indefinitely small, then the small arcs 
PiPa , PaPa , ctc., are practicallv straight lines, the projection of t?i 
upon PiPa is practically equal to Vi , of Vt upon PaPa practically 
equal to Ua, and the forces Pi, F^, etc., in these directions are each 
practically uniform. We have then, if v is the final velocity, 

Fitx = m(tJa - t?i), jPafa = m(p% — Va), Fitz = m(t?4 — v%\ etc., . . . 

Fntn = m{V — tJn-l). 

Summing all these impulses, we have 

Fi^ + Pafa + Fzt% + etc + Fntn^mv - mvi, 

or 

2Ft = mv — mvu 

We see, then, that in any case, whether the force is uniform or 
variable, and whatever the path, 
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The sum of all the actual impulaea along the path is equal to the 
change of momentum in thepa£h. 

Let the sum of all theise impulses be equal to the impulse ^ of an 
equivalent uniform force Fn acting for the given time f = ^i + fs + 
t% + . , .tn, lAien we have 

+ = Fttf = mr — mt?i, (3) 

and 

mv - mvi 

Jfu = J. (4) 

Let the forces jPi , jP« , jF« , etc., acting alonj^ the path be constant 
in magnitude and each equal to the tangential force Ft. Then we 
have 

Ft{ti + *a + #8 + . . . fn) = mv — mvi , 

or, since t is the entire time, 

Fit = mt? — mvi, (6) 

or 

p^^mv^ ^g^ 

Hence in all cases, however the actual force may vary — 

1. The change of momentum in the path in any time is equal to 
the sum of all the actual impulses along the path — or is equal to the 
sum of the impulses along the path of an equivalent tangential force 
Ft of constant magnitude — or is equal to the impulse ^ = Fut of an 
equivalent uniform force Fu acting for that tivne, 

2. The time-rate of change of momentum in the path gives either 
the equivalent uniform force Fu or the equivalent tangential force of 
constant magnitude Ft , which, acting for that time^ wouta cause 
that change of momentum. 

[In calculus notation the rate of change of speed at any point of the 

path at any instant (page 25, Vol. I, Kinematics) is — , and this is the 

at 

magnitude of the tangential acceleration at that point. We have then for 

the tangential force at that point 

■^« = »«W W 

The impulse of this force is 

Ftdt = mdv (2) 

The impulse of an equivalent uniform force Fu for the same time is 
Fudt, and if this impulse is taken equal to the impulse of the tangential 
force for the same time, we have 

Fudt = mdv. 

Integrating (1) and assuming Ft constant in magnitude, we haye 

Ftt = mt? + Const. 

If t? = t?i when ^ = 0, we have Const, = — mvi , and hence for any 
time t 

Ftt = mv ^ mvu 

This is equation (6) just found. 
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In the same way we find 

Fut = mv — mvu 

This is equation (3) just found. 

• 

Cor. 1. From equation (4) we see that as the time t decreases 
the uniform force Fu must increase for the same change of mo- 
mentum. If t is zero, Fu becomes infinitely great. That is, a given 
change of momentum requires time, and the less the time the greater 
must be the uniform force to produce the change. 

CoR. 2. If the time is one second and the initial velocity Vi = 0, 
or the final velocity v = 0, we have, from (4) or (6), 

F^=J!^ = Ft, or F. = -^ = Ft. 
1 sec 1 sec 

That is, the momentum mv is numerically equal to the uniform 
force Fu or the tangential force Ft of constant magnitude which, 
a<)ting respectively in the direction of the velocity or along the path 
in the direction of motion, would give the particle its velocity v 
starting from rest in one second ;. or whicn, acting respectively 
opposite to the velocity or along the path opposite k) the motion, 
would bring the particle to rest in one second, 

Impnlsive Force. — The form of the equation of motion given by 
equation (4), 

-, mv — mvi 
Fu = ^ , 

is convenient when the magnitude of the force is great and its time 
of action small, as in cases of impactj collision, etc. 

Such forces are therefore called impulsive forces. As we have 
seen, however, equation (4) holds whatever the time, and hence the 
restriction of the term ** impulsive force" to one whose time of 
action is very short is simply a matter of convenience.* 

Newton's Laws of Motion.— In 1687 the facts of motion of ma- 
terial particles were stated by Newton in the form of three laws 
known as Newton's Laws of Motion. Simple as these laws appear, 
the science of Dynamics made no essential progress until they were 
recognized. 

These laws are statements of facts of nature, not a priori deduc- 
tions, and their proof is found in the accord of the results deduced 
from them with observed phenomena. The proof thus furnished in 
Dynamics and Astronomy is of such a nature that these laws are 
regarded as rigorously true, and deductions made from them are 
accepted even when such deductions cannot be tested directly by 
experiment. 

The two centuries which have elapsed since the statement of these 
laws by Newton have not made necessary any additions or modifi- 
cations except in the terms employed. 

Newton's First Law of Motion. — This law was expressed by 
Newton as follows : 

Lex I. Corpus omne perseverare in statu suo quiescendi vel 

*The term " impulse " is unfortanately applied by some writers to a short- 
lived force itself, instead of the term impulsive force as used above. This makes 
it necessary to sx>eak of the " impulse of an impulse " when we wish to speak 
of impyUe as used above. The term " impulsive force " has also been used to 
denote the impulse of a short-lived force as used above, thus leaving no term to 
denote the short-lived force itself. 
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movendi uniformiter in directum, nisi quatenus illud d viribu9 
impreaaia cogitur atatum auum mutare. 

Every body continuea in ita atate of reat or of uniform motion in 
a atraight line, except in aofar aa it may be compelled to change 
that atate by impreaaed forcea. 

This first law asserts, then, the property of inertia for all bodies. 
It also implicitly defines force as that which causes a material par- 
ticle to change its motion either in direction or speed. Thus it- 
states that no body can change the direction or speed of its own 
motion of rectilinear translation. This is the property of inertia 
(page 1, Vol. II, Statica). It also states that such a change is due 
to ** impressed," that is external, force, or the influence of other 
bodies. 

Whenever, then, we find all the particles of a body moving with 
uniform speed in a straight line, we know that either it is not acted 
upon by external forces, or else these forces must mutually balance 
and the body moves as if they did not exist. 

Whenever the speed of a particle changes or the direction of 
motion changes, we know that some external influence or force 
causes the change. 

Taking velocity, then, as defined (page 42, Vol. I, Kinematica), the 
law states that change of velocity of a particle is due to force and 
this force is due to the influence of external bodies. Without such 
influence the velocity is uniform. Force, then, is proportional to 
acceleration, using the term acceleration as defined on page 48, Vol. 
I, Kinemotica, 

The law is in direct contradiction to the tenets of the ancient 
philosophers, who maintained that circular motion was "perfect'* 
and ** natural." There can be no circular motion without force. 

Newton's Second Law of Motion. — The phrase "except in so 
far" prepares the way for the statement of the second law ; 

Lex II. Mutationem motHa proportionalem eaae vi motrici im- 
preaaoi, et fieri aecundum lineam rectam aud via ilia imprimitur. 

Change of motion ia proportional to the motive force, and takes 
place in the direction of the atraight line in which tne force acta. 

By "motion" Newton here refers, not to velocity as we have 
defined it, but to maaa-motion or what we have designated as 
momentum, and his "change of motion" is what we have called 
impulae. This law, then, is the statement of the equation Fut = 
m(v — Vi), and asserts that the change of momentum is propor- 
tional to the force which produces it and is in the same direction. 
This second law tells us then how to measure force when it exists. 

Newton's Third Law of Motion. — ^When one body pi'esses against 
or pulls another, it is itself pressed or pulled by this other with an 
equal force in the opposite direction. 

When one body has its momentum changed in direction or 
amount by impact, the other body has its momentum changed by 
the same amount in the opposite direction. For at each instant dur- 
ing impact the forces between them are equal and opposite. When 
one J)ody attracts another, this other always attracts it with equal 
and opposite force. 

Taking into account, then, the entire phenomenon of the mutual 
action and reaction between two portions of matter, we have the 
third law of Newton : 

Lex III. Actioni contrariam aemper et ceqtuilem eaae reactionem : 
aive corporum duorum a<:tiOnea in ae m,utv6 aemper eaae cequalea et in 
partea contrariaa dirigi. 

To^very action there ia alwaya an equal and contrary reaction: 
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or the mutual actions of any two bodies are always equal and oppo- 
sitely directed. 

Stress. — The exertion of force ui)on a body is thus only one side 
of the entire phenomenon, which is the simultaneous exertion of 
«qual and opposite forces between two bodies. 

When we fix our attention upon one only of these bodies and, 
disregarding the other, consider only its action upon the first, we 
call this action /orce. But when we have both bodies in mind and 
wish to be understood as viewing this force as one of the two 
mutual, equal and opposite actions between two bodies or between 
two parts of the same body, we call it a stress. 

When the stress is such as to make the bodies move towards one 
another or to resist extension it is attraction or tensile stress. 
When its effect is to increase their distance or to resist compression 
it is repulsion or compressive stress. 

In this sense we always speak of the stress in a body or the 
stress between two bodies, the prepositions "in" and "between" 
indicating at once that one of the mutual actions between two 
bodies or parts of the same body is meant. 

Stress as thus used is then always internal, while force is always 
external, to the body or system under consideration. (See page 7, 
Tol. n. Statics.) 

External Stress. — There is a sense, however, in which we may- 
speak of stress on a body and thus consider it as external, which 
need never be confounded with that just ^ven. 

Force is often exerted upon some portion of the bounding sur- 
face of a body and acts then over an area. In such case the num- 
l)er of units in its magnitude divided by the number of units in this 
area gives the number of units oi force per unit of area. 

When a force thus acts we may speak of it as the stress on the 
body, and of the force per unit of area as the unit stress. 

This use of the word stress is convenient and leads to no con- 
fusion. When necessary to discriminate we may call it external 
stress, but in general such distinction is unnecessary, as the use of 
the prepositions "on" and "in" sufficiently indicate the sense in 
ivhich the term is used. 

EXAMPLES. 

[See page 97, Vol. I, for equations of motion of a point.] 

(1) A ball-player catches a ball moving with a velocity of 50 ft. 
per sec. The mass of the ball is 5i oz. If the space in which the 
ball is brought to rest is 6 inches, what is the pressure on the hands, 
supposed uniform f What is the time of stoppage f 

Ans. We have 

vt ^ ^^2 1 

•=2' "' '=-60- = 60^- 

The pressure is F= ^ = ^^ X ^ X '^ = gSQf poundals or about 26.85 lbs., 
taking ^ = 32 ft.-per-sec. per sec. 

(2) An SO'ton gun on a smooth horizontal plane fires horizontally 
u shot of 66 Jbs. with a velocity V of 1800 ft. per sec. Find the 
velocity of recoil, v, 

Ans. Mass of gun = 80 X 2240 = 179200 lbs. If the velocity is imparted 
in the time t, the uniform force which would give that velocity in that time, 
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* -X. M X . .1. V . . «F 56 X 1800 100800 , , ^, 

Ltarting from rest, to the shot is — - = = — - — poondals. Since 

^. , ^. , ^ 17»200© 100800 9 ^ 

action and reaction are eqaal, we have — : = — - — , or « = 75^ ft. per sec 

t t Id 

(3) A man whose weight is 150 Ibs.^ moving on a bicycle with a 
speed of 22 ft. per sec, and wishing to right his bicycle^ which is 
leaning to one side, turns the wheel so that %n 1/10 sec, his direction 
of motion is changed 30^ What is the force which acts to right the 
bicycle f 

Ans. The rate of change of momentum in the original direction of motion 

. fw(©, -«) 150(22 -23 cos 30°) .^,^ ,, *^. , .. ^ 

IS — - — = — i^ -' = 16500 poondals or 515f pounds, if ^ = 3^ 

t 1 

10 
ft.-per-sec. per sec. This force in the original direction of motion changes th& 
velocity of the mass in that direction, and since action and reaction are equal 
this force acting in the original direction of motion on the wheel acts to 
right it. 

(4) A stream of water whose cross-section is a and velocity v 
meets a surface moving in the same direction with a velocity c. 
Disregarding friction, what is the pressure exerted on the surf ace 
by the stream f 

Ans. Let the water pass off the surface in a direction making an angle ct 
with the direction of motion. The volume of 
water in any time t is <M)t. If y is the density or 
mass of a unit of volume of water, the mass in 
this time is ya/ct = m. 

The velocity relative to the surface just before 
impact, in the direction of motion, is « — c. After 
impact the velocity relative to the surface in the 
direction of motion is (« — e) cos a. We have 
then the pressure i^ equal to the rate of change of 
momentum in the direction of motion, or 




t^e F=^!^^^^ = yat(v-c)(l-cosa), 



or injgravitation units 



F=^{v-cXl-coBa). 



(6) A mass of 10 lbs, under the action of a uniform force receiver 
in 3 seconds an integral acceleration in the direction of the force of 
6 ft, per second. What is the force f 

Ans. The acceleration is 2 ft.-per-sec. per sec. The force is 10 X 2 = 20 

poundals. or the weight of ?1 lbs. 

(6) A uniform force of 200 dynes changes the velocity of a body 
moving in a straight linsfrom 250 to 300 metres per sec. in 1 minute. 
Find the mass of the body, 

Ans. 2.4 grams. 

(Y) A mass of 10 Ws. moving in a straight line ivith a velocity of 
S ft , per sec. is hrought to rest by a uniform opposing force in 2 sec. 
What is the force f 

15 
Ans. 15 poundals, or the force of gravity upon — lbs. 
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(8) A rifle-bullet weighing one ounce is shot into a block of wood 
weighing 63 pounds, and gives the block a velocity of 2 ft, per sec. 
in 1 sec. What uxis the velocity of the bullet f 

Ans. 1698 ft. per sec. The mass of the bullet should be added to that of 
the block. 

(9) A ship weighing 336,000 lbs. runs upon a rock with a velocity 
of 16 miles an hour. Assuming the force of stoppage as uniform 
and the time of stoppage 2 sec., what ts this force f 

8942400 
Ans. 8942400 poundals, or the force of gravity upon lbs. Taking 

^ = 82 ft.-per-8ec. per sec., 128200 pounds. 

(10) A mass moving in a straight line with a velocity of 3 ft. per 
sec. is brought to rest oy a uniform opposing force of one pound in 
2 sec. Assuming g = 32 ft-per-sec. per sec., what is the mass f 

Ans. 21i pounds. 

(11) A uniform force of 10 lbs. a^tsfor 2 sec, upon a mass of 10 
lbs. and then ceases. With what velocity will the mass continue to 
move in the direction of the force f 

Ans. 2g ft. per sec. 

(12) A muss of 20 lbs. moving with a velocity of 15 ft. per sec. in 
a straight line is found after 3 sec. to be moving in the same direc- 
tion unth a velocity of 6 ft, per sec. What is the retardifig force^ 
assuming it uniform f 

66I- 
Ans. 66J poundals, or the force of gravity upon --=• pounds. 

(13) A baseball weighing 6i oz. is dropped from the top of a 
tower 1000 ft. high. What uniform pressure must a catcher apply 
to it in order to bring it to rest in 5 feet f 

Ans. 68.75 lbs. if ^ = 82 ft.-per-sec. per sec. 

(14) How long must a uniform force of 14 lbs. act on a m^ass of 
1000 tons (2240 lbs.) to give it a velocity of one foot per seconds 
{g = 32 ft.-per-sec. per sec.) 

Ans. 6000 sec. 

(15) Calculate in pounds the uniform moving force which, acting 
for a minute upon the mass of a ton (2240 lbs,), will get up in it a 
velocity of 30 miles an hour, {g = 32 ft-per-sec. per sec.) 

Ans. 50 pounds. 

(16) A body of 3 lbs. mass is falling at the rate of 100 ft, per sec. 
Find the uniform force that will stop it in 2 seconds; in 2 feet, 
(g = 32 ft.-per-sec. per sec.) 

Ans. 4Hlbs.; 284f lbs. 

(17) A cannon-ball of 1000 grams m£Lss is discharged unth a 
velocity of 45000 centimetres per sec. from a cannon the length of 
whose oarrel is 200 centimetres ; show that the mean force exerted on 
the ball is 5.0625 x 10' dynes. 

(18) It was found that when Ifoot was cut off from the barrel of 
a gun firing a projectile of 100 lbs. the velocity was changed from 
1490 to 1330 ft. per sec. Show that the total pressure at the muzzle 
was about 315 tons (2240 lbs.), {g = 32 ft.-per-sec. per «ec.) 

(19) A particle of 10 lbs. mass has an initial velocity of 20 ft. per 
sec. towards the north and is acted upon by two uniform forces^ 
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one of 100 j^oundals in a direction northeast, and the other of the 
same magnitude in a direction northwest. Find its velocity after 
1 mintde. 

Ans. The resultant force is 141.41 poundals acting towards the north. We 
have then (pa^ 34) Ft - m(v - «,), or 141.41 X 60 = 10(«-20). Hence 
-c = 868.5 ft. per sec. towards the north. 

(20) A particle of mass m is moving towards the east with a 
velocity v. Find the uniform force necessary to make it move 
towards the north with an equal velocity in t seconds, 

Ans. In the time t the velocity towards the east becomes zero. The im- 
pulse of the constant force towards the west must then be (page 32) mv. The 
impulse of the constant force towards the north is also m/o. The impulse of the 

/— fwrV'2 

resultant force is then Ft — mvy2. Hence F= — j — towards the northwest. 

t 

(21) A uniform force of 20 poundals acts for 6 sees, on a par- 
ticle of mass 10 lbs. The initial velocity is 4 ft. per sec., making an 
angle of 60° udth the direction of the force. Find the velocity at the 
end of the time. 

Ans. The force in the direction of the initial jelocity is 20 cos 60" = 10 

poundals, and at right angles 20 sin 60** = 20 1/ -^ =101^ poundals. Since 

Ft = m(v — Di) in the direction of the force (page 34), we have for the veloc- 
ity in the direction of the force 

10 X 5 = 10(t> — 4), or v = 9 ft. per sec., 

and for the velocity at right angles 10^ x 5_=: 10t>, otv = Sf^ft. per sec. 
The resultant velocity is then ^^156 = 2V^39 ft. per sec, and it makes with 

the initial velocity an angle whose sine is —y=- 
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CHAPTEE IV. 
WORK. POWER. 

WORK. UNIT OF WORK. WORK OF THE RBSULTANT. WORK AND MOMEN- 
TUM. WORK OF A TANGENTIAL FORCE OF CONSTANT MAGNITUDE. 
WORK OF VARIABLE FORCE IN GENERAL. WORK UNDER GIVEN FORCES. 
POWER. UNIT OF POWER. EFFICIENCY. MECHANICAL ADVANTAGE. 

Work. — A force, as we have seen (page 2), is uniform when 
it does not change in magnitude or direction. When either the 
magnitude or direction changes it is variable. 

When a uniform force F acts upon a particle in any given direc- 
tion and the displacement of the particle along the line of the force 
is s, the product Fs is called work. If the displacement s is in the 
same direction as the force, work is said to oe done by the force. 
If the displacement 8 is opposite in direction to the force, work is 
said to be done against the force. In the first case the work is 
positive (+), in the second case negative (— ). In both cases the 
magnitude of the force is given by Fs. 

Thus let a uniform force F act upon a particle Pi , and let the 
displacement (page 34, Vol. I, Kinematics) during the action of the 
force, whatever trie path of the particle may 
be, be PiPa = d. 

Let this displacement make the angle Q 
with the uniform force. Then the displa^ce- 
ment along the line of the force is 

Pin = s = d cos B. 

The work of i^is then by definition 

W= ±Fs= ±FdcosB, 

the (+) sign being used when the displacement is in the direction 
of the force, as in the figure, and the (— ) sign when it is opposite 
to that direction. 

But we see that FcosO is the component of the force F along 
the line of the displacement. 

We can then define work generally as follows : 

Work is the product of a uniform force by the comj)onentj along 
the line of that force, of the displacement of the particle on which 
the force acts; or, the product of the displacement by the com- 
ponent, along the line of the displacement, of a uniform force. 

Cor. 1. We see at once that work is independent of time. A 
given uniform force and displacement give the same work no mat- 
ter whether the time in which the displacement takes place is large 
or small. It is also independent of the path. For the same uniform 
force and the same displacement the work is the same whatever 
the path of the particle. 

Cor. 2. The work done in raising a body is equal to the weight 

41 
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of the body which acts at the centre of mass (page 18, Vol. II, 
Statics) multiplied by the vertical displacement of the centre of 
mass. This work is oone against the weight and is therefore neg- 
ative, i 

Also, tne work of lowering a bod^r is equal to its weight multi- 
plied by the vertical displacement of its centre of mass. This work 
IS done by the weight and is therefore positive. 

If m is the mass, then mg is the weight. If a is the vertical dis- 
placement, then the work in general is 

Tr= ± mgs. 

For the same weight and the same vertical displacement this 
work is the same, whatever the time of displa^cement and whatever 
the path of the centre of mass. 

unit* of Work.— If [F] is the unit of force and Fthe number of 
imits, [L\ the unit of distance and s the nimiber of imits of displace- 
ment in the direction of the force, we have 

W[W]=FIF] x«[X], 
or 

W=F8 if [W] = [F][Ll 

The unit of work is then the unit of force acting through the 
unit of distance. 

The English absolute unit of work is thus the foot-poundal, or a 
constant force of one poundal acting througli one foot. 

The C. G. S. absolute unit of work is a constant force of one dyne 
acting through one centimetre. It is called an erg. 

A multiple of the latter equal to 10,000,000 ergs, or 10' ergs, is 
used in electrical measurements and called a. joule, after Dr. James 
Prescott Joule. 

In English gravitation imits we have the foot-pound. This is the 
unit commonly adopted in engineering calculations. It is the work 
of raising one pound through the vertical distance of one foot 
against the force of gravity. It is then a variable amount of work, 
since the weight of one pound varies at different localities. 

If in the corollary of the preceding article we take « in feet and 
m in pounds, we obtain work in foot-poundals. To reduce to foot- 
pounds we must divide by g. 

For work in gravitation units, or foot-pounds, we have then 

W=ma, 

where m is the mass in pounds and 8 the vertical displacement in 
feet. 

Work of the Besnltant Equal to the Work of the Components. — 
Let Fij F^^ F», Fig. 1, be any number of forces in a plane acting 

upon a point P which undergoes 
V^' *• y**- 2. the displacement D in the direc- 

tion Pn. 

Let OFi , FiFt , F^Fz , Fig. 2, 
be their line representatives. 
Since forces can be combined like 
displacements, the resultant is 
given in magnitude and direction 
bv OF, = B (page 69, Vol. II, 
/Statics). 

Draw OD parallel to PD, and let a, /J, ;^, S be the inclinations of 
Fij Fi, Ft and R with the direction of the displacement OD. 
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Then we have 

Rco&B = Fi cos a-\-F%QO&fi — F% GOBy^ 

That is, the component of the resultant R in the direction of the 
displacement is equal to the algebraic sum of the components of the 
forces in this direction. 

Multiplying by the displacement D, we have 

R X Dcose =li^i X Dcosa + i^« x Dcos/S — Ft x Dcos;'. 

Hence, the work of the resultant of any number of forces in a 
plane acting on a point is equal to the algebraic sum of the works 
of the components. 

The same evidently holds true when the forces are not in a plane. 

Cor. Any number of forces acting on a point are in equilihrium 
when the resultant is zero. In such case we have a svstem of 
balanced forces and the motion of the point is not affected by their 
action. 

We have then for equilibrium 

= Fi X Dcosa +jPa X Dco&p—Ft x Dcos^- 

Hence, when the algebraic sum of the works of any number of 
forces in a plane, acting on a points is zero, the forces are in equi- 
librium, the resultant is zero, and the motion of the point is un- 
affected by these forces. 

The same holds true when the forces are not in a plane. This is 
the principle of virtual work, page 621, Vol. II, Statics. 

Relation between Work and Momentum. — If the uniform accel- 
eration in the direction of the uniform force F is/, and Vi and v are 
the initial and final velocities in the direction of the uniform force 
during its time of action t, then 

-__ iy — Vi 

Hence by the equation of force (page 2) the uniform force F is 

„ - mt? — mvi 
F=mf = ^ . 

If 8 is the displacement in the direction of the force, we have for 
the work W 

Tr=ir« = ?2L:ii2H.'., (1) 

In the same way if Vi and v are the initial and final velocities 
in the direction of the displacement d, and F is the component of 
the uniform force in the direction of the displacement, then 

Tr = j'd= "^^~"'"' .d . (2) 

Hence, work is equal to the time-rate of change of momentum in 
the direction of the uniform force multiplied by the component 
displacement in that direction, or to the time-rate of change of 
momentum in the direction of the displacement multiplied by the 
displacement. 

If we take 8 or d in feet and m in pounds, and Vi, v ia feet per 
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second, we obtain the work in foot-poundals. For work in gravita- 
tion units we must divide by fir in feet-per-sec. per sec. We then 
obtain work in foot-pounds. 

If we take a or d in centimetres and m in grams, and Vi , v in 
centimetres per second, we obtain the work in ergs. For work in 
gravitation units we must divide by g in centimetres-per-sec. per 
sec. We thus obtain work in centimetre-grams. 

CoR. Since Vi and v are the initial and final velocities in the 
direction of the uniform force or of the displacement, the mean 

speed is ^' ^ , and the distances 8 or d passed over in the time t 

are then 

a = — 5 — • *, or a = — g — . %. 

If we substitute these values of s and d in (1) and (2), we obtain 
in either case 

TF=|mr*-imri* (3) 

We see then again that the work is independent of the time t 

and of the path, and depends simply upon the initial and final 

velocities Vi and v in the direction of the uniform force or in the 

direction of the displacement. (See Cor. 1, p. 41.) 

Equation (3) then gives the work in either direction if V\ and v 

are tne velocities in that direction. (For another demonstration 

see page 45.) 

Work of a Tangential Force of Constant Magnitude.— Let Pi , Pa , 

P. , etc., be points of the path of a moving particle, and let the 
force acting upon the particle be always 
tangential to the path and constant in 
magnitude. Denote this force by IPi. This 
force may be considered as uniform for 
an indefinitely short time. In this in- 
definitely short time the small arcs de- 
scribed, PiPa, PaPs, etc., are practi- 
cally straight lines. Denote their lengths 
by Si , Sa , etc. The component of Ft along 
PiPa is practically equal to Ft, along 

PsPs the same, and so on. We have then for the total work of 

Ft in the path 

W = FiSx -h P/«a -h FiSt + etc. = Ft^s, 
But 28 is equal to the entire length of path s. Therefore 

W^Fts (1) 

Hence, the work of a tangential force of constant magnitvde is 
equal to the product of the force by the length of path. 

If Vi is the initial and v the final velocity in the path, and t the 
time of describing the path, then, as we have seen (page 34), 

mv — mvi 
t 

is the tangential force Ft of constant magnitude which would give 
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the particle of mass m the change of speed v — ri. We have 
then from (1) 

^^ mv-mv. ^ ^2^ 

For work in gravitation imits we must divide by g. 

Hence, the work of a tangential force of constant magnitude is 
equal to the time-rate of change ofrnxxmentum in the path multiplied 
by the length of path described. 

CoR. 1. Since the mean speed is ^ ^ ^' , the distance s is — ^^ . f , 
and we have from (2) 

• W=^mtf -^mvi* (3) 

Here we see a^ain that the work is independent of the time and 
path and depenas simply upon the initial and final velocities 
Vi and V. (See Cor., page 44, Cor. 1, page 41 ; also page 44 for 
another demonstration.) 

Cor. 2. If the path is a circle of radius r, then v = roa, where eo 
is the angular velocity, and we have 

W = - mr^oo* — 5 mr'coi*. 
6 2 

Work of a Variable Force in General. — Let a particle of mass m 
move in any path under the action of any number of variable 
forces during the time t. The forces acting upon the particle at 
any point of its path can be resolved into a resultant normal and 
tangential component. The normal component does no work. 
Since the work of the resultant is equal to the algebraic sum of the 
works of the components, the work of the variable forces is equal 
to the work of the resultant variable tangential component. 

Let Vi be the initial and v the final velocity. Then, as we have 
seen (page 34), the tangential force of constant magnitude which 
would cause the given change of momentum mv — mvi in the 
path is 

-, mv — mvi 
Ft = -^ . 

The mean speed in the path is ^ ^ ' . Hence the length of 
path is 



V + Vi . 
8 = — s — »t. 



Therefore from (1), page 44, the work done whatever the 
number of forces, whatever the time or path, whether the forces 
are uniform or variable, is 

W=Fts = ^mif-^^mv,* (1) 

We shall discuss this result more at length under the head of 
energy in the next chapter. (See pa^e 44 for another demonstra- 
tion.) It is sufficient to call attention here to the fact that this 
result is general and includes all cases. (See Cor., page 44, Cor. 1, 
page 41, Cor. 2, page 45.) 
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[Equation (1) is easily deduced by the Oalculus as follows. The ac- 
celeration at any instant is 

The /orce at that instant is then 

- dPa 

The differential of the work is then 



Integrating, 



ds 
or, since ~- = r, 
at 



jwr <^9 , ds Jd8\ 

d^ dt \dt) 



.^ \ dS^ in, X 



ir=lmt)«+ Const, 

2 * 



When t) = t?i let W = 0. Then Const. = — -mui* and we have 

2 2 

Cor. If the path is a circle of radius r, we have v = r», where 
«o is the angular velocity. In this case we have 

2 2 

Work Done under Given Forces. — (a) Uniform Force.— When a 
particle is acted upon by a uniform force, the work done is the 
product of the force by the component displacement in its direction, 
or the product of the displacement by the component force in its 
direction. 

(6) Central Force. — Let O be the centre of force, the force being 
attractive or always towards the centre O. 
Let BA be any path of a particle from B to 
A. Take any mdefinitely small portion of 
the path QP, so that the force between 
and P may be considered constant ani 
equal to F, its direction being QO, 

With O as a centre draw arcs of circles 
through Q, P and A, intersecting BO at q, p 
and a. Join BO, QO, PO, AO. 
Then ^P^is a triangle right-angled at N, and the work done in 
moving tne particle from © to P is 

F X QP cos NQP, or F x QN=F xqp. 

Every element of the path may be treated in the same way. 
Therefore the work necessary to move the particle from P to A, by 
any path, under the action of a central force always directed to- 
wards O, is equal to that necessary to move it from J? to a in the 
straight line BO. This work is then independent of the path, and 
depends only on the final and initial positions and the magnitude 
of the force. 
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If the magnitude of the force is constant and equal to F, the 
work is Fi^R — r), where R = BO and r = AO. 

(c) Central Force Proportional to Distance from the Centre. — If 
the magnitude of the force varies directly as the distance from the 
centre, let F' be its magnitude at any given distance r'. Then the 

force i^ at A is given hj F i F' , i r . r' , or F ^ F'p^ and at B, 

F = — — . The mean force is =-t(-K + ^)* and the work is 
r' 2r 

^(JJ + r)(i2 - r), or T7=^(i2--r^, 

where R = BO and r = AO. 

(d) Central Force Inversely Proportional to the Sqnare of the 
Distance from the Centre.— Let as before F' be tihe force at a dis- 

tance r'. Then the force at P is -^^ , and at © it is -j^gr- S^^ce 
QP is indefinitely small, we can write for both of these qp ^ 00 ' 
The work in passing from § to P is then -^^ — 7\a^^^ " ^^^^ ^^ 
^'*^ vTip "~ 7\a\' ^^ ^^® same way we have for the work from P 
to4,J?"r«(^_Aj,andforthatfroinBto9. F'r^{^-^. 
Adding these, we have for the toted work from £ to J. 

where R^BO and r = AO. 

Cor. Hence the work in passing from an infinite distance i^ = oo 

to a distance r = AO is TT = . 



EXAMPLES. 

(1) A body of 80 pounds is projected along a rough horizontal 
plane with a speed of 50 ft. per sec. If the constant retarding force 
of friction is equal to 20 lbs., find the work done against friction in 
the first second ; the total loork done in coming to rest, (g = 32.2.) 

Ans. 919.5 ft. -lbs.; 3105.6 ft. -lbs. 

(2) Show that the work done in drawing a heavy body up a rough 
inclined plane is the same as if the bMy were drawn along the 
equally rough base and then lifted throu>gh the vertical height. 

(3) The distance between two places is 105 miles. Train A stops 
at 27 stations. Train B runs through without stopping. The aver- 
age resistances to A and B with the brakes off are equal to 1/280 
and 1/224 of their respective weights. With the brakes on, the resist- 
ances are in both cases 1/28 of the respective weiahts. Suppose the 
brakes to be always applied when the speed has been reduced to 30 
miles per hour and not before. Find which train is more expensive^ 
and by how mu>ch per cent. 

Ans. Train A, by 9.4 per cent. 
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(4) Show that, in the case of a particle which is oscillating with 
a simple harmonic motion, the work done during its motion from its 
extreme position to its mean position is twice that done during its 
motion from a distance equm to three fourths of its amplitude to a 
distance equal to one fourth of its amplitude, 

(5) Find the work done by the sun^s attraction during the motion 
of the earth from Aphelion to Perihelion, [Mass of earth = 6.14 x 
10^' gms,; mass of sun = 327000 times that of the earth; distance at 
Aphelion = l,bl2 x 10** cm.; distance at Perihelion = 1.462 x 10** 
cm. ; radius of earth = 6.37 x lO^m. ; ^ = 981 cm.-per-sec, per sec. ; 
force at a unifs distance {page 48, Vol II, Statics), {M + mi)gTi% 
where Mis muss of sun, m mass of earth, ri radius of earth,] 

Ans. 1.79 X 10»« ergs. 

(6) At the three comers A, B, C of a square ABCD (side = 100 
metres) are material particles of 3928, 7856 and 11784 grams. Find 
the work done against gravitational attraction in moving 1 gram 
from the centre to the fourth comer. [Force at a unifs distance 

(page 48, Vol. II, Statics), (M + 1)^^, where mi and ri are the 

m>i 

mass and radius of the earth, and Mthe mass of the particle at each 

corner, g = 981.] 

Ans. 7.82 X 10"' ergs, approximately. 

(7) A train of 120 tons (2240 lbs.) runs on a level road, and the 
resistances average 8 Ws. per ton. Find the work in a run of 40 
miles. (gf = 32.2.) 

Ans. 2.03 X 10^ ft. -lbs. 

(8) The area of the piston of a steam-engine is A, the length of 
stroke L, the steam-pressure per unit of area P, the number of 
strokes per minute N. Find the work per minute, 

Ans. P.L,A,N, 

(9) Find the ux>rk per stroke of an engine when the average 
pressure of steam is 38 Ws. per square inch cfj^iston area, the length 
of stroke Sfeet, and the diameter of piston 14 inches. 

Ans. 17556 ft. -lbs. per stroke. 

(10) It is found, neglecting friction, that a horizontal force will 
move 10 lbs. up 5 feet of incline rising 1 in 4. Find the work done 
and the force parallel to the plane which will just support the weight 
of 10 lbs. 

Ans. 12.5 foot-pounds; 2.5 lbs. 

(11) Find the ivork done, neglecting friction, in drawing a car of 
2 tons weight, loaded with ^(i passengers averaging Impounds each 
up a slope the ends of which differ in level by 50 feet, 

Ans. 455 X 10» ft.-lbs. 

(12) Ths grade of a mountain path is 30°. How much work 
against gravity is done by a man o/ 168 lbs. in walking a mile f 

Ans. 4.44 X 10» ft.-lbs. 

(13) Determine the unit of mass in order that the absolute unit of 
work may be the foot-pound, taking the second and foot as units 
and S2.2 ft.-per-sec. the acceleration due to gravity. 

Ans. 32.2 lbs. 

(14) A hole is punched through a plate of wrought iron one half 
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inch thick, the pressure on the punch being 36 tons. Assuming the 
resistance to the punch uniform^ find the work, 

Ans. 3360ft.-lbs. 

(15) Find the tvork done by a crane in lifting the material for a 
stone wall 100 feet long, 36 jeet high and 2 ft. thickj the density of 
ike stone being 153 pounds per cubic foot. 

Ans. 1.983 X IC ft.-lbs. 

(16) A fly-wheel weighing 7 tons (2240 lbs.) turns on a horizontal 
axle 1 foot, in diameter. If the resistance of friction is 3/40 of the 
weighty tohat is the vxyrk done in 10 turns in overcoming friction f 

Ans. 36,945 ft.-lbs. 

(17) The resistance of friction along an inclined plane is taken at 
150 lbs. for each ton of weight. Find the work in drawing 2 tons 
(2240 lbs.) up 100 ft. of an incline which rises 1ft. for 26 ft. in length. 

Ans. 47,920 ft.-lbs. 

(18) Weights of 10 lbs. and 8 lbs. are connected by a string which 
pa^sses over a pulley. It is found that the heavier weight is just 
less than necessary to move the smaller. If now the weights are 
m>oved uniformly through 12 ft., find the work done against friction. 

Ans. 34 ft.-lbs. 

(19) The plunger of a force-pump is 8i inches diameter, the length 
of stroke is 2 ft. 6 in., and the pressure is 50 lbs. per sqwire inch. 
Find the work per stroke. 

Ans. 7516 ft.-lbs. per stroke. 

(20) Find tlie equivalent of one foot-poundal in ergs. 

Ans. 421890 ergs. 

(21) Find the multiplier by which ergs are reduced to foot- 
pounds. 

Ans. 7.37 X 10-». 

(22) A particle of mass m moves horizontally in a circular path 
of radius r ft. (a) unth uniform speed, (b) unth uniform rate of 
(mange of speed a. Find the work done in both cases during the 
motion of the particle through a semicircle. 

Ans. (a) none ; (b) nr^ma ft.-poundals. 

(23) In the preceding example let the plane ofthepathbe vertical, 
and the particle move from top to bottom through a semicircle. 

Ans. (a) ^mgi" ft.-poundals; {b) 2mgr -\- nr^ma ft.-poundals. 

(24) If the particle move from right to left, in vertical plane, 
through a semicircle. 

Ans. (a) none; (6) nr^ma ft.-poundals. 

Rate of Work — Power. — Work,- as we have seen, is independent 
of time. If now we take time into consideration, the time-rate of 
work, or work per second, is called Power. 

The mean rate at which a force does work in a given time is 
the quotient of the work divided by the time. If the mean rate 
does not vary, it is uniform. If it does vary with the time, it is 
variable. 

The instantaneous rate is the mean rate when the interval of 
time is indefinitely small. 
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We have then 

^ W ^ dW 

B = -j- or -R = -gjp. 

Unit of Bate of Work.— If [W] is the unit of work, [F] the 
unit of force, [L] the unit of distance, and [T] the unit of tune, we 
have for the rate of work 





We shall have 


B = 


- an 

Fa W 
~ t ~ t 


• 


if 


we take 


[R]-. 


m[L] 


[W] 

m 



The unit of power is then one unit of work per unit of time. 
The English ahsolute unit of power is then 1 ft.-poundal per sec, 
and the C. G. S. ahsolute unit is one erg per sec. 

A multiple of this equal to 10' ergs per sec. is used in electrical 
measurements and called the Watt, after James Watt. The watt 
is therefore one joule per sec. (page 42). 

In gravitation imits we have, in English measures, the foot- 
poimd per sec. The unit employed in engineering calculations is 
550 ft. -lbs. per sec. or 33000 ft. -lbs. per minute: This is called a 
Horse-power and denoted by H. P. 

In French gravitation imits we have the metre-kilogram per sec, 
and in engineering calculations the unit is 75 metre-kilograms per 
sec, equivalent to 542.486 ft.-lbs. per sec, which is called the force 
de cheval. 

Power and Momenttim.— We have then 

R=^ = Fv, 

where R is the rate of work of the constant force, F and « the dis- 
placement, and V the velocity in the direction of the force. 

If m is the mass of a particle and / the acceleration due to the 
force, we have 

B = mfv, or / = ^. 

Hence, the acceleration due to a constant force whose rate of 
work is R is the quotient of the rate of work divided by the moment 
turn in the direction of the force. 

If there is a resistance F' to the force F in the opposite direc- 
tion, and if the acceleration due to F' is/', we have the resultant 

R F' 
acceleration /— /' = "- — -—. Hence 
*' •' mv m 



v = 



mif-f) +F" 



When/ =/' there is no resultant acceleration and v is uniform 
and a maanmum. 
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Hence, the greatest velocity which a force working at the rate R 

R 

canprodiuse against an opposing force F' is equal to -p, . 

EXAMPLES. 

(1) Find the work done against gravity in drawing a car of 2.5 
tons (2240 lbs.), loaded vnth 30 passengers of 154 lbs, each, up^an 
incline the ends of which differ in level by 120 feet, and also find 
the horse-power if the time is naif an hour, 

Ans. 1236.400 ft..lbs. ; 1.24 horse-power. 

(2) Express a horse-power and a force de cheval in C, Q, S, 
absolute units. 

Ans. 7.47 X 10* ergs per sec.; 7.36 X 10* ergs per sec. 

(3) Find the force de cheval in terms of the horse-power, 
Ans. 0.987 H. P. 

(4) Find the horse-power in terms of the force de cheval, 
Ans. 1.014 force de cheval. 

(5) Find the horse-power of a machine which raises 10 t(ms 
(2240 lbs.) 20 feet in 2 minutes. 

Ans. 6.8 H. P. 

(6) If an engine consumes 2 pounds of coal per horse-power per 
hour, how many foot-pounds of work will it perform, ivhen consum,- 
ing 112 pounds of coal f 

Ans. 110 880 000 ft. -lbs. 

(7) If a pressure of 1 ton (2240 lbs.) is exerted through 10 yards, 
how many foot-pounds of work are done; and if the work is done in 
half a minute, what is the horse-power f 

Ans. 67200 ft. -lbs.; 4.07 horse-power. 

(8) A pumping-engine is partly worked by a weight cf 2 tons, 
which at each stroke of the pump falls through 4i ft. The pump 
makes 10 strokes per minute. How many gallons of water are lifted 
per minute by the weight from a depth of 200 ft, f Take a gallon at 
8.355 lbs. 

Ans. 107.24 gallons. 

(9) Calculate the horse-power of an engine from the following 
data: stroke 24 in., diameter of piston 16 in., 100 revolutions per 
min.y average effective pressure in the cylinder 60 lbs. per sq. in, 

Ans. 146 horse-power. 

(10) In the transmission of power by a belt, the wheel carrying 
the belt is 14 feet in diameter and makes 30 revolutions per minute, 
the tension of the rope being 100 lbs. Find the horse-power trans- 
mitted, 

Ans 4 hoi'se-power. 

(11) What diameter of cylinder unll develop 50 horse-power with 
a four-foot stroke^ 40 revolutions per minute, and a mean effective 
pressure of 30 lbs. per squxire inch above the atmosphere, the engine 
being non-condensing f 

Ans. 21 inches. 

(12) TTis cylinder of an engine is 12 inches diameter by 20 inches 
long. Average pressure 60 lbs. per square inch, 40 horse-power. 
Find the rate of revolution. 

Ans. 68.4 revolutions per minute. 
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(13) If the accderaiion of a faXling body he taken as unit of 
acceleration^ 1 ton as unit of niass, 1 horae-power as unit rate of 
work, and 1 min. as unit of ^wie, pad tht desired unit of length. 

Ans. 14.7 feet. 

(14) A mass of 60 lbs, is drawn on a smooth horizontal plane, the 
work being at the rate of 1/10 horse-power. Find the acceleration 
v)hen the speed is 1 mile per hour, (g =. 32 J9.) 

Ans. 24.15 ft per sec in the duectwn of motion. 

<16) An engine is employed in lifting a weight of 112 pounds. 
If the engine is working at 5 H. P. and the weight has a speed 
of 5 ft. per sec, find its acceleration. At what H. P. must the 
engine work to Uft the weight with a uniform speed of X ft. per sec. % 
(fir = 32.2.) 

Ans. 158.1 ft.-per-sec. per sec.; =-H. P. 

o 

(16) Find the greatest speed an engine of 100 H. P. can give a 
train of 70 tons (2240 lbs.) mass on an inchne of 1 in 100, friction 
being equivalent to a force of 8 pounds per ton. ig = 32.2.) 

Ans. 17.62 miles per hour. 

(17) A train weighing 76 tons ascends an incline of 1 in 800 unth 
a uniform speed of 40 miles an hour. Assuming friction to be 
equivalent to a force of 6 pounds per ton, find the rate at which the 
engine is working. 

Ans. 70.4 H. P. 

(18) Check this statement : Fifty-five pounds mean effective 
pressure at 600 /t. piston speed gives 1 H. P. for each square foot 
of piston area. 

Efficiency — Mechanical Advantage. — In a machine the **moving^ 
force" J?' acts at the " point of application" and a "useful" resist- 
ance F' is overcome, or work is performed at some other point, 
called the '^ working point.'''' If there is no friction, the rate of 
work of the moving force F must always equal that of the resist- 
ance. Owing to friction it must always oe greater. 

The ratio of the rate of work of tne "• useful" resistance to the 
rate of work of the moving force is called the efficiency of the 
machine. 

It must always be a fraction less than unity, and approaches 
unity the more perfect the machine and the less the friction. If we 
denote it by e, and let v be the velocity of the moving force F, and 
v' the velocity of the resistance F', we have the efficiency 

,= .p::, or ^ = ."1.^ 

Fv ' V 

If there is no friction, 6 = 1 and Fv = F'v'. The ratio e-, is 

V 

called the mechanical advantage of the machine. 

If F' is greater than F, v' must be less than v in nearly the same 
proportion, or, if friction is disregarded, in exactly the same 

proportion, that is, -— = — . 

Hence the familiar maxim that " what is gained in force is lost 
in speed.'''* 
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(1) Two masses of P lbs, and Q lbs, are hung by means ^a 
perfectly fleadble inextensible string over a smooth pulley. Dis- 
regarding friction and the mass of the pulley and rope, discuss the 
machine. i8ee Ex. 13, page 9.) 

Ans. If P is the larger mass, and if we disregara frlctioii and tha bimb of 
the pulley, the moving force is (P — Q)g pound&. The total 
mass moved is (P + Q) lbs. If we denote the acceleration by f^\ 

ft we have 

<P + Clf=(P-e)tfr, or /=(-^^^ft..per^c.per8eo. 






The space passed over from rest in t sec. is then, for Por Q, ^^ 

The Telocity stuting from test, at the end ot t aec is, for P ot Q, 

The tension in the string on either side is 

T=Pig -/) = Q(g +/) = -^^ poundals or |^ lbs. 
The pressure on the axle is the sum of the tensions (see page 9) 

iP+Q)g-(P-Q)f. or ;^^lte. 
The work of P is the same as the work on Q, or 

The power, or rate of work, is 

P(^P''Q)gt .^ ^^^^ 

-mp+oF ^'^ ''^' 

The efficiency 6 = 1, since the rate of work of P equals the rate of work 
one. 

The mechanical advantage €-f is unity, since 6=1 and -r = 1. 

V t 

(2) If a thread of a screw makes 25 turns in 3 inches, and the arm 
is 24 inches, find the force to sustain a weight of 112 lbs, (friction 
disregarded); also the mechanical advantage, 

Ans. Let the moving force P make n revolutions- per minute. Then its 

T^elocity is « = -zrr inches per sec. The resistance P' moves 3/25 

oil 

inch per revolution, or «' = ^^ inches per sec. 

Since Fo = F'v\ we have 

2;r x24Xn ^_ 3n X 112 ^^ « 112 X 3 AnaaiK 
SO ^=-25ir60-' ^' ^= 2;rx 25X24 =^'^^^^^' 

The efficiency 6 = 1. P' = ^ — ^= 1256.6P, or the mechan. 

leal advantage is 1256.6. 
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(3) If the thread of a screw is inclined at an angle of 30*" to the 
horizontal^ the radius of the screw 9 inches, and the length of the arm. 
4 ft.y find what force will sustain 1680 lbs. 

■ Ans. 100 lbs. MecUanical advantage 16.8. 

(4) An endless screw whose pitch is 6/8 inch works in a worm^ 
wheel having 16 teeth. The length of the handle is 10 inches. Find 
the mechanical advantage. 



Tfll <A 

Ana. Let r = radius of wheel. Then ^X 10 = i^' X r, or -=- = —. 



But 



2jrr = 16 X 5-, OP r = -. 



Hence -r=r = —^ , or about 44 to 7. 



(5) A wheel and axle is used to raise a bucket from a welL The 
radi%s of the wheel is 15 inches, and while it makes 7 revolutions the 
bucket, which weighs 30 lbs,, rises 5k ft Find the smallest force ta 
turn the wheel. 

Ans. 8 lbs. Mechanical advantage 10. 

(6) TYco toothed wheels of radius It and R. The force F is ap- 
pUed at a distance rfrom the centre of the first, and the resistance 
J^ is applied at a distance r' from the centre of the second. Find 
the mechanical advantage. {Friction neglected.) 

F 




Ans. We must have Fo = F'v\ or • 



= 4. Let 



C0 be the angular velocity of one wheel and qb' that of 
the other. Since the linear velocity of the point of 
contact is the same for both, we have Roo = R<»}\ or 
00 R 

The velocity of ^ is © = rco, and of F\ 



00' R' 
v' = r'co 



Hence 



v_ ___ TOO _ rR^ ^ EL T\\ f 
v' ~~ r^oo' ~ r'R ~~ F' 



''=T^- 



(7) In the system of pulleys shown in the figure 
find the mechanical advantagCy neglecting friction. 

Ans. Whatever distance F' may be raised in a given 

time, each of the n cords will be shortened by that much. 

n F' 

We have thenni?' = u, or — = -=- = n, where n is the num- 

t! F 

ber of cords at the lower block. 

(8) In the system of pulleys shown in the figure 
find the mechanical advantage, neglecting friction. 






Ans. Whatever distance F passes 
through in a given time, 

the first movable pulley passes through — that distance ; 



second 

third 

91th 



1^ 
4 
1_ 

8 

2r 
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1 D V 

Hence «' = --«, or -^ = -=•= 2», where n is the number of movable pul- 
leys. . 

(9) In the system of pulleys shotvn in the figure find the mechani- 
cal cidvantage, neglecting friction. 

Ans. Whatever distance F* rises in a given time, each cord will 

^ be shortened by that distance. Let this distance be d. 
The 1st movable pulley will descend through distance d; 

*' 2d through dist. (2 + l)d; 

" 3d " " 2(2 + l)d + (« = (2«4-2 + l)£?; 

" 4th " r 2[2(24-l)d + (iJ + d = (2» + 2« + 2 + l)d; 

*' nth " " (2»-i + 2»-« +. . . . 2 + l)d. 

The force F will descend through twice the distance of the nth 
movable pulley + d, or 

2{2«-i.H-2»-« + . ..2 + l)(« + d=d(2« + 2»-i + . . .2» + 2 + l) 

=:d(2» + i- 1). 

D 2» + ^ — 1 F* 
Hence - = :: = -^, where n is the number of movable pulleys. 

(10) A man weighing 175 lbs. is lowered into a well by means of a 
ivindless the arm and axle of which are 30 inches and 8 inches di- 
ammeter. Find the force which must be applied to let him down uHth 
uniform velocity. 

Ans. 46f lbs. 

(11) Suppose we have four pulleys as in Ex. (8), three movable 
and one fixed, and that the weight is a m^n weighing 160 lbs. 
Find what pull the man must exert in order to raise himself. 

Ans. 20 lbs. 

(12) A weight of 336 lbs. is raised 3 feet by m>eans of a single 
movable pulley the block of which has three sheaves. Find the force 
and the distance through which it acts. 

Ans. 56 lbs.; 18 ft. 

(13) In the system of pulleys in Ex. (7), if the block weighs 8 lbs. 
and there are three pulleys in the lower blocks find the weight which 
a force of 20 lbs. can support. 

Ans. 112 lbs. 

(14) Find the mechanical advantage in a system of three pulleys 
similar to Ex. (9). 

F' 

Ans. -^=7. 

(15) The thread of a screw makes 12 turns in a foot of length. 
The moving force is applied at the end of an arm 2 feet long. It is 

found that when this force is 30 lbs. it can just raise a weight of 
1200 lbs. What portion of the moving force is expended against 
faction, and how many foot-pounds of work are performed by the 
moving force when the weight is raised 2 feet f 
Ans. 22 lbs.; 2400 ft.-lbs. of work. 
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CHAPTEB V. 
ENERGY. KINETIC ENERGY. 

BNERGT. KINETIC BNBRaT. ILLX7BTRATIOK8 OF KIKETIC XNBBGT. BODY 
MOVINO IN A BE8IBTIN6 MSDIXTM. 

Energfy.— Work, as we have seen (pa^e 41), is done by a uniform 
force upon a particle when the particle nas a component displace- 
ment in the direction of the force, and work is done by a p£trticle 
against a uniform force when the partite has a component dis- 
placement in a direction opposite to that of the force. When a 
particle is able to thus do work against a force it is said to possess 
ener^^y, and the work it is capable of doing is called its energy. 

The unit of energy is therefore the unit of work (page 42). 

Kinetic Energy.— The work which a particle is able to do by 
reason of its velocity is called its kinetic energy. 

Determination of Kinetic Energy.— Let a particle of mass m be 
at rest, and let it be acted upon by a uniform force F in any direc- 
tion, and at the end of any time acquire the velocity v in that 
direction. The uniform force F causes a uniform acceleration 

The path is a straight line, and the distance described in the 
path, which in this case is the displacement, is (page 51, Vol. I, 
Kinematics) 

This displacement is in the direction of the force. Inserting the 
value of/, we have 

mrf „ I 

9=2F' ^^ Fa^^mif, 

where by definition Fs is the work of the force F in giving the 
particle the velocity u, starting from rest. This work is evidently 
also the work which a particle of mass m moving with velocity v 
can do while coming to rest against a uniform opposing force F, 
It is therefore the Icinetic energy of the particle, or the work the 
particle is capable of doing by virtue of its velocity. 

Hence, the Icinetic energy of a particle is equal to one half the 
product of its mass by the square of its velocity. 

If then vi is the initial and v the final velocity of a particle 

moving in a straight line, then ^mvx* is the work the particle can 

do by virtue of its initial velocity, and s mif is the work it can do 

56 
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by virtue of its final velocity. If Vi is greater thaa v, then the 

difference ainvi* — ^mr* is the work which the particle has done 

against imiform opposing force. This work is negative (— ). If v 

is greats than Vi , then ^mtf — -^mth* is the work done by the 

uniform force upon the particle. This work is i)ositive (+). We 
have then in general for uniform force and path a straight line 

|»t?»-ii»vx*= IF. ....... (1) 

That is, the gain or loss of Jdnetic energy is eqval to the work 
dime by or ctgaingt the uniform force. 

This work we see is independent of the time and depends simply 
upon the velocities Vi and v. 

The same holds true whatever the path, whatever the time or 
nimiber of forces and whether the forces are uniform or variable. 

Thus let any number of variable forces act ui)on a particle 
moving in any path. The forces acting upon the particle at any 
point of its path can be resolved into a resultant normal and 
tangential component. The normal component does no work. 

Since the work of the restdtant is equal to the algebraic sum of 
the works of the components (page 42), the work of the variable 
forces is equal to the work of the resultant variable tangential 
component. 

If we divide the path into an indefinitely lai^e number of 
indefinitely small displacements, this tangential component may be 
considered as uniform during each displacement. Let then Fi , 
Fi, Ft, etc., be the uniform tangential components during the 
small displacements «i , «3 , «» , etc., and let Vi be the initial velocity 
and Va , Vi , etc., be the velocities after the successive displacements 
^1 , 8a , etc. Then if v is the final velocity, we have 

1.1. 
1,1. 



FnBn= gmv*— gWr'm-l. 



If TFis the total work, we have by summation 

Tr= -^mt?* — ^ravx^ (1) 

We see then that equation (1) holds in all cases, whatever the 
-time or path or number of forces, and whether the acting forces 
are uniform or variable. (The derivation of equation (1) by calculus 

is given on page 46.) If Vi = 0, we have W=^ gmv*. 
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In general, then, kinetic energy gives the ivork a moving particle 
can do against force by virtue of its velocity, or the work done by 

force in giving it that velocity. It is always given by -mtf whatever 

2 
the time, path or forces. 

The gain or loss of kinetic energy is equal to the work done by 
or against the acting forces whatever the time, path or forces. 

The product ^mv* gives the work in foot-poundals if m is taken 

in pouncts and v in feet per second. If we wish the work in gravi- 
tation measure, or in foot-pounds, we must divide by gr in feet-per- 
sec. per sec. 

If we take m in grams and v in centimetres per second, the 

product g mr' gives the work in ergs, or dyne-centimetres. If we 

wish the work in gravitation measure, or in gram-centimetres, we 
must divide by gr m centimetres-per-sec. per sec. 

Cor. If the path is a circle, we have v = roo, where oo is the 
angular velocity and r is the radius. The kinetic energy is then 

given by « mr'oo', and we have 

W = -^mr^Qo* — g mr'floi". 

ninstrations of Kinetic Energy.— We have seen (page 33) that 
if a particle of mass m has at any instant the velocity Vi in any 
direction, the uniform force F always opposed to that direction 
which would bring it to rest in the time t is equal to the rate of 

change of momentum, or i^ = —r-- But the space described in 

V 1 

coming to rest is ^t = s. Hence — Fs = ^mvi*. Here we see that 

the work against the force necessary to bring the particle to rest is 

the kinetic energy, no matter what the time or path may be. 

Again, let a particle of mass m start from rest with a constant 

rate of change of speed a, and describe the distance s, Tlien the 

final speed attained!, whatever the path, is given (page 28, Vol. I, 

m 1 

Kinematics) by v^ = 2a^. If we multiply by ^, we have « mu* = 

mas. But ma is the tangential force Ft, and FtS is the work (page 

44). Here we see that the kinetic energy ^mv* gives the work 

done by the force in imparting the velocity v. 

Again, let a particle of mass m be acted upon by a force or accel- 
eration proportional to the distance of the particle from a fixed 
point, and let the particle move from a distance R to a distance r. 
Then we have (page 104, Vol. I, Kinematics), if the particle starts 
from rest, whatever the path may be, 

v« = ^(J2» -r»), 
r 

where a' is the rate of change of speed at a given distance r' along 
the path, and R and r are measured along the path. 
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If we multiply by — , we have -mr* = ~-T(i2* — r«) = ^-^(i? - r»)^ 

where F' is the force at a distance r\ and we have shown (page 
47) that this is the work done by the force in giving the velocity v. 
Again, let a particle of mass m be acted upon by a force or 
acceleration inversely proportional to the square of the distance 
from a fixed point, and let the particle move from a distance JR to 
a distance r. Then we have (page 99, Vol. I, Kinematics), if the 
particle starts from rest, whatever the path may be. 



\r Ep 



t?« = 2aV«i 

where a' is the rate of change of speed at a given distance r' along 
the path, and R and r are measured along the path. 

If we multiply by -r , we have 

where F' is the force at a distance r', and we have shown (page 47) 
that this is the work done by the force in giving the velocity v. 

Thus we see that in all cases -mv*, or the kinetic energy, gives 

the work a particle can do in coming to rest, or the work necessary 
to give it the velocity v no matter what the law of force, time or 
patn. 

We have then, generally, 

2 2 ' 

where Vi and v aro the initial and final velocities. 

Hence, the gain or loss of kinetic energy gives the ivork done by 
or against the acting forces ; and 

Work done by a force is positive (+), work against a force is 
negative ( — ). 

[Body Moving in a Resisting Medinin — Coefficient of Resistance. 

— Let J be the density or mass of a unit of volume of the medium, and 6 
the density of the body, considered homogeneous. 

Consider first the <}ase of a plane surface AB moving in a direction at 
right angles to the surface. Let v be the velocity at any /^ ^ a 

instant, and A the area of the surface. 

In any indefinitely small time dt every particle of the 
medium which conies in contact with the plane has its 
velocity in the direction of motion increased from zero 
tot). ' ^ 

The corresponding pressure normal to the surface is then the rate of 
change of momentum (page 83), or the normal resistance to motion is 

— , where m is the mass of the displaced medium in the short time dt, 
dt 

If the resistance is considered constant for the very short time dt, the 

distance traversed by the plane is -r-, and the mass of medium displaced 
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is m = — - — , where A is the area of surface at right angles to the mo- 



tion. 

Therefore the resistanoe Is 



"dt' 






The same result is thus obtained by the prinoii^e of energy .* To 
impart the velocity v to the mass m of the medium requires a work of 
iw^ vdt 

— . The distance passed through in a short time dt is — . The con- 
stant pressure for that time is the work divided by the distance, or — -. 
The volume of medium moved is the area A at right angles to the motion 
multiplied by the distance, or — r— , and its mass is m = — ^ — .' Hence 



the resistance is, as before. 



2 



mv 
'dt' 



^Av" 




VB 



Consider now a plane moviug iu a direction oUique to the surface. 
f^ Let AB move vertically with a velocity « and an 

inclination Q to the vertical. 

The velocity normal to the surface is v sin 6, and 
hence the normal pressure is as before 

JAf>* sin* 6 
2 =^- 

The component of this pressure in the direction 
of motion is 

R = iV sm 6 = = — -4 sm 6 X «' sm* 0. 

But A sin is the projection of the surface at right angles to the 
motion. 

Consider next a solid of revolution moving in the direction of its 
Axis CD, Let AB be any element ds of the generating 
curve, making the angle 6 with CZ>, and let its co-ordi- 
nates be X and y. 

Then the projection of AB at right angles to the 

motion is 2itxdx = it sin 0; and since sin 8 = -r-. we aV 

as * 

have for the resistance in the direction of motion 

■^x27i:aDdxxtr -r-i = nJv^xdx^-r, 
» ds^ ds^ 

The mass of the solid isied f afdy. 

The retardation of the body or minus acceleration is then 

dx" 




-/ = 



force 
mass ' 



nJv^ 
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We see then that 

or the retardation is directly proportional to the square of the velocity. 
The constant c is called the coefficient of resistance^ and is given by 



-1^^.-^ « 



I a?dy 

Since the ^eet of friction has been disregarded, it is customary to put 
/ = - C«^' (2) 

where C is au experimental constant and c is given by (1). 
For a spliere we have 



dx 
ar 'i' y z= r% 

and hence 



a? + y» = rS g = - I", ds = Vdx' + dy\ 



d^_ 1 _ 1 _2^ 
Substituting in (1), we have 



d^ ^ ,dy^ a? r»* 

^ ^ d^ ^ "*■ y» 



c = 



J /iJ' - «'')^ 3^ 









Fbr a cone we have, if r is the radius of base and h the height, 
y ixwhir, or ry = Tix, — = j^yds = ^d^ + c^y", 

and hence 

da? 1 1 






Substituting in (1), 

•»• xdx 






c — 



/ 






If the cone terminates in a cylinder of length l^ we have 

These are the values of c used in pages 110-113, Vol. I, Kineftiatics, 
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For iron in water we may take ^ = 7.2; 
" " ** air " " " 4 = 6988.28 

" mist or rain in air " ** " |= ®^^®^ 
" lead in water ** " " 4 = 11.85; 



" '* " air " «« " 4 = W28.61. 



d 



These are the values of 2 assumed in page 118, Vol. I, Kinematics. 

EXAMPLES. 

(1) A fly-wheel has a mass of 30 tons, which is to he considered as 
diatributea around the circumference of a circle Sft in radius; it 
makes 20 revolutions per minute. Finaits kinetic energy, 

Ans. 292000 ft. -lbs. 

(2) A ball weighing five ounces and moving with a velocity of 
1000 ft. per sec, strikes an cbstacle, and after piercing it moves on 
vnth a velocity of ^^feet per sec. Find the energy lost, 

Ans. 131250 ft.-poundals or ft. -lbs. 

(3) What constant force will bring a car of 5 tons, moving with a 
speed of 6 miles per hour, to rest in 20 feet t 

OiflQO 

Ans. 21688 poundals or pounds. 

(4) How far wUl a car run on level rails if it has an initial 
speed of 10 miles an hour and friction is 1/20 of the weight f 

Ans. 66.8 feet. 

(5) If an ounce bullet leaves a gun with a velocity of 800 ft, per 
sec., the barrel being Sft long, what is the accelerating force, sup- 
posing it uniform f 

AAAA 
Ans. 6666 poundals or pounds. 

(6) A shot of 1000 lbs. moving at 1600 /it. per sec. strikes a fixed 
target ; how far will the shot penetrate if the average pressure is 
12000 tons f 

Ans. 1.49 feet. 

(7) A train of 200 tons, starting from rest, acquires a spaced of 40 
miles an hour in three minutes. What is the effective moving force, 
assuming it uniform f 

Ans. 2.08 tons. 

(8) A bullet weighing 2i oz, leaves a gun with a velocity of 1550 
ft. per sec.; the length of barrel is 2k feet Find the average accel- 
erating force. 

Ans. 2332 lbs. 
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(9) A hall-player catches a hall moving at 60 ft, per sec. The 
mass of the hall is 4 oz. If the space {during which the hall is 
brought to rest is 6 inches, what is the average pressure on the 
hands f What is the time of stoppage f 

Ans. 19.4 lbs.; 1/50 sec. 

(10) A fly-wheel has a m^ss (^SO tons, which may he considered 
as distrihuted alonq the circumference of a circle 8 jt, in radius. It 
starts from rest ana, under the action of a constant force applied at 
the extremity of a crank 18 inches tong, acquires a speed of 20 
revolutions per minute in one minute. Find the force on the crank, 

Ans. 8100 lbs. 

(11) A heavy hody is projected up an incline rising 1 in 100 ; the 
friction against the plane is one tenth of the pressure. Find the dis- 
tance it will travel hefore heing reduced to rest, the velocity of 
projection heing 121 ft, per sec, 

Ans. 2067 feet. 

(12) Find the tension on a rope which draws a carriage of 8 tons 
up a smooth incline of 1 in 5, and causes an increase of velocity of 
S ft.-per-sec, per sec, 

Ans. 169165 poundals or lbs. 

(13) If on the same incline the rope hreaks when the carriage has 
a velocity of4S.S ft, per sec,, how far will the carriage continue to 
mot)e up the incline f 

Ans. 181 feet. 

(14) A mass P, after falling freely through h ft, hegins to pull 
up a heavier mass Q hy means of a string passing over a smooth 
pulley. Find the height to which Q will he lifted. 

Ans. -^ — feet. 
q-p 

(15) The tractive force of an engine is P tons. If the weight of 
engine and train is W tons and the frictional resistance n Ihs. per 
ton, show that in going up a p-per-cent grade the velocity acquirea in 
t seconds from rest will he Qgtft, per sec., and the energy 0.6Tr§*gr^' 

(16) In a brake test, a train moving 22 miles an hour on a down 
grade of 1 per cent was stopped in 91 ft. There was 94 per cent of 
the train braked. Taking the frictional resistance as 8 lbs. per ton 
of 2000 Ihs., find the net hrake resistance per ton, and the grade to 
which this is equivalent, {g = 32.) 

Ans. 893 lbs., equivalent to 19.65 per cent grade. 

(17) An engine exerts on a car weighing 20000 Ihs. a net pull of 
2 Ihs. per ton of 2000 Ihs, Find the energy stored in the car after 
going 2i miles, 

Ans. 264,000 ft. -lbs. 

(18) If shunted onto a level side track where the frictional resist- 
ance is 10 Ihs. per ton, how far will it run f 

Ans. One-half mile. 

(19) If the side track has a one-per-cent grade f 

Ans. One-sixth mile. 
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(20) W?hat effect hag the recoil of a gun upon its range f . 
Axis. Let M =5 the xiMun of the ran and V its velocity of lecoil ; 

^ «. .4 «4 4* it ^jji « ^ « «< «< *« 

If these velocities are produced in a short time t, the mean preesure on the 

gun is — — -, and on the ball — -. These must be equal, and hence 
t t 

MV = mo, or F = ^. 

1 1 wV 

The work on the gun is then k^Y^ = 5- -i^. The work on the ball i» 

-^mt^. Let w = the entire work of the powdw. Then 



1 .1 wV 
2^ +2ir = *^' 



V: 






If 10 and 9» are constant, the velocity v of the ball will increase as M 
increases. But as M increases, the velocity of recoil V decreases. Thus v 
increases as the recoil diminishes. If M is infinite, we have no recoil at all 

and « = 4/ — ) or all the work is done on the ball. If Jjf = nm^ we have 

' m 

f'2w n 



"V 



m » + ! ' 



Since 



I is always less than unity, we see that v diminishes as n- 

diminishes. Theoretically, then, a gun shoots farther the greater its mas& 
and the less its recoil. 
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CHAPTER VI. 

KINETIC FRICTION. 

FRICTION. ADHESION. KINDS OF FRICTION. REACTION OF A ROUGH CURVE 
OR SURFACE. TRANSLATION OF A BODY ON ANY CURVE OR SURFACE. 
COEFFICIENT OF KINETIC SLIDING FRICTION. ANGLE OF KINETIC FRIC- 
TION. LAWS OF KINETIC SLIDING FRICTION. MOMENT AND WORK OF 
FRICTION. KINETIC FRICTION OF PIVOTS, AXLES, ROPES, ETC. EXPERI- 
MENTAL DETERMINATION OF COEFFICIENTS OF KINETIC SLIDING FRIC- 
TION. FRICTION-BRAKE TEST. WORK OF AXLE-FRICTION. TABLE OF 
COEFFICIENTS OF KINETIC FRICTION. 

Friction. — Every natural surface offers a resistance to the mo- 
tion of a body upon it. Part, of this resistance is due to adhesion 
between the body and surface, and part is due to friction. 

Friction, then, is always a retarding force or resistance, and 
acts always in a direction opposite to that in which the body moves. 

When one surface moves upon another, the surfaces in contact 
are compressed and projecting points and irregularities are bent 
over, broken off, rubbed down, etc. 

The resistance due to friction, therefore, evidently depends upon 
the materials of which the surfaces are composed, and also upon 
the roughness or smoothness of the surfaces in contact. 

It may also evidently vary for the same surfaces, according to 
their condition or state or material constitution. 

Thus it may not be the' same for surfaces of dry wood or iron as 
for the same surfaces under the same condition when wet. It may 
not be the same for two surfaces of wood with their fibres parallel 
as for the same surfaces under the same conditions when their sur- 
faces are not parallel. 

Unguents also have a great influence. Such fluid or semi-fluid 
Hnguents as oil, tallow, etc., fill up interstices and diminish the 
effect of irregularities of surfaces ; or a film of unguent may be 
interposed between the surfaces and thus the resistance of friction 
greatly diminished. 

Adhesion. — We must not confound the resistance due to friction 
with that due to adhesion. Adhesion is that resistance to motion 
which takes place when two different surfaces come in contact at 
many points without pressure. Adhesion increases with the area 
of the surface of contact and is independent of the pressure, while, 
as we shall see (page 67), friction increases with the pressure and is 
in general independent of the area of surface of contact. 

If, however, the pressure is great, adhesion may be neglected 
compared to friction, and the resistance to motion is then practi- 
cally that due to the friction only. 

When the surfaces in contact are of the same kind, we call the 
resistance to motion cohesion ; when of different kinds, adhesion. 

65 
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Kinds of Friction. — Surfaces may slide or roll on one another. 
We distinguish accordingly slidini: oiction and rollini: friction. 

It is also found by experiment that the friction which just pre- 
vents motion is greater than that which exists after actual motion 
takes place. The friction which just prevents motion is called 
friction of repose or quiescence, or static friction. The friction 
which exists after actual motion takes place is called friction of 
motion, or kinetic friction. 

We have then two kinds of static friction, viz., static sliding: 
friction and static rolling: fHction. 

We have also two kinds of kinetic friction, viz., kinetic sliding: 
friction and kinetic rolling: fHction. 

We have to do in this portion of our work with kinetic friction 
only. We have already treated static friction in Chap. IX, Vol. II, 
Statics, 

Eeaction of a Curve or Surface. — When a particle is in contact 
with a rigid material curve or surface, the pressure which the curve 
or surface exerts upon the particle is called the reaction of the curve 
or surface. 

If then we introduce this reaction as an additional force in com- 
bination with all the other forces acting upon the particle, we can 
remove the curve or surface and consider the motion of the particle 
under the action of all the other forces and of this reaction. 

The reaction of the curve or surface is a force internal to the 
system, or a stress (page 37). All the other forces acting upon the 
particle we may then call external forces. 

Translation of a Body on any Curve or Surface. — Let a rigid 
body ADE move by sliding on any curve or surface, and touch it 

._..c^ at many points Pi, Pu, Ps, etc. Let the reactions 

Vp^:^^^^ at these points be J2i, Pa, Ps, etc., and let the 

>\p resultant of all the external forces be P acting 

at A. 

Let the line of direction P' intersect the curve 
or surface at P. Then, if the curve or surface 
resists by pressure only, this point P, for sliding 
motion only or translation, must evidently fall 
within the line or surface of contact DE. For if it falls outside, 
then, since the resultant reaction must be inside, the body will ro- 
tate, and we have sliding and rolling, and not translation only. 

Since we can replace the curve or surface at any point of the 
base DE by its reaction at that point, we can treat the entire body 
for sliding only, as a particle of equal mass placed at any one of its 
points of contact and acted upon by the reaction at that point and 
all the other forces and reactions, considered as external forces. 
The motion of this particle is the same as that of the body. 

Since we are dealing now with translation only, we can then con- 
sider all cases as the motion of a particle on a curve or surfojce. 

Coefficient of Kinetic Sliding Friction.— When one surface slides 
upon another, the sum of the frictions at every point of contact is 
the total friction, and the sum of the normal pressures at every 
point of contact is the total normal pressure. 

The ratio of the total friction to the total normal pressure when 
motion, either sliding or rolling, is jv^t about to begin, we have 
called (page 189, Vol. Il, Statics) the coefficient of static friction, 
either of sliding or rolling. 

The same ratio, after motion has taken place, is called the coeffi 
cient of kinetic friction, either of sliding or rolling. 
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We denote the coefficient of friction in general by /i. We have 
then in all cases 

^' 

where -F is the total friction and N the total normal pressure when 
motion, either sliding or rolling, is just about to begin, or else has 
taken place. 

We have considered static friction in Chap. IX, Vol. II, Statics, 
We have to do in this portion of the work with kinetic friction 
only. 

When a body slides upon a rough curve or surface, the motion 
of the body is that of any one of its points, and, as we have just seen, 
we can replace the body by a particle of equal mass at any point of 
contact, and acted upon by the reaction at that point, and!^ all the 
other forces and reactions considered as external forces. We have 
then in this case also 

F 

M =^, or F= uN, 

where F is the friction and N the normal pressure at the point of 
contact considered. 

Angle of Kinetic Friction. — Suppose- a body sliding on a rough 
curve or surface. We can then replace it by a particle of equal 
mass at any point of contact P. Let the reaction of the curve or 
surface be E, making the angle <p with the normal. 

Let the resultant of all other forces acting ^ ^ 
upon the body be R, making the angle ex with 
the normal. We can resolve R into a normal 
component N' = R' cos a in the plane of R 
and R\ and a tangential component T = R sin 
a in the same plane. We can also resolve the 
reaction R into the normal component N = R 
cos 0, and the tangential component F =^ R ^ 
sin in. the same plane. 

If the body moves on the curve or surface, 
iVmust be always equal and opposite to .^'. It is evident, then, that 
PT is the direction of motion, and F is the resistance acting oppo- 
site to the direction of motion, or the friction at the point of con- 
tact P; while the tangential resultant T — i^ is the moving force. 
We have, therefore, 

i^ = J2 sin 0, N= R cos 0, 
and 

F 

tan = — :. 

N 

We call the angle (p which the reaction R makes with the nor- 
mal in the plane of R and R the angle of kinetic friction. 

Hence, the tangent of the angle of kinetic friction is equal to the 
ratio of the friction to the normal component of the reaction. 

A normal to a surface at any point must lie in the radius of 
curvature. 

A normal to a curve at any point may have any direction in a 
plane through that point at right angles to the tangent at that 
point. The ** normal component of the reaction" must then always 



N 


fP 


>^- 


^ 
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be underBtood to mean the normal component in the plane of the 
reaction R and the resultant R' of all other forces acting upon the 
body. 

We have just seen that the coeflOicient of kinetic friction is given 
by 

F 

We have then 

F 
M^j^^tajKp, or F == uN=N tan <f>. 

That is, tfie coefficient of kinetic friction is equal to the tangent of 
the angle of kinetic friction. 

It is also evident that if T — i^ = there is equilibrium. If there 
is no equilibrium T— F must be greater or less than zero, and 
since ^'^is always equal to N^ the angle a must always be greater or 

less than 0, or -=^ ^ jn, 

Seaction of a Smooth Curve or Sorface. — If the curve or surface 
is smooth there is no friction, and F= 0, = 0. 

A smooth curve or surface, then, is one whose reaction is normal. 
It is incapable of offering resistance to motion in any other than a 
normal direction. In such case we have then J2 = ^, or the reac- 
tion is equal to the normal reaction. 

Laws of Kinetic Sliding Friction. — The laws of kinetic sliding 
friction are the same as for static, as given on page 191, Vol. Hi 
Statics, Within the practical limits there indicated we assume 
that 

F 

is constant for the same two surfaces in the same condition, what- 
ever the area of contact and whatever the total normal pressure. 
To this we may add, whatever the velocity, within certain limits. 
If in any case these limits are exceeded, recourse must be had to 
special experiments for the value of m for that case. 

Moment and Work of Friction. — Since, then, >" = ^n^ is constant 

for the same two surfaces in the same condition, the friction F at 
any point of contact is given by F = piN, where N is the normal 
pressure at that point. This friction is always opposite in direction 
to the motion and tangent to the surface at the point 

The moment of the total friction with reference to any point is 
then equal to the algebraic sum of the moments of the frictions at 
every point of contact. If all these frictions have the same lever- 
arm, we may then consider the total friction as acting at any point 
of contact. Thus for an axle in a bearing we may take the total 
friction as acting at any point of contact tangent to the axle and 
opposite to the direction of motion. 

The work done against friction is also evidently equal to the 
sum of the works done against the frictions at every point of con- 
tact. If the distances passed through by every point of contact 
of one surface, relatively to the other, are the same, we may 
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again consider the total friction as acting at any point of con- 
tact. Thus for an axle in a bearing we may take the total friction 
as acting at any point of contact tangent to the axle and opposite 
to the direction of motion. The work done against friction is then 
the product of the total friction by the distance passed through 
with reference, to the bearing of any point of the axle. 

Kinetic Friction of Pivots, Axles, Ropes, etc. — The application 
of the equation 

F 

M= f^ =t8Ln (p, or F = mN= Nta.n<Pj 

to pivots, axles, ropes, etc., is then precisely the same as for static 
friction (Chap IX, Vol. II, Statics). We have only to let // stand 
for the coeflacient of kinetic instead of static sliding friction. 

With this change we have in each case the same value for the 
friction and moment of the friction as already given in the chapter 
cited. 

Rigidity of Ropes. — ^The influence of the rigidity of ropes has 
also been discussed in Chap. IX, Vol. II, Statics, The same results 
hold good in this portion of the work. 

Experimental Determination of Coefficients of Kinetic Sliding 
Friction. — We may determine the coefficient of sliding friction by 
means of various contrivances, some of which we shall now de- 
scribe. 

1. By Moving Sled and Weight. — Let a sled rest upon a horizontal 

Elane and be dragged alon^ by means of a string passing over a 
xed pulley to the end of which a weight is attached. In order to 
obtain coefl&cients for different substances, the runners and the 
plane can be covered with the materials to be experiniented upon. 
In such an apparatus the mass of string and pulley and friction 
of string and pulley on its axle, as well as the rigidity of the string, 
should all be insignificant, or else they must be 
taken into account. 



If we disregard, then, mass of string and pul- — I I r ^ 

ley, friction of string and pulley, and rigidity ^^ 

of string, and let Mhe the mass of the sled and 
P the mass of the weight in pounds, the normal JL. 

pressure of M on the plane is Mg, and the weight L£j 

isPtar poundals. 

When motion jiist begins we have then for the coefficient of 
static sliding friction, since the friction F is equal to the weight 

_P_P^_P 
^^N^'Mg'^ AT (^^ 

If Pg is greater than the weight just necessary to start the sled, 
then the moving force (see Ex. 12, page 8) is Pg — fiPg, where u 
is the coefficient of kinetic sliding friction. The mass moved is 
P + M. Hence the uniform acceleration is, by the equation of 
force (page 2), 

f^Pg-MMg P (P + M)f 
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But for uniformly accelerated motion we have the distance 
described starting from rest, in any time t (page 51, Vol. I, Kiiie- 
matica)^ 

28 

8^\fP, or /=^. 

Substituting this, we have for the coefficient of kinetic sliding 
friction 

P 2{P + M)s 

^-M — M^r^ ^^ 

We see then from (1) and (2) that the coefficient of kinetic sliding 
friction is less than the coefficient of static sliding friction. 

From equation (2), bv noting the time t and the space s described 
in that time, we can calculate the value of //. 

2. By Sled on Inclined Plane. — If we place the sled on an inclined 
plane, and then gradually incline the plane, and note the anrfe 0- 
at which the sled just begins to slide, this angle is the angle of 
repose, and, as we have seen (page 190, Vol. II, Statics)^ the tangent 
of this angle is the coefficient of static sliding friction. 

If h is the altitude and b the base of the plane, we have then for 
the coefficient of. static sliding friction 

h 
M = tan = 5" (1> 

If we allow the sled to slide down a plane whose angle a i» 
greater than this, the moving force is Mg sm a — uMg cos a, where 
ju is the coefficient of kinetic sliding friction. The mass moved 
is M. Hence 

28 

f = —=: gf(sin (X — jii cos a), 
or 

yw = tan a — 



gt^ cos a 



If h is the altitude, I the length, and b the base of the plane,, 
tan ^ = r, cos " = i"' ^^^ 

h 28l .^. 

^ = b'gbt^ (^> 

Affain, we see from (1) and (2) that the coefficient of kinetic is 
less than the coefficient of static sliding friction. 

From equation (2), by notihg the distance s described in the time 
t, we can calculate n. This apparatus is free from the sources of 
error of the first, due to mass of rope and pulley, friction of rope 
and pulley, and rigidity of rope. 
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3. By Pnlley and Axle.— Let the masses P lbs. and Q lbs. hang 
over a pulley. If the pullejr and string are very light we can neg- 
lect their mass in comparison with the 
masses P and Q. These masses slwuld 
then be large. 

The string should be practically per- 
fectly flexible, so that we can neglect 
rigidity. 

When the mass P just begins to fall, 
the resultant pressure on the bearing, if 
we neglect mass of rope and pulley, is Pg 
+ Qg = E poundals. 

From page 198, Vol. II, Statics, we see 
that for a new bearing the friction is 
given by 

F = /iR -A- = Mg{P+ Q) -^ poundals, 
sm a ^ sm « 

where a is the bearing angle AOB, and m is the coefficient of static 
sliding friction. Let a be the radius of pulley and r the radius of 
axle. Then when Pjust begins to fall we have equilibrium, and the 
algebraic sum of the moments of the forces, taking rotation counter- 
clockwise positive, is equal to zero. The moment of {? is then 
+ Qga, and of the friction F (page 68) + Fr, since the friction acts 
opposite to the motion of the axle. The moment of P is — Pga, 
smce it acts to cause clockwise rotation. 
Therefore, disregarding rigidity of string, 



f ^ 


^7^ 






[ ,(» 1 




\ 


1^ i^«^i , 


1 


c 


-, c 


b- 



Qga + Mgr(P+Q)^-^'-Pga = 0, 



and we have for the coefficient of static sliding friction 

(P— Q) a sin a 



M = 



P+i 



(1) 



If P is greater than the mass necessary to just cause motion to 
begin, let/ be the uniform acceleration of P and Q. Then, as in 
Ex. 13, page 9, the tension of the string on right is P(g — f ), and 
on left Q(g +/). Disregarding the mass of string and pulley, the 
pressure on the journal is then 

B = P(g--f) + Q(g+f) = [(P + e)sf- (P- 6)/] poundals. 

The friction /or new bearing is then, as before, 

^ = ^"^^ " slS^ ^^^ '^ ^^^ "" ^^ "" ^^^^ poundals, 

where u is the coefficient of kinetic axle-friction. 

If P falls through the distance s, the work it does is the tension 
on right multipliea by «, or 

work of P = P(g —f)s ft. -poundals. 
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Let be the angular displacement; then, disregarding rigidity of 
g 
the string, oO = «, or 6 = — Any point of the journal then passes 

through the distance rO = — , where r is the radius of the journal. 
The work consumed by friction is then (page 68) 

<x rs vex 

- aJS -7— . — = ^ >ii —. — «[(P + §)gf - (P - Q)f] ft.-poundals. 
smaa asma 

The work of raising Q is the tension on left multiplied by «, or 

— QiQ +/)« ft.-poundals. 

The minus sign is used in both cases because work is done 
against friction and the tension on left. 

Now the work of P must be equal and opposite to the work done 
against friction and the tension on the left. Hence the algebraic 
sum must be zero, or 

28 

If we put/ = -rj, where t is the time of fall, and solve for m^ we 
obtain 

^28' 

I n air\ nr 

(.2a) 






Now P and Q should be made nearly equal in order that th0 
motion may be slow and the space s described in the time t accu- 
rately noted. We have also seen that the mass of the pulley and 
string must be small, and in order that it may be disregarded P 
and § should be large. 

If these conditions are complied with, (P— g) will be insignifi- 
cant compared to P + Q, and the second term in the denominator 
of i2a) can be disregarded. We have then for the coefficient of 
kinetic sliding friction the practical equation 



=0 



P-Q . 2a 

P+Q gf 



«^^"" (2&) 



roc. 



If the bearing angle is small, sin a = a, nearly. 

Equation (26) gives then the coefScient when the masses P and . 
Q are large and nearly equal so that motion is slow, when the 
mass of pulley and string is small and disregarded, and when 
the string is practically perfectly flexible so that rigidity is dis- 
repjarded. 

(For the influence of rigidity see Chap. IX, Vol. II, Static8.) We 
have only to observe the ofistance s described by P in the time t 

A^ain, we see from (1) and (2b) that the coefficient of kinetic ia 
le88 than the coefficient of static sliding friction. 
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4. By Friction-brake.— The friction-brake consists of a lever AB 
of equal arms AO = BO = I, so that the entire weight of the lever 
with scale-pans attached acts upon 
the centre of the axle O. 

If the axle tums^ say counter- 
clockwise, as indicated in the 
figure, it tends to turn the lever 
in the same direction. If we put 
a mass Q in the left pan and a 
mass P in the right pan and meike 
P just large enough to keep the 
lever horizontal, we have the 
weights Pg and (^g and the fric- 
tion F in equilibrium. 

If ilf is the mass of the lever and pans, etc., the pressure on the 
axle iB{P+ Q + M)g = R. 

For a neu^ bearing (page 198, Vol. II, Statics) the friction is then 




a 



^=^^^?;rT = ^9{P + Q + M) 



sma 



sma' 



where a is the bearing angle aOb and m is the coefficient of kinetic 
sliding friction. 

The moment of the friction is — Fr, where 
axle. The moment of the weight Qg is — Qgl, 
Pg, -f Pgl, where I is the lever-arm AO or BU. 
just horizontal we have equilibrium and 



r is the radius of 
and of the weight 
When the lever is 



Pgl-Qgl-Fr=:0, 



or 



ra 



P9l-Q9l-Mg{P + Q + M)-^— = 0, 



or the coefficient of kinetic sliding friction is 

_ (P''Q)l&ma 
^ "" (P -h e + M)ra 



(4) 



Friction-brake Test. — The friction-brake can be used for meas- 
uring the work done by an engine when working uniformly. Thus 
suppose the axle is driven by an engine, and by means of a crank 
on the axle some machine, as for instance a pump, is worked. 

We first count the number of revolutions n per minute while the 
pump is in action. If then we disconnect the pump we shall find 
the axle to revolve much more rapidly, since the only work now 
done by the engine is against the friction of the bearing. We now 
apply the brake and load it at each end until it is horizontal and the 
axle is slowed up to its former speed of n revolutions per minute. 
The work done against brake-friction is now equal to the work 
before consumed by the pump, provided the engine works uni- 
formly. 

But the friction is given (page 68) by 
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or in gravitation measure by 

r 

We have then for the work done in one revolution 2icrF, and in 
n revolutions per minute the work per minute is 27tmF. Taking F 
in gravitation measure or in pounds, and r in feet, this is foot- 

Eounds per minute. If we divide by 33000, we obtain (page 60) 
orse-power. Hence 

„p ^ itrnF ^ 7tn(P - Q)l 

16500 16500 ' 

where F, P and Q are in pounds, I and r in feet, and n is the 
number of revolutions per minute made while the pump was 
connected. 

Work of Axle-friction. — The friction upon an axle in any case 
when ju is known is given in Chap. IX, Vol. II, Statics. Thus for a 
new hearing we have (page 198, Vol. II, Statics) 

F = mR-^—, 
sm a 

where R is the resultant pressure on the axle and a is the bearing^ 
angle. If we substitute this in the place of i^ in the preceding 
article, we have the work per minute 

27tmF = 2Tt^Rrn^ 

and for the horse-power 

H.P. = 



sm a 



TtjitRma 
16500 sin a 



where R is taken in pounds, r in feet, n in revolutions per minute. 
If the bearing angle is small, we have a = sin a nearly. 

Coefficients of Kinetic Sliding Friction. — The following tables 
give a few values of the value of // as determined by experiment 
for kinetic sliding friction and axle-friction. 

COEFFICIENTS OF KINETIC SUDING FRICTION, jii = tan 0. 





Condition of Surfaces and Kind of Unguent. 


Substances in Contact. 


Dry. 


Wet. 


Olive 
Oil. 


Lard. 


Tallow. 


Dry 
Soap. 


Polished 

and 
Greasy. 


■wr^wx^ «« (Minimum 

if S Mean 


0.20 
0.36 
0.48 
0.18 
0.24 
0.20 
0.20 
0.42 
0.62 
0.45 

6*. 54 
0.80 

6.34 


6! 25 

6.31 

6*.24 

6.33 

6! 36 

6! 25 
0.31 
0.24 


6.66 
0.07 
0.08 
0.05 
0.06 
0.08 

6.15 
0.16 

6! 14 


0.06 
0.07 
0.07 
0.07 
0.09 
0.11 
0.07 
0.07 
0.08 


0.06 
0.07 
0.08 
0.07 
0.09 
0.11 
0.06 
0.08 
0.10 

6.19 
0.20 

6.14 


0.14 
0.15 
0.16 

6!26 
6! 20 


0.08 
0.12 


^^^ (Maximum 

TV/T^+oi ^« ( Minimum 

Metal on ) j^^^^ 

^^**^1 Ma,ximum 

\xr^r^ ^„ ( Minimum 

^^*^1 (Maximum 

Hemp ropes j On wood. . . . 

or plaits ( On iron 

Leather belts i Raw 

on wood or -< Pounded. . . 

metal ( Greasy. . . . 
Same on edge for j Dry . . . 

piston-packing ( Greasy 


0.15 
0.11 
0.13 
0.17 
0.10 
0.14 
0.16 
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« 


Dry 

or 

SlighUy 

Greasy. 


Oil, Tallow, 
or Lard. 


Damp 

and 

Greasy. 




Ordinary 
Lubrica- 
tion. 


Thorough 
Lubrica- 
tion. 


Bell-metal on bell-metal 




0.097 

6'. 075 
0.075 
0.075 
0.075 


6'. 049 
0.054 
0.054 
0.054 
0.054 




** ** ** cast iron. 






W^rought iron on bell-metal 


0.251 


0.189 


" *• cast iron 

Cast iron on cast iron 


6! 137 


•* " ** bell-metal 


0.194 


161 







More extensive tables will be found in treatises on Engineering. 
Comparing the values in the tables just given with those in the 
table given on page 192, Vol. II, Statics, we see that the coefficient 
of kinetic is always less than the coejfficient of static sliding friction. 

We see also that for axle-friction in general we have for the 
coefficient of kinetic friction : 

for ordinary Ivbrication jj, = 0.070 to 0.080; 
for thorough lubrication /i = 0.054. 



EXAMPLES. 

(1) A body of mass m is placed upon the upper side of a rough 
inclined plane which makes an angle a with the horizontal and is 
acted upon by a uniform force P which mxikes the angle fi with the 
plane. Find the friction, the work of friction for any distance 
described and the motion of the body upon the plane, 

Ans. Consider the body as a particle placed at any point on the plane. We 
have acting on the particle the weight mgy 

the force P, the normal reaction N and tfe p 

friction F, which latter acts always opposed ^ / ^x 

to the direction of motion. Let us take all 
forces in gravitation measure. 

Take OX along the plane upwards and 
ON away from the plane as the positive 
directions of X and F. Then O^, = 90% By 
= 0, and in gravitation measure. 

Bx = P cos /5 — m sin a, 
By' = P sin fi — m cos a, 

where the angle /5 is measured from OX counter-clockwise. With this con- 
vention, these values of MJ and My are general. We have then for the 
normal pressure in general 

iV" = — (P sin )5 — w cos a) = m cos a — P sin )5, 
and for the friction 

J?' = // (w cos a — P sin /5) 
acting always opposite to the direction of motion. 
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For motion up the plane, we have for the tangential component of the 
external forces 

T=: PcoB/? — ffisina. 

For motion down the plane 

T=i -Pcos/S + maiaa, 
In general, then, 

T=i ± P cos /S ^ msm a, 

where the upper signs are for motion up and the lower signs for motion down 
the plane. 

The resultant force along the plane is then in all cases 

T — F— ± Pcosy^Twsina— ii{m cos a — P sin fi). 

The acceleration along the plane is then 

^^^^^ = / = ^[(± ^ cos /J T Bin a) - |.(co8 a - ^ 8in /j) J. 

If in any case / comes out positive, it shows acceleration ; if negative, 
retardation. We see then that/ is uniform. 

We have then for the space described in any time t (page 51, Vol. I, Kine- 
mattes), if Vi is the initial velocity. 

For the final velocity, 

1^ = V,^ + 2f8, 

For the work done against friction, in gravitation measure, 

Fs = jii(in cos a — P sin /S)s, 
For the work done by or against T, in gravitation measure, 

Ts = {P COS fi — m sin a)«. 
For the gain or loss of kinetic energy, in gravitation measure. 




„^ , etarding 

jforce of friction, and the work done against friction in coming to 
rest. 

Ans. jii = - — , or if ^ = 32.2 ft.-per-sec. per sec, /* = 0.26. Retarding 
force of friction is 20 lbs.; work done, 3105.6 ft. -lbs. 

(3) A body of 80 pounds mass is dragged along a rough horizon- 
tal plane by m^ans of a w<iss of 186 pounds attached to a string 
passing over a pulley (page 8). It is observed to slide 10 feet in 
the first second, starting from rest. Disregarding rigidity g/" string 
^nd mass and friction of string and pulley, find the coeffl&ient of 
kinetic sliding friction, (g ^ 32.) 

Ans. ju = 0.25. 
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(4) A body placed upon a rough inclined plane whose height is 1 
ft and ba^se 16 inches is observed to slide 6.4 inches in the first 
second starting from rest Find the coefficient of kinetic sliding 
friction, (g = 32.) 

Ans. M = 0.25. 

(5) Two masses P = 10 lbs. and © = 5 lbs. hang by means of a 
string otwr a pulley of radius a = 6 inches. Let the radius of the 
journal be r = 1 inch. Let P fall from rest a distance s = 129.8 ft, 
in a time t = 5 seconds. Disregarding rigidity of the string and 
mass (yf stHng and pulley, find the coefficient of kinetic axle-friction. 
Also discuss the action of the apparatus, {g = 32^.) 

Ans. The tension of string on the left, if /is the acceleration y"^^ 
of Q and P, is f O ^ 

(Qff + Qf) poundals. I ^ 

The tension of string on the right is 

(Pg - Pf) poundals. 

The pressure on the journal is then, disregarding the mass of 
string and pulley, i i 

Ii=Qig-^f) + P{g-f) = [(P + Q)ff - (P - ©yjpoundals. <a 



o 



From page 198, Vol. II, StcUics, we have for a new bearing ^ 

the friction 

where ju is the coefficient of kinetic friction and a is the angle of the bearing. 
If a is small, a = sin a approximately. 

If 6 is the angular displacement, then, disregarding the rigidity of the 

string, aO — «, or = — . Any point of the journal then passes through the 
a 

distance r6 = — . 

The work consumed by friction then is (page 68) 
- mB-^ . - = - J^^ . 8[{P+ Q)g - (P - Q]f] ft. -poundals. 

The work of raising Q is the tension on the left multiplied by «, or 

— 0(fl'+/)« ft. -poundals. 

The minus sign is used in both cases because work is done against friction 
and the left-hand tension. 

Now the work of P is the right-hand tension multiplied by ^ or 

P{g - f)s ft. -poundals. 

And this work must be equal and opposite to the work done against friction 
and the tension on the left. Hence the algebraic sum must be zero, or 

iKg -/)« - Qig +f)» - m-^»HP + Q)ff - (P - QV] = o. . (i) 

asm (X 
From (1), if we put / = — , we have 



M=\ 



iP-Q)-(P+Q)p^ 
(P + g)-(P-C)|' 
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or if a is small, a = sin a and 

ft = 



^(P+«)jr-^P-e)^ 



Inserting P = 10 lbs., © = 5 lbs., a= ~ ft., r = — ft., « = 129.8 feet, 
g = 32 J ft. -per- sec. per sec, we obtain 

^ = 0.07. 



Since /= -5-, we have from (1) 



= 0.838jr = 10.89 ft.-per-sec. per sec. 

iP + Q)-^(P-Q) 

The velocity at the end of the time t is then 

V =ft = 51.94 ft. per sec. 

The distance « = -/t* = 129.8 ft., as assumed. 

TenBion on Tight r=P(g-•f) = 10g-'^,2^g =6.77^ poundals = 6.77 lbs. 
Tension on left = Q{g +f) = 6g + lM6g = 6.6155^ poundals = 6.615 lbs. 
The work of friction is 

-F- = - —8[P+ Q)g - (P- Qlf] = 20.28^ ft.-pdls. = 20.28 ft.-lbs. 
(I d 

Agam, the work of P = 6.77 X 129.8 = 879.136 ft.-lbs. ; 

the work of C = 6.615 X 129,8 = 858.855 ft.-lbs. 

The difference of these works = 20.28 ft. -lbs. = work of friction. 
The power of P (page 49) = — ^ = 175.827 ft.-lbs. per sec., or 

175.827 .0,^, 
— T—T— = 0.819 horse-power. 
550 

The rate of work of the '* useful" resistance = — ^ — = 171.771 ft.-lbs. 



l^er sec. Hence the efficiency of the machine (page 52) is 

171 77 



The efficiency in general is 



e = 



JUT 



P(3-f)» x-lr-- 
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(6) In the preceding example, what mass P will raise Q = 5 lbs. 
a distance of 20 feet in 3 seconds f 



[(^-e)-?(^+e)]^ 



Ans. / = -^=1 =^. Therefore we have 

(p+C)-^(p-e) 

Q(g+f) + ~Q(if+f) 
P = . 

{9-f)-^^i3-f) 

28 40 
Substituting /= Ti" = "n . ^® ^ave P = 6.759 lbs. 

(7) In a wheel and axle the radius of the wheel is a = ^ ft,, of the 
axle b = 2ft. Let r = 1 inch be the radius of the journal, and 
/I z= 0.07 be the coefficient of kinetic friction. Let the moving mass 
P = 10 lbs. and the mass lifted be Q = 5 lbs. Let P start from rest 
and fall for a time t =5 seconds. Disregarding rigidity of the 
string and the mass of string and wheel and aitle, discuss the ap- 
paratus, {g = 32^.) 

Ans. Let / be the acceleration of P. Then —/will be the acceleration of 

a 

^. Also if P falls the distance «, Q rises the distance -8. 

a 
We have then, just as in example (5), 



Tension on left = Qlg -) f) poundals. 

Tension on right = P{g — /) poundals. 
Pressure on the journal 



[r = (P+ Q)g - (P - C^)/l poundals. 
n for new bearing (page 198, Vol. II, SU 




The friction for new heoHng (page 198, Vol. II, StcUics) is 



where >u is the coefficient of kinetic friction and a is the angle of bearing. 
The work consumed by friction is 

The work of raising Q is the tension on left multiplied by — «, or 
— © — ^Ifi'H — /I ft. -poundals. 

The minus sign is used in both cases because work is done against friction 
and the left-hand tension. 

The work of P is the right-hand tension multiplied by «, or 

P{g —f)8 ft. -poundals, 
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and this work must be equal and opposite to the work done against friction 
and the left-hand tension. Hence the algebraic sum mast be sero, or 

^-/)'-«M^+«-/)-^i^{(^+«)^-(^-«D/]=o- (1) 

From (1) we obtain for the acceleration of P 

If a is small, sin a= a and 

/ = -. w: — TTT/ 67 = ^'^^ = ^'^•^9 ft.-per-sec. per sec. 

The acceleration of Q is then 

-/= O.SeSg = 11.66 ft.-per-sec. per sec. 

The velocity of P at the end of the time ^ = 5 sec. is 
V =zft = 87.44 ft. per sec, 
and the velocity of ^ is 

--v = 58.29 ft. per sec. 

The distance s passed through by P is 

* = i-^« = 218.59 ft., 

and the distance passed through by Q is 

--8 = 145.73 ft. 
a 

Tension on right = I\g — /) = 10^ — 5.44^ = 4.565^ poundals = 4.56 lbs. 

Tension on left = q/^ + -/| = 5^ - 1.817^ = 6.^2^ poundals = 6.82 lbs. 

The work consumed by friction = 4.1^ ft. -poundals = 4.1 ft. -pounds. 
The work of tension on right = 997.56^ ft. -poundals = 997.56 ft. -lbs. 
The work of tension on left = 993. 46^^ ft. -poundals = 993.46 ft. -lbs. 
The difference of these works =4.1 ft. -lbs. = work of friction. 

997 56 
The power of P (page 49) = — ^ — = 199.51 ft. -lbs. per sec., or 

' = 0.363 horse -power. 
ooO 

The efficiency of the machine (page 52) is 

993.46 ^ ^^ 

€ = = 0.996. 

997.56 
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The efficiency in general is 



1- 



tira 



F(g-f)* 



1+ 



jura 
b sin a 



(8) In the preceding example what mass P will raise Q^^lbs. 
a distance of 20 ft in 3 seconds f 

2s 40 
Ans. a = 20, t = 8, /= tj- = 77. Hence 



'^ " 9 • 



P = 



«^(^+|/)+fe(^+f4 



(ff-f) 



ftr, 



■/) 



= 4.244^ poundals = 4.244 lbs. 



(9) A friction-brake ofM= 15 lbs, ma^s is balanced on a rotating 
shaft of radius r = 6 inches, by masses of (jf = 10 lbs. and P = 10 
lbs. 10 oz. Find the coefficient of kinetic friction and the friction. 
Also if the shaft snakes 60 revolutions per minute find the rate of 
work of the friction. 

Ans. jii = 0.07, P= 2.5 lbs. Rate of work of friction = 7.854 ft. -lbs. per 
sec, or 0.01428 horse-power. 

(10) A screw of radius r = 1 inch is acted upon by a force oj 

P = o lb' with a constant lever-arm of a = l ft. and overcomes a 

resistance of Q = 5 lbs. If the angle of the thread is a = 45'' find 
the coeficient of kinetic sliding friction if the number of revolutions 
per minute is 60. Also find the efficiency, and the acceleration of 
P. Disregard the mass of the screw, and take g = 32^ ft.'per-sec. 
per sec. 

Ans. Let P be the force applied at the end of the arm a, and let the radius 
of the screw be r, the pitch p, and the resistance Q. 

If iV is the sum of the normal pressures and a the inclination of the thread 



to the horizontal, we have iV = 

mQ 



, and the friction 



cos a 
where u is the coefficient of friction. 



cos a 
Let / be the acceleration of P. Then the movin 
force is I\g —f) poundals. If a is the distance pi 
throuffh by P in any time ty then the work of the moving 
force IS 

P{g —f)s ft. -poundals. 

The resistance . Q is overcome through the distance 
p' 
g — 8. The work of overcoming the resistance is then 

- — • o^« ft. -poundals. 

The friction is overcome through the distance - . 

a 
overcoming the friction is then 

_ ^^ ^^ 
cos a ' a cos a' 




The work of 
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The minus sign is used becAose work is done against friction and the 
resistance. 

The work of I\g — /) must be equal and opposite to the work done against 
friction and the resistance. Hence the algebraic sum must be zero, or 

^^-•^>*-^5^"i^srs = ^- 

From this we have, since ^ = tan a and/ = -r. 



•^=^[^-:^Srs(«^«^^+^>]=|-' 



(1) 



and from (1), for the coefficient of kinetic friction, 

/.=gco8'a-sin«co8a(l + ^^^J <«> 

P'or the efficiency we have 

Cyp* , ^Qgrs -^ . a ^""^ 

%ica "■ a cos* a ' sin a cos a 

If / = tM Tuvoe equilibrium, and from (1) we have in this case 

a ^ ' COS* ar 

or the same as already found, Ex. (11), page 219, Vol. II, StaUei, 
In this case (2) becomes the coefficient of static friction 

Pa 

u =z --- COS* a ~ sin a cos a. 
Qr 

We see from (8) that the efficiency is a maximum when sin a cos a is a 
maximum, or when sin a = cos a or a = 45". 

If n is the number of revolutions per minute, the distance s described in one 
minute is 2nan, We have then 

Inserting in these equations the values a = 1 ft., r = — ft., P= ^ lb., 

1« a 

Q = 5 lbs., a = 45', n = 60, ^ = 32J ft.-per-sec. per sec., we have 

yu = 0.096, e = 0.84, / = 0.007, ^r = 0.225 ft.-per-sec. per sec. 

(11) A train runs on a horizontal track with the speed Vi , and 
by the application of brakes to the driving-wheels of the locomotive 
the speed is reduced to the speed v. Find the distance and time 
of running during the reduction of speed, disregarding all resist- 
ances other than those due to the action of the brakes, 

Ans. Let m be the mass of the train in pounds, Vi the initial and v the final 
speed in feet per second, 8 the distance in feet, and t the corresponding time in 
seconds. 

Let n be the number of driving-wheels braked, P the pressure of each 
brake, and R the pressure of each braked wheel on the rails. 
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Let fir ^6 the coefficient of kinetic sliding friction for the wheels and rails, 
and ^b the coefficient of kinetic sliding friction for the wheels and brakes. 

We may distinguish three cases : 

1st. The wheels roll without slipping on the rails, — In this case we have the 
friction n^^Pg on the brakes less than the friction nfirRy of sliding on the 
rails, or 

MbPKMvB (1) 

When condition (1) is satisfied the work of stoppage is due to the work of 
friction of the brakes, and we have the change of kinetic energy equal to the 
work done against friction, or 

-«i(«« - «ji«) = - n/ibPgs. 
Hence 

*- 2nMtPg ' ^^^ 

and 

^^_^^rn(^^ (8) 

Vi + v njUbPg 

If the train is brought to rest we have t) = in these equations. 

2d. The wheels just on the point of slipping <m tJie rails. — In this case we 
have the friction nju^Pg on the brakes just equal to the friction njHrBg of slid- 
ing on the rails, or 

MbP=MrB (4) 

When condition (4) is satisfied the work of stoppage is due to the work of 
friction of the brakes, and we have 

-m{v* — «)i«) = — nfibPga = — n/irBs, 
2 

Hence 

_ in(vi* — «') _ m(Vi* — t?') 
*~" ^nMbPg'" 2n/4rBg * ^^ 

^ _ m(Vi - v) _ m(vi - V) 

njUbPg nurBg ^ ^ 

If the train is brought to rest we have « = in these equations. 
3d. The wheels slip on the rails. — In this case we have the friction njUbPg 
on the brakes greater than the friction nUrBg of sliding on the rails, or 

MbP>J^rE (7) 

When condition (7) is satisfied the work of stoppage is due to the work of 
friction of the rails, and we have 



Hence 



•^m(v* - Di«) = — nurBgs, 



m(vi* — u«) 



*~ 2nMrBg ' ^^ 

nMvBg ' ^"^ 

If the train is brought to rest we have t) = in these equations. 
We see by inspection that the distance s given by (5) is less than the dis- 
tance s given by (2) or (8). 
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That is, the least distance and time of stoppage is when the toheeUjust roll 
icithoui sliding, or when 

Mb 

It we take the coefficients for wheels and brakes and wheels and rails equal 
we have jiib = Ur, and the conditions for the three cases are respectively 

P<Ii, P-B, P>B, 

The distance and ;time are then the least possible when P= B. If P is 
greater than B, the wheels slip and the distance and time are greater than 
when P=iJ. 

(12) In the preceding example suppose the grade rises hfeet m a 
length of I feet and base of hfeet. 

Ans. 1st. Wheels roll without slipping, — In this case we have 

A£,^<//r|i2; (1> 

n / „ mhV ^"^^ 

m{v.^^) 3. 

g\nfibP± —) 

where the plus sign is for train running up grade, and the minus sign for train 
running down grade. x i_ . i. 

2d. Wheels just on the point of slipping. —In this case we have 

u^ = fir\B; (4) 

2g[nMbP ± \) ^[^f^r^R ± —) 

g\nnbP ± —) g\nMrjB ± — | 

where the plus sign is for train running up grade, and the minus sign for train 
running down grade. 

3d. Wheels slip on the ra»Z*.— In this case we have • 



« = 



« = 



m{vy} — 1?*) 

/ 6 ^ mh\ 
^[n^rjB ± — ) 



(8) 



g\nMrjB ± -y-; 

where the plus sign is for train running up grade, and the minus sign for train 
running down grade. 
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(13) A train is running at the rate of 45 miles per hour. If the 
brakes press with two thirds the weight on the wheels of the locomo- 
tive and if the locomotive is one half the weight of the train and the 
coefficient of kinetic sliding friction is 0.18, fina the distance and 
time in coming to rest on a norizontal track, {g = 32.) 

Ans. s = 378j^ ft., disregarding all resistances except that due to the brakes. 
« = 11.46 sec. 

(14) A train is running at the rate of 60 miles per hour on a 
horizontal track. If the brake pressure is two thirds of the weight 
of the train, the coefficient of kinetic sliding friction 0.18, and the 
train resistance 20 lbs. per ton, find the distance and time in coming 
to rest, (g = 32.) 

Ans. 8 = 938.5 ft.; t = 21.33 sec. 

(15) If a force of 20 lbs. per ton of load is required to maintain 
the speed of a train on a level track, find the coefficient of sliding 

friction between the driving-wheels and rails when a locomotive of 
27 tons can just maintain the speed of a train of 262 tons. 

Ans. u = — . 
^ 12 

(16) A weiqht of 10 tons is dragged in half an hour 330 feet up a 
plane inclined SO" to the horizontal, the coefficient of kinetic sliding 

friction being -j=z. Find the work expended and the horse-power of 

y 3 
an engine by which the work could be done. 

Ans. 7392000 foot-pounds ; 7y'^ horse-power. 

(17) An inclined plane is partly smooth and partly rough 

(>M = — - j ; a particle slips dmvn the upper smooth part and moves 

on to the rough part ; the inclination of the plane is 30' and the 
length of the smooth part is 4 feet. Find the distance described 
before it combes to rest. 

Ans. 8 ft. on the rough part. 

(18) If the height of an inclined plane is 12 feet, the base 16 feet, 
Jind how far a body will move on the horizontal plane, supposing if 

to pass from one plane to the other without toss of velocity, the 
coefficient for both planes being 1/8. 
Ans. 80 feet. 

(19) A heavy slab whose under surface is rough, but the upper 
smooth, slides down an inclined plane. Find the acceleration with 
which a j>article on its upper surface will move along the slab if the 
ungle of inclination of the plane is a and the coefficient jn, the mass 
of the slab M, and of the particle m. 

Ajqs. /I — j^g cos a. 
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OHAPTEB Vn. 

CONSERVATION OF ENERGY-LAW OF ENERGY. 

Conservative Forces. — Forces which depend solely upon the 
position of a particle are called conservative forces, because, as we 
shall see presently, the principle of conservation of energy holds 
good when such forces only exist. 

Non-conservative Forces.— Forces which do not depend solely 
upon the position of a particle are called non-conservative forces, 
because for such forces the principle of conservation of energy no 
longer holds. 

The force of ^avity upon a particle depends solely upon the posi- 
tion of the particle and is therefore a conservative force. So is the 
elastic force of a spring which depends solely upon configuration, 
and so also are the forces of nature generally. But an applied force 
which is independent of position is non-conservative. The resisting^ 
force of friction, and in general all resistances to motion, do not 
depend solely upon position and are therefore non-conservative. 

Potential Energy. — The work which a body is capable of doing 
by reason of its position, under the action of its conservative forces 
onliL is called its potential energy. 

Thus a mass which is suspended at a distance above the earth 
can do work when released. A bent spring can do work when 
released, etc. 

This form of energy is sometimes called energy of position or 
static energy, to distinguish it from kinetic energy (page 66), and 
to denote its independence of velocity. 

Conservation of Energy.— If the forces Fi, i^,, i^s, etc., act 
upon a particle of mass m, and Si , Ss , Ss , etc., are the indefinitely 
small displacements in the direction of the forces, then, since the 
forces may be taken as uniform during the indefinitely small 
displacements, we have for the total work of the forces 

FxSx + FtS^ + FzSz + . . . = 2Fs, 

If the velocity of the mass m is increased from Vi to u, we have 
(page 67) the gam of kinetic energy equal to the work done by the 
forces, or 

•|m(r« — u,») = :SFs. 

Now if the forces depend solely upon the position of the particle, 
the work "SFs is the decrease of potential energy, taking potential 
energy as just defined. 

Hence, the gain of kinetic energy is equal to the loss of potential 
energy, and mce versa. 

Let the sum of the kinetic and potential energy at any instant 
be the total energy at that instant. If then Ei is the total initial 
energy and E is the total final energy, we must have the total 
energy before equal to the total energy after displacement, or 

E = Ei, or E- El =0 (1) 

86 
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That is, the total qain or loss of energy when all the forces 
depend solely upon position is zero. 

This is callea the principle of conservation of energy. Since it 
holds only when all the forces depend solely upon position, we 
have cfdled such forces conserrative forces. We have therefore 
defined potential energy as the work which a body is capable of 
doing by reason of its position under the action of its conservative 
forces only. 

Law of Energy. — The principle of conservative of energy just 
stated holds good then only when all the forces are conservative 
or depend solely upon position. 

Such forces, as already stated (page 86), are the force of gravi- 
ty, the force of elasticity, and in general all the forces of nature. 

But for the resistance of friction, for resistances generally, and 
for all applied forces which do not depend solely upon position, the 
total gam or loss of energy must evidently be equal to the work 
done by or agcdnst these forces. 

Let the sum of the kinetic and potential energy at any instant 
be the total energy at that instant. 

If then El is the total initial and E is the total final energy, and 
2Fs is the algebraic sum of the works of those applied forces which 
do not depend solely upon position, taking work positive (+) when 
a force is in the direction of displacement and negative (— ) when 
it is opposite to the direction of displacement, we have 

E- Ei = 2Fs (2) 

Since then the principle of conservation of ener^ does not hold 
for forces which do not depend solely upon position, such forces 
are called non-conservative. 

Hence, the total gain or loss of energy is equal to the loork done 
by or against non-conservative forces. 

This is called the law of energy, and the principle of conserva- 
tion of energy is evidently only a special case, when there are no 
non-conservative forces, and 2Fs = 0. 

If the non-conservative forces are uniform they do not change 
with the displacement, and 

2Fs = FiSi + F^s^ + FzSz + . . . 

may be taken for any displacement large or small. 

If the non-conservative forces are not imiform we must take 
:SFs for an indefinitely small displacement. 

Application of the Law of Energy to Kinetic Problems. — The 
law of energy is a generalized form of the laws of motion and may 
be applied directly to the solution of kinetic problems. 

1. Motion of a Falling Body— no Resistances, — Let a particle of 
mass m be acted upon by gravity only and have 
the initial velocity Vi at the distance Si from the 
earth. 

Under the action of gravity alone the particle 
falls through the distance (Si — s) and acquires 
the velocity v at the distance s from the earth. 

If we consider the force of gravity mg as a 
force depending solely upon the position of the 
particle, which it really is, it is a conservative 
force. If we disregard the slight change in g for ordinary distances, 
the initial potential energy is + mgsi and the final potential energy 
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is + mgs. The initial and final kinetic energy is ~ mvi* and - mtf. We 

have then the initial total energy JSJi = —mvx + wgrai and the final 

total energy E = -wv* + mg«. By the principle of the conservation 
of energy, then. 

JS7 — ^1 = 0, or ~mr* + wg« — -mv^ — m^Bi = 0, 
or 

This is the same result as on page 93, Vol. I, Kinemxitics. 

[If, however, we do not disregard the slight change in g for ordinary 
distances, take the plane AB at an indefinitely 
— small distance ds below any point P. Let t> be 
the velocity at the point P, then v -k- dv v& the 
velocity at the plane AB. The initial potential 
ds energy is then + mgds with reference to the 

B plane AB^ and the final potential energy is zero 
with reference to this plane. The initial and final 

kinetic energy is -rmn? and -m{p -if dvy. We 

have then the initial total energy 



L I 






O 



Ex = -mifi + mgd9 

a 

and the final total energy ~m(ij + d'tSf, 

By the principle of conservation of energy, then, ^ — ^i = 0, or 

■^m(v + dvY — ---mt^ — mgds = 0. 

Expanding and disregarding dt^, we have 

txftJ = gds. 

Integrating, we obtain 

tj» = 2g8 + Const. 

Let t? = «?i when s + si. Then Const. = Vi* — 2^*, and we have, as 
before, 

-»■ = tJi' — 2g(8 — *i). 

Again, we may regard the force of gravity mgr, since for ordinary- 
distances it is practically constant, as a force independent of posi- 
tion, and therefore non-conservative. 

In this case there is no initial potential energy, since by defini- 
tion (page 86) potential energy is the work which a body is capable 
of doing by reason of its position, under the action of its conserva- 
tive forces only. The total initial energy is then Ei = o wt?i', or 
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entirely kinetic. The total final energy is ^ = s-mr", or also entirely 

kinetic. The work by non-conservative forces is + mq(8i — s), since 
the force mg acts in the direction of the motion, and oy the law of 
energy E— Ei = + mg(8i — «), or the total gain of energy is equal 
to the work done by non-conservative forces, or as before 

gWt?* — -^mvi^ = + mg(8i — «), or v' = Vi* — 2g(8 — «i). 

[(2) Motion of a Falling Body — Resistance of Air included, — Let the 
particle encounter a resistance to its motion, due to the resistance of the 
air, which varies as the square of its velocity. Let us 
denote it by wet?*, where c is the coefficient of resist- m 

ance (page 61). This is a non-conservative force, and 3K ""T 

acts opposite to the motion of the particle. Its work ^v 

is then — incv'ds, ^^\ 

Then as before, if we treat mg as a conservative 
force, the total gain of energy is -j y 



^ - j^i = ~m{v + dvy — (■^rnv' + mgdsj ; ' ti,+<i^, 

and since by the law of energy the total loss of energy is equal to the work 
done by non-conservative forces, we have 

-^miv + dvy — f -gmt?* + mgds\ = — mct^ds. 

Expanding and neglecting dt^y 

vdv — gds = — cv'ds. 
This gives us 

or, since ds = i>dt, 



vdv 



dv 

^ = 9-0^. 

This is equation (1) of page 111, Vol. I, Kinematics, 
Again, if we treat mg as a non-conservative force also, there is no 
potential energy since there are no conservative forces. We have then 

the initial energy Ex = -^m^, the final energy E = -^{v + eft))', and the 

algebraic sum of the works of the non-conservative forces is 4- mgds^mc^ds. 
Hence by the law of energy 

E— Ex = 2Fs, 

or 

■^rm(v + dvy — -^mt^ = mgds — mev^ds. 
We thus have the same result as before.] 
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gi) Let two masses P and Q hang bv a perfectly flexible inexten- 
string over a pulley.— let P be tne larger mass, and disregard 
friction and the mass of the pulley and string. 
x' \ We have then only the conservative forces 



of gravity, and by the law of energy 



or the gain of energy is zero. 

B pL^P Take the centres of mass of P and O at the 

I I I ' same distance h from the ^ane AB, and let the 

masses start from rest. The initial energy is 

then, if we disregard the change of g for small 

A B distances, Ex = Pah + Qghy or all potential. 

At the end of the time t suppose that P has 
fallen and Q risen a distance s, while both masses nave the veloc- 
ity V, one down and the other, Q, up. Then the final energy of P 

P 
is Pg(h — s) + -g"^'* tlio first term potential and the second kinetic 

energy. The final energy of Q is in like manner Qg(h + s) + y^* 
The total final energy is then 

E = Pg{h-s) + yt^ + Qg(h + «) + ^v\ 

Since the gain of energy is zero when there are no non-con- 
servative forces, we have J© — -EJi = 0, or -EJi = E, or 

Pgh + Qgh = Pgih-s) + jtf + Qg(h + a) + ^tf, 
or 

We see from this equation that the loss of potential energy of 
the system, or Pgs — Qgs, equals the gain of kinetic energy o/ the 

P Q 

system, or -— v' + -^r'. Also the loss of i)otential energy of P, or 

Pas, equals the gain of potential energy of Q, or Qgs, plus the gain 
of kinetic energy of the system. 

If we substitute s = -^ft*, v = ft, where / is the constant accelera- 

tion for each mass (page 51, Vol. I, Kinematics), we obtain 

. (P-'Q)g 

J- P+Q ' 

This is the same result as on page 9, Ex. 13, or page 53, Ex. 1. 

Again, if we consider the weights Pg and Qg as constant forces 
not depending upon position and therefore ^on-conservative, there 
is no potential energy ; and since the masses start from rest there is 
no initial kinetic energy. The initial energy Ei is then zero, while 

P Q 

the final energy is -& = -g-v' + yt?'. TLe algebraic sum of the 
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works of the non-conservative forces is + Pgs — Qgs. We have 
then by the law of energy directly, E— Ei=z SFa, or 

That is, the gain of energy of the system is equal to the algebraic 
sum of the works of the non-conservative forces. 

(4) In the preceding example take the friction of the axle into 
account— Let the friction on the axle as found page 77, Ex. 6, be 

''''-lP(g-f) + Q(9+f)l 



sin a'- 



where m is the coefficient of kinetic friction and a is the bearing 
angle. 

Then if a is the radius of the pulley and r the radius of the 
journal, and s is the distance through which P falls, the work of 
friction is, since the friction is opposite to the motion, 

Then, since the gain of energy equals the work of non-conserva- 
tive forces, we have, since as before disregarding the change of gr 
for small distances, Ei = Pgh + Qgh, and 

E= Pg{h - a) + -v" + Qg{h + s) + |r»; 

Pgih -s) + jtf+ Qg{h + s) + ^v^-Pgh^Qgh 

ra 

Reducing this, we have 
Pgs - Qgs = ^v^ -h |t;« + ^^^s[P(g -f) + Q(g +/)]. 

We see from this equation that the loss of potential energy of 
the system, or Pgs — Qgs, equals the gain of kinetic energy of the 

P Q • 

system, or ^-v' + -|^t;^ plus the work of overcoming the friction. 

Also, the loss of potential energy of P, or Pgs, equals the gain 
of potential energy of Q, or Qgs, plus the gain of kinetic energy of 
the system, plus tne work of overcoming the friction. 

If we substitute s = -fV, v =ft, where /is the constant accelera- 
tion for each mass (page 51, Vol. I, Kinematics) we have, when a i& 
small so that a = sin a, approximately, 

(P-Q)g-M^{P+Q)g 
f^ 5 

P+Q-M^iP-Q) 
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This is the same result as on page 78, Ex. 5. 

Again, if we treat Pa and Qg as constant forces not dependine^ 
upon position and therefore non-conservative, there is no potenti^ 
energy-, and the initial energy is J&i = 0, while the final energy is 

-& = g-v" + su". The algebraic sum of the works of the non-conser- 
vative forces is 

2F8 = + Pg8- Qg8--M^s[P(g -f) + Q{g -h/)]. 

We have then directly E — Ei = SFs, or 

~i^ + fr* = Pg« - Qga - M^8[P{g -/) 4- Q(g -i- /)]. 

(5) Let a spring whose unstrained length is AB be fixed at the 
end B and compressed' from A to C, where it presses against a body 
of mass m perfectly free to move. Disregarding the mass of the 
spring, find the motion,— let the force at any distance x from A 

be F\ and at the distance AC = she F, 

Then we have 

r ^MMlmQ F':X::F:s, or F' = JB^. 

«— ^ I « 

«— — »^c 

The initial energy is all potential, or 
El = Fs. The final energy at any point 

oj is ^ = o wu" 4- F'x. Since there are no non-conservative forces, 

ive have 

E-Ei = 0, or ^mv^ '\'F'x^Fs = 0. 

Inserting F'x ^ F—,we have 

2F 

ms^ * 

This is the same result as obtained page 11, Ex. 22. 

Application of the Law of Energy to Static Problems. — ^The law 
of energy may also be employed in the solution of problems of 
equilibrium. 

A particle in equilibrium must either be at rest or it must move 
with uniform velocity. In an indefinitely small displacement, then, 
whether actual or virtual, there can be no change of kinetic energy. 
The only possible change of energy, then, is diange of potential 
energy, and the law of ener^ (page 87) in this case becomes 

The gain or loss of potential energy for any indefinitely small dis- 
placement is eqtuil to the work done by or against non-conservative 
jorces. 

This is the same as the principle of virtual work (page 160, Vol. 
II, Statics). If the non-conservative forces are unirorm they do 
not change with the displacement, and the principle then holds 
^ood for any displacement, large or small. 
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If Pi is the initial and P the final potential energy, we then have 

P-P, = 2F«, 

where ^Fs is the algebraic sum of the works of the non-conservative 
forces, taking work positive (+) when a force is in the direction of 
the displacement and negative (— ) when the force is opposite to 
the displacement. 

If we have conservative forces only, we have then 

P-P. = 0; 

or, for any indefinitely small displacement the potential energy must 
he constant, for equilibrium. 

(1) Equilibrium of a Particle on an Inclined Plane.— Let a par- 
ticle of mass m acted upon by a force P be in equilibrium on a 
smooth inclined plane. 

Let a be the angle of inclination of the ^ f^ 

plane, and /? the an^le of P with the plane. w / ^^ 

In order to find P, suppose a virtual \ / ^/^^' 

displacement Pp = d at right angles to the \^^ ' 

normal reaction N of the plane. Then the ^^^\ ^^ 

work of -^during displacement is zero. ^y^ I 

If we regard mg as a conservative force "H^ J^ 

or depending solely upon position, as it 

really does, then P and N are conservative also. The initial 

potential energy with reference to _p is then 

Pi = Pcos p y. d — mg&uiaxd. 

The final potential energy is P = 0. We have then 

sin a 
P— Pi = — Pcos )ff X d + mgf sin a X d = 0, or P = mg. 

In order to find Ny suppose a virtual displacement d at right 
angles to P, so that the work of P during displacement is zero. 
Then the initial potential energy with reference to the point P is 
Pi = 0. The final potential energy is 

P = iVcos )ff X d — mgr cos (/? + a) x d. 

We have then 

P— Pi =^cos/?xd — mgcos(y5-Ha:)xd = 0, or N =^ — ^ mg, 

cos fi 

The same results are found by resolution of forces, page 173, Ex. 

I, Vol. II, Statics. 

If we regard ma as non-conservative, or not depending on posi- 
tion, as it practically is, then P and N are non-conservative also, 
and we have the prmciple of virtual work as given page 160, Vol. 

II, Statics. In this case there is no potential energy and the alge- 
braic sum of the works of the non-conservative forces is zero. 

Hence we have for the displacement Pp = d 

— mgr sin a X d -H Pcos /? x d = 0, 
and for the displacement d perpendicular to P 

4- N cos fi X d— mg cos (y^ + a) x d = 0, 
and evidently obtain the same values for P and -^as before. 
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(2) Take friction into account, — Let the coefiOleient of static fric- 
tion be fjL. Then the friction is ^iN acting always in a direction 
opposite to the displacement along the plane. 

Take mg as conservative or depending upon position Then N 
and F are conservative also. Suppose a virtual displacement d 
normal to the plane- Then the work of friction during displace- 
ment is zero. The initial potential energy is 

Pi = Nd -H -Fsin fi x d — mg cos a x d. 

The final potential energy is P = 0. We have then 

P— Pi = — iVa — Psin /? X d -H mgcos a x d = 0, 

or 

N=mg cos « — P sin /?. 

To find the force P necessary to just start the particle up the 
plane, suppose a displacement d up the plane. Tnen, since the 
friction //iv is always opposite to the displacement, its work is 
— /.tNd and it is a non -conservative force. We have for the initial 
potential energy 

Pi = F cos P X d— mg sin ax d. 
The final potential energy is P = 0. Hence 

P — Pi = — P cos fi X d-\- mgsmocx d=i -^juNd, 

or 

p cos fi z=zmg since -^ juN, 

To find the force P necessary to just start the particle down the 
plane, suppose a displacement a down the plane. Then the friction 
/^N is opposite to tne displacement, and its work is ^MNd. We 
have for the initial potential energy 

P, = + rwflr sin « X d — P cos fi x d, 

and for the final potential energy P = 0. Hence 

P — Pi= —mgr sin a x d + F coq fi x d = — piNd, 

or 

P cos p = mg sin a — juN. 

These are the same results as found on page 215, Ex. 7, Vol. II, 
StaticSy by resolution of forces. 

If we regard mg as non-conservative or not depending on posi- 
tion, which it practically is, then P and N are non-conservative 
also. In this case there is no potential energy and the algebraic 
sum of the works of the non-conservative forces is zero. 

Hence for a displacement d normal to the plane 



+ Nd + F sin /S X d — mg cos a x d = 0, 

the same as before. 

cement d up the plane we have 

P cos /S X d — mg sin a x d — MNd = 0. 



and we find N the same as before. 

For a displacement d up the plane we have 
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For a displacement d down the plane 

— Fco&fixd + mgBiaocxd — uNd = 0. 
These are evidently the same results as before. 

EXAMPLES. 

(1) A ball weighing 5 ounces moving horizontally with a velocity 
of 1000 ft. per sec, strikes an obstacle^ and after piercing it moves 
on with a velocity of 400 ft per sec. Find the mean resistance of 
the obstacle if it is 2 inches thick, 

Ans. If the path is horizontal and at a distance h from the ground, the 
potential energy with reference to the ground is constant and equal to mgh. 

The initial energy is then Bi = -^^wtJi* + '"^^f '^^ *he final energy is 
E = — wt)* + mgh. Hence 

E— El = -^rmv'^ — 7rWi)i' = FSf 

5 2 

or, since w» = ^g l^i ^ = 400 ft. per sec., Vx = 1000 ft. per sec., « = ~ ft., 

^.^.4002-4-4-l<^' = 4-^' «' i^=- 787500 poundals, 
A Id a lo 1^ 

787500 
or i^ is equal to the weight of pounds. The minus sign indicates 

that J^'is opposite to the direction of motion. 

If the path were vertically downwards we have initial potential energy mgh\ 

and final potential energy m^h, and /*, — A = s. Hence Ex = -^mvi* + ^^i * 
E— -^mn^ + mgh, E — Ei = -mv* — -^Vi^ — m{f{hi - h) = Fs, or 

/787500 5 \ 
or F is equal to the weight of — ( + — | pounds. The minus sign 

indicates that i^is opposite to the direction of motion. 

Again, if the path were vertically upwards we have A — Ai = «, and in the 

same way i^= — (787500 — —grj poundals, or equal to the weight of 

/787500 5 \ 

(2) A body of mass m is projected up an inclined plane whose 
inclination is a with a speed Vx. If the coefficient of kinetic friction 
is //, find the space s in coming to rest, 

Ans. The normal pressure y&N ^mg cos a, and the friction is ^mg cos a. 
Assume a horizontal plane through the starting-point. Then at the start the 

potential energy with reference to this plane is zero, and Ex = jr-TntJi*. At the 

2 
end the kinetic energy is zero and the potential energy is mgi sin a^ E, 
Hence 

E — Ei = mgs sin a — -^Vx^ = — ^mg cos a. «, 
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or 

t?,« = 2g8(Bm a -{- fi COB a) and 8 = * 



sin or + /f cos a)' 

The general formula for uniformly accelerated motion is (page 51, Vol. I, 
Kinematics) d* = Ui* + 2/«. In the present case « = 0, and substituting the 
value of Vi* we have 

!^«(sin a + A* cos a) -|- 2/« = 0, or / = - p(sin a + >u cos a). 

The minus sign shows retardation, — ^ sin a is the retardation due to the 
weight, and — fig cos a is the retardation due to friction. 

(3) Find the height h to which a body weighing 2 lbs, and pro- 
jected vertically upwards with a speed of 20 ft. per sec, mil have 
risen before its speed is rediLced to 5 ft, per sec, assuming the re- 
sistance of the air to be 10 lbs. per unit of distance described. 

Ans. Initial energy Ei = x— . Final energy E = —^ 1- %gh. 

E-E.=l^ + m-'-^ = -l^k. or A = ||ft. 

(4) Find the speed v of a pendulum of length I which has sumna 
from its extreme position through a given angle. Neglect all 
resistances and mass of the rod. 

Ans. Let G be the angle made with the vertical in the extreme position, fi 
be the angle in the position for which the speed is required. Take a horizontal 
plane through this position. At extreme position kinetic energy is zero and 
potential energy with reference to this plane is mgl{cos /3 — co8 6) = Ei , where 
m is the mass of the bob. At final position potential energy is zero and kinetic 

energy is -^mv'^ = E. Hence 

E— Ei= -^t^ — mgl (cos )ff — cos 0) = 0, or 



V = i^2gl (cos /3 — cos G), 
or the same as for a body falling freely through the distance ^cos /9 — cos G). 

(5) A ^ody of mass m slides down a smooth plane whose inclinor- 
Hon is cc. Show that the speed attained is the same as for falling 
through the vertical projection of the space described. 

Ans. Let s be the space described, then « sin a: is the vertical projection of 
this space. Take a horizontal plane at this distance below the starting-point. 
Then at start the kinetic energy is zero and the potential energy with reference 
to this plane is mgs sin a=: Ei. At the end the potential energy is zero and 

the kinetic energy is •^'o* = E. Hence 



E - Ei = -^iD* — mgs sin a = 0, or « = ^2g8 sin a, 

(6) Compare the momentum and the kinetic energy in a mass of 
20 lbs. having a speed of 16 ft. per sec., and a mass of 1 oz, having 
a speed of 5120 ft, per sec. 

Ans. Momentum is 320 pound-velos in both cases (page 82), or a constant 
resistance of 320 poundals will bring each mass to rest in one second. Kinetic 
energy in first case is 2560 ft. poundals, and in the second case 819200 ft.- 
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poundals, or 320 times as much as in the first case. The constant resistance 

320 
which will bring the first mass to rest in t seconds is then -—- poundals, and 

t 
the work whatever the time is 26(K) ft.-poundals. The constant resistance 

which will bring the second mass to rest in i seconds is also rj- poondals, and 

t 
the work whatever the time is 819200 ft.-poundals. 

(7) A cannon-ball of 5000 grams is discharged voith a speed of 
500 metres per sec. Find the kinetic energy in ergs and in ft. -lbs. 

Ans. 6.25 X 10'* ergs ; 4.61 X 10* ft. -lbs., approximately. 

(8) A body weighing 112 lbs. is lifted 20 ft. Find the increase of 
potential energy. 

Ans. 2240 ft. -lbs. 

(9) A bow 1 yard long is straight when the string is just tight^ 
but when bent has the form of a circular arc of 1 ft. 6 m. radius. 
The mean force exerted by the hand in bending per unit of distance 
through which it has moved is equal to the weight of 10 lbs. Find 
the potential energy of the bow. (g = 32.) 

Ans. 480 ft.-poundals. 

(10) A body is projected either vertically upwards or in any di- 
rection. ShoWy by calculating its kinetic and potential energy after 
any time^ that in ooth cases the energy is the same at all points of 
its path. {Neglect the resistance of the air and assume g to have 
the same value at all points of the path.) 

(11) A meteorite falls in a straight line towards the earth from a 
great distance. Show, by calculating the changes produced in its 
kinetic and potential energy between any two points of its path 
that there is no change in its energy. {Neglect resistance of air.) 

(12) A particle weighing l*lb. has a simple harmonic motion with 
a period of 20 sec. and an amplitude of 1 ft. Fvnd (a) its kinetic 
energy in its mean position, (6) its potential energy in either ex- 
treme position, (c) its kinetic and potential energy and their sum 
when at a distance of 8 inches from the mean position. 

Ans. (a) j-^ ft.-poundals ; (6) the same; (c) kinetic energy 557: ft.-poundals, 
potential energy -r^ ft.-poundals, their sum rr^r ft.-poundals. 

(13) What average force will bring to rest in 100 ft. a train of 30 
tons (2240 lbs,) which has a speed of 10 miles an hourf Also what 
average force urill bring it to rest in 5 seconds f 

Ans. 72277 poundals ; 197120 poundals. 

(14) A horse-car of 2240 lbs. is stopped by a brake 10 times in 
going a mile ; the brake stops the car tn 11 yards ; after each stop- 
page the car attains a speed of 7i miles an hour. Supposing the 
friction to be a uniform force of 28 lbs., compare the work done by 
the horses with their work in going a mile with uniform speed of 7^ 
miles an hour, the track being level in both cases. 

Ans. The speed of 7^ miles an hour is 11 ft. per sec. No work is done by 
the horses while the hrike is applied, that is, for 880 ft. The work done in 

2240 
producing kinetic energy is — g- X 11* X 10 ft.-poundals. The work against 

friction is 28^ X 4950 ft.-poundals. 
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Taking g = 32, the total work done is 2240 X 11 X 235 ft.-poundals. The 
work in going a mile with uniform speed is 28 X 32 X 5280 = 2240 X 11 X 
192. These two are in the ratio of 235 to 192. 

If the track rises 80 ft. in a mile, the work done in each case must be in- 
creased by 2240^^ X 80 ft.-poundals. If the track falls 80 ft. in a mile, the 
work done in each case must be diminished by the same amount. 

(15) Suppose the car in the preceding example has no brake, but 
must be stopped by the horses. How much more tvork would the 
horses have to perform f 

Ans. The friction ih 28 X 32 X 330 ft.-poundals. The work of destroying 
2240 
the kinetic energy is — jr— X U' X 10 = 2240 X 55 X 11 ft.-poundals. The 

added work of the horses is 

2240 X 11(55 — 12) ft.-poundals, or 70 X 11(55 - 12) = 38110 ft.-lbs. 

(16) If the expense of moving a train is pnmortional to the work 
done, compare the cost of getting the speed of a train up from rest 
to 45 miles an hour and at the same time going a mile^ with the cost 
of moving it a mile rmth that uniform speed. The resistance of fric- 
tion being 1/120 the weight of the train. Track levet. 

Ans. 163 to 64. 

(17) A vessel full of water has a small orifice at a distance h below 
the surfajce. Find the theoretic velocity of efflux, 

Ans. Let tj be the velocity of efflux. 

In a very small interval of time let a mass of water represented by ahcdy 
whose centre of mass is in the horizontal through the centre of mass of the 

orifice, pass out, and let the surface sink 
from a'V to c'd'. The mass of water repre- 
sented by a'h'dd! must be equal to the mass 
aibcd. Call it m. If the orifice is very small 
compared to the area of cross-section of the 
vessel, the distance h between the centres of 
mass of a'h'c'd' and abed will be practically 
equal to the distance from the top surface to 
the centre of mass of the cross-section of the 
orifice. 

We have then potential energy of a'6V<f 
equal to mgh = Ei, and kinetic energy of abed 

equal to -^mo' = E, Hence, disregarding 

friction, B^ Ex = 0, or 




mgh = -^rm^t or © = ^2gh, 



2 

The theoretie velocity ofefflua> is the same as that obtained by a hodyfaXLing 
freely through the distance from the top surface to the centre of mass of the 
orifice. 

This is known as TorriceU%*s principle. 

If a is the area of the orifice and v is the velocity, the quantity discharged 
in a very small interval of time r is a/vr. If y is the density or mass of a unit 
of volume, the mass discharged is 97» = yavr. The kinetic energy of this mass 

is ^WM?' = vK The distance passed through by each particle from rest in 

attaining this velocity is ~r. Hence, dividing the kinetic energy by the dis- 

V^ 

tance, we obtain the pressure P = yav*, or in gravitation units P = 2ya^. 
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But we have just seen that — = A. Hence P = 2ycLh. 

That is, the pressure at the orifice is equal to twice the weight of a column of 
water whose base is the orifice and height h, or twice the static pressure when the 
orifice is closed. 

Since action and reaction are equal, this pressure P acts in the opposite 
direction upon the side of the vessel to move it. 

(18) In ths preceding example let the same amount of water flow 
in at top onflows out, 

Ans. Let the water flow in at top with a velocity c, and let the top area be 
A. Then in any small interval of time the mass which enters is yAcr, and 

the kinetic energy at entrance is ^ - c*. The potential energy at entrance is 
yAcT . gh. Hence Ei = ^—z — c* + y-^cr . gh. The mass flowing out is yavr, 
and its kinetic energy is ^—z — t^ = E, The two masses are equal, or 



yAcT = yaxtr^ or J.e = 6w, or c = -^, 

A. 

We have then ^- Ex - 0, or 

yavr , yAcz , . , . «* c^ 

a/0 
Inserting the value of c = -^ and reducing, we have 



We see that when a is very small compared to A^ this reduces to v = ^%gh 
as in the preceding example. If the area of orifice a:= A, v becomes infinity, 
that is, water must flow in and out with infinite velocity to make the orifice 
run full. 

(19) In the preceding example let the vessel move forward horizon- 
tally tvith a velocity Ci, while the water flows in at the top with a 
velocity c, and is discharged with the velocity r, making an angle a 
with the horizontal. 

In this case we have, Just as in the 
preceding example, 



and if the water runs in as fast as it runs 
oat 

Ac = a/0. 

The absolute velocity of the entering 
water is given by 

c^ = <Jl' + ^* 

The absolute velocity of the departing water is given by 

WJ* = Ci' -|- u' — 2<;it) cos cr. 




*-Ci 
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The mass of water entering and departing is yavr = yAer. 

The kinetic energy of the water at entrance is — . Cs*. The kinetic energy 

at efflux is ^ ^ * to'. The potential energy at entrance is yAerhg. Hence 
El = ^-H^Ct' -f yAcrhg and ^= ?^^ . Wi. 

The energytransmitted to the vessel, or the work W of the resistance of 
the vessel, is >r= E— Ex , or 

Substituting the values of c»* and w*, we have, since yAcz = ywoz, and 

A = jr tr— , for the work of the resistance of the vessel 

2g 2g 

TF = -' ya/vr . ciV cos a. 

The minus sign shows that the pressure of the vessel on the water is oppo- 
site to the motion. 

The horizontal pressure in the direction of motion of the vessel is then 
found by dividing this by CiT, or 



or, in gravitation units, 
If a = 0, we have 



P = yat^ cos a, 
a/D* cos a 



r!^^2yap=2y<Ji. 
9 ^ 2g "^ 



This is the same result as in example (17). 

The reaction of a horizontcU jet is equal to the weight of a column of water 
whose eross-seetion is that of the stream and whose height is double that due to 
the velocity. 

(20) A stream of water whose cross-section is A and velocity v 
meets a surface moving in the same direction vnth the velocity c. 
Disregarding friction^ what is the pressure in the direction of 
mx>tion f 

Let the water pass off the surface in a direction making an angle a with the 
direction of motion of the surface. 

^^^ The mass of water in any time r is yAvr, 

1 ' where A is the area of jet, v the velocity and y 

I the mass of a unit of volume. 

, La The kinetic energy in the water before meet- 

V y'^/m ^^ *^® surface is then Ex = ^-—z — • «•. 

Aji^-^Sl^jHr" ^ ^ The velocity of the water as it leaves the 

i=s«=4ic.,j^w surface is d — c relative to the surface. The 

\^\- >. c velocity of the surface is c. The absolute ve- 

» V« locity of the water as it leaves the surface is 

\ then given by the resultant of e and « — c, or 

V'O (i? — c)* + <?' + 2(f — c)e = w*. 

The kinetic energy of the departing water is ^—^ - u^ — E. 
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We have then E— Ei = work TTof the resistance of the surface, or 
Tr=-?^(©«-w») = -2^^[a©c-2<^-2(«-c)ccosa] 

= — yAvT{i — COS aX« — c)c, 

and this is the work transmitted to the surface. The minus sign shows that 
the pressilre of the surface on the water is opposite to the motion. Divide this 
by the distance er, and we have for the pressure on the surface in the direction 
of motion , 

P = yAviX — cos a)(« — c), 
or, in gravitation units, 

P=?^{i-oosa)(«-c). 

If the surface moves with a velocity e in the opposite direction, we have 
« + e"in place of « — c, and 

P = ?y5(l-cp8aXt^+o). 
If the surface is at rest, e = 0, and 

P=?^(l-oosa). 
If in the latter case a = 90^, this becomes 

The normal preaaure of toater agaimt a plane surface ai rest is equal to the 
toeight of a column ofioater whose eross-seetion is equal to the eross-seetion of the 
stream^ and whose height is twice that due to the velocity of the stream. 

If a = 180° and c = 0, we have 

or twice as much as when a is 90°. 
The work done on the surface is 

yA'OT{l — cos a)(« — c)c. 

rhis is a maximum when = t) — eor« = 2c. That is, the work done is a 
maanmum when the velocity of the stream is twice that of ihe surface. The 
mudmum work is then 

yAvT(l — cos a)-T. 

4 
If a = 180" this becomes ^ . u', or all the kinetic energy of the water. 

If a = 90* it becomes <-—^ — . v\ or nearly one half the kinetic energy pi the 

water. 

The maximum work of a stream of water striking a plane surface ai right 
angles, disregarding friction, is only one haff the kinetic energy of the wcUer, 
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CHAPTER Vin, 

THE POTENTIAL.* 

FRINCIFLB OF THE POTENTIAL. EQUIPOTENTIAL BUKFACE. LINES AND TUBES 
OF FORCE. GRAVITATIONAL POTENTIAL. DIFFERENTIAL EQUATIONS. 
THEOREM OF LA PLACE. POISSON'S EXTENSION. 

The PotentiaL — Let a particle at a fixed point act either by attrac- 
tion or repulsion upon a particle at B. Let BA be any path of the particle 
from -B to -4, the distance OB being B and the distance OA being r. 
With 0-4 = 7' as a radius describe an arc of a 
circle Aa, 
. c Then the force upon -B is a central force, and 

we have proved, page 46, that the work done by 
or against the central force while the particle 
moves from ^ to -4 is independent of the path 
and equal to that necessary to move it from B to 
a, when Oaz=ir. , 

The fixed particle at is then a centre of 
force, and the space surrounding this particle we call the field of force. 

If then we take any convenient point of reference as C, the work done 
in transferring a particle of unit mass from any point of the field to this 
point, or from this point to any point of the field, has a definite value for 
every point of the field, no matter what the path. 

This definite work for any given point of the field when t?ie particle 
nuyved ?ias a ma^ss of unity is called the potential of the point. 

The unit of potential is then the same as the unit of work, as one foot- 
poundal or one foot-pound or one erg. 

The magnitude of the potential will depend upon the position of the 
point of reference. The sign will be plus or minus, according as work is 
done by or against the force of the field. The potential is usually denoted 
by the letter V. 

Principle of the Potential.— The application of the potential rests, 
upon the following principle. 

Let A and B be any two points in the field of force due to a particle at 
0, and let G be any point of reference. Then since the work done during 
any displacement is independent of the path, the 
work done by or against the force of the field in 
transferring a unit mass from -4 to ^ is equal to 
the dijfference of the works done in transferring 
it from Ato and Cto B. 

If then Va and Vb are the potentials of the 
points A and B, the difference Va ~ Vb is the work of moving unit 
mass from A to B or BU> A. It Fis the mean force in the direction AB^ 
we have this work equal to F x AB, Hence 

Va ~ Fr 

FxAB^Va'-'Vb, or j^= AB ' 

* This chapter must be omitted by those not familiar with the calculus. 

102 
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When A and B are indefinitely near, the mean force F becomes the 

instantaneous force in the direction AB, and — -j^ — becomes the rate of 

change of the potential of the point A per unit of distance in the direction 
AB. Hence, 

The rate of change of the potential of any point per unit of distance 
in any direction is equal to the component force in that direction which 
acts upon a particle of unit mass placed at that point. 

The particle possesses potential energy at whatever point of the field 
of force it may be placed. The excess of its potential energy at one point 
over its potential energy at another point is then the work done by or 
against the force of the field in moving from one point to the other. This 
is equal to the difference of potential. Hence the appropriateness of the 
term ** potential." 

The theory of the potential is of great use in magnetic and electrical 
investigations. 

Equipotential Surface. — A surface at every point of which the 
potential has the same value is called an equipotential siir£Bi«e. 

If then a particle is moved from any point on such a surface to any 
other point on this surface no work is done by or against the force of the 
field. There is then no component force in any direction tangential to 
such a surface, and hence no rate of change of potential per unit of dis- 
tance in that direction. The resultant force at any point of such a surface 
is then normal to the surface. Thus the surface of water at rest forms an 
equipotential surface for which there is no rate of change of potential, and 
the resultant force for every particle on the surface is normal to the surface. 
The work done by or against gravity in moving a particle from one point 
to another of such a surface is zero. 

Lines of Force. — ^Any line so drawn in a field of force that its direc- 
tion at every point is the direction of the resultant force at that point is 
called a line of force. As the resultant force at any point is normal to 
the equipotential surface passing through that point, lines of force are 
normal to the equipotential surfaces they meet. 

Tubes of Force.— If from points in the boundary of any portion of 
an equipotential surface lines of force are drawn, the space thus marked 
off is called a tube of force. 

Oravitational Potential.— The choice of the point of reference and 
of the mode of defining potential are matters of convenience and vary 
with the kind of field of force under consideration. 

The potential in a field of force due to the attraction of gravity is 
called the gravitational potential. The point of reference is taken in 
this case at an infinite distance, and since it is convenient to have the 
potential for sdl points of a gravitational field positive, and the force of the 
field is always attractive, we define gravitational potential of a point as 
tJie work done by the force of the field in moving unit mass from a point 
at an infinite distance to ths given point. Or, since there is thus a loss 
of potential energy, the work done by the force of the field must equal the 
gain of kinetic energy, and hence we may also define gravitational poten- 
tial of a point as the kinetic energy acquired by unit mass in falling 
from infinity under the attraction of a given ^nass to tJiat point. 

The force of gravity varies inversely as the square of the distance, and 
we have seen (page 47) that the work of such a force ^ a 

when a particle moves from a distance 22 to a distance 
r from the centre of force is given by 

r = .v(i-±), > — 

where F' is the force at a given distance r'. 
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If we take R inflnite, — is zero and this beoomes 

r 

If the mass of the attracting particle at is m and of the moving par- 
ticle if, we have for the force of attraction at any distance r^ (page 44, 
Vol. II, 8tatic8} 

jr -^-^, 
where k (page 48, Vol. II, Statics) is given by 

m ' 

where g is the acceleration of gravity, m' the mass of the euth and r* the 
radius of the earth. We have then for the work of moving a particle M 
from infinity to the distance r 

r 
If we adopt the astronomical unit of mass (page 48, YoL 11, Statics) 
this becomes W= M — , and if we take the mass If as unity we have 
W = [M] — , where [M] is the unit of mass, or the numerical equation 

T 

r 
If the field of force is due to any number of particles of masses mi , 
«ia , Wa, etc., at distances ri, ?•», r», etc., from M, we have the numeric 
equation when M is unity 

r 

The expression 2 — is the gravitational potential of the point at which 

7' 

the attracted particle of unit mass is placed. We have then 

F=2^, (1) 

r 

or, mathematically defined, the grarntationcU pote^itial of any point due 
to the attraction of any mass is the sum of the quotients of aU the ele* 
mentary attracting masses divided by their distances from the point. 

Since equation (1) gives the work done by the force of the field in mov- 
ing unit inass from a point at an infinite distance to the given point, the 
work done In moving a mass if is 

W = if 2- -MV, (3) 

r 

if we use the astronomical unit of mass (page 48, Vol. II, Statics)^ or 

W = M2^ = kMV, (3) 
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if we use the ordinary unit of masa, where k ia given by 

""w <« 

where g is the acceleration of gravity, m' the mass and r' the radius of the 
earth tpage 48, Vol. II, Statica). 

Differential Equations. — We have then for the gravitational poten- 
tial of any point of a field of foree due to the attraction of any number of 
particles «ni , iTh , «»t , etc., at distances ri , r« , r% from that point, 

y^^Y ^^^ 

From the principle of the potential (page 102), if we take the point as 
an origin of co-ordinates, we have for the component force in the direc- 
tions of the axes of X, F, Z^ for a unit mass at the point, 






(2) 



where the astronomical unit of mass (page 48, Vol. II, Statics) is to be 
used. For the ordinary unit of mass we multiply by 

>c = ^, (8) 

m 

where g is the acceleration of gravity, in' the mass and r' the radius of the 

earth (page 48, Vol. II, /Statics). 

For a mass My then, at the point we multiply by icM, 

For the resultant force on unit of mass in the direction of any radius 

vector from the point we have 

-=§■ <" 

where the astronomical unit of mass (page 48, Vol. II, Statics) is to be 
used. For ordinary unit of mass we multiply by k-, and for any mass M 
at the point by kM. 

If c^ is an element of the path of the attracted particle of unit mass, 

making an angle B with r, then ds = --, and we have for the component 

of the force tangent to the path, upon unit masSy 

„ dV dV 

^'--d^-w"^'^^ <^>. 

where the astronomical unit of mass (page 48, Vol. II, Statics) Is to be 
used. 

For ordinary unit of mass we multiply by Kj and for any mass M by 
icM. 

We have from (4), F= / Rdr\ and since for an equipotential surface 
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the potential has the same value at every point, the condition for an equi- 
potential surface is 

(6) 



V= rRdr = C, 



where C is a constant. 

A surface which fulfils for each of its points this condition is an equi* 
potential surface for the system of attractions. As any value can be given 
to C between its greatest and least values, there will be an indefinitely 
great number of equipotential surfaces corresponding to any given system 
of attractions. 

From equation (5) we see that Ft is zero when G = 90°, and becomes 
equal to the resultant force JS, equation (4), when 6 = 0. That is, the re- 
sultant attraction R is at right angles to the equipotential surface. The 
direction of R is then a line of force. 

If dv is an element of volume, and 8 its density, we have for its mass 
m = ddv. Hence for rectangular co-ordi- 
nates 




F— C— — r ^^^y^^ 



(7) 



If we use polar co-ordinates we have for 
the elementary volume (page 40, Vol. II, 
X Statics) dv = r^dr cos dB dip, and hence 



V= I I / drdr cosBdSdip, 



(8) 



EXAMPLES. 

(1) Particles of masses S.92S, 39.38 awe? 392.8 kilograms are situated 
at three of the comers of a sqtiare whose side is 1 metre. Find the poten- 
tial at the fourth corner. 

Ans. F = 2'~t and the astronomical unit of mass is 3928 grams (page 48, 
Vol. II, Statics). Hence V = 1.087 ergs. 

(2) Find the potential and attraction of a Twmogeneous circular ring 
of radium r upon a point C on the perpendicular to its plane through its 
centre 0, 

Ans. Let the distance of the point G from the centre be x. Then the 
distance Cm for any particle of the ring is 
j/r* -4- ic*. If the linear density of the 
ring is 8, the mass is 2iir8, and therefore 

. , _ 2;rr6 

the potential V = — . 

The attraction upon a unit mass at G 

parallel to the plane af the ring is then 

dY 

-J-, taking the astronomical unit of mass (page 48, Vol. II, Statics). 




dr* 



But r is 



dV 



constant, and hence -=— = 0. That is, the sum of the component attractions of 
dr 

the elements of the ring in the plane of the ring is zero. The attraction in the 

direction GO upon a unit mass at (7, taking the astronomical unit of mass, is 

Ax = -T- = — f the minus sign denoting attraction or force towards 

^ (r« + a;»)f 

the centre 0. This is the same result as already found, page 51, Vol. II, 
Statics. 
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If we multiply the value of V and Ax by kM, where Jf is the mass of any 

particle at 0, and k is ^—^ (page 48, Vol. II, Statics), we have the result for 

any mass Jf at (7, using the ordinary unit of mass. 

When X = the potential at the centre of the ring is F = 27td. 

(8) Find the potential and attraction of a circular arc at its centre. 

Ans. Let B be the angle subtended by any portion of the arc estimated 
from its middle point D. ^ 

The len^h of any element is rdB, its mass is rddB, 
where d is tne linear density, and the potential is 



/ rSdB _ 

J-a r '^ 



2da, 




where a is the angle ACD. 

This is independent of the radius r of the arc. 

The attraction of any element whose mass is rSdB for a unit mass at G, 

using the astronomical unit of mass (page 48, Vol. II, Statics), is — j— . The 

component of this at right angles to CD is —j— sin 6, and along CD„ 

rddB 

=— cosO. 

r* 

We have then for the resultant attraction at right angles to CD 
Ax^— I dQ sin = 0, 
and for the resultant attraction along CD 



,= -i.Jmc 



2$ 
^y = — ^ / dQ cos = sin a. 



the minus sign denoting attraction. 

This is the same result as already found, page 50, Vol. II, Statics, for a unit 
mass at C, using the astronomical unit of mass. For any mass M at C, using 

the ordinary unit of mass, we multiply by kM, where k = -^-p (page 48, Vol. 

II, Statics), 

(4) Mnd tJie potential and attraction of a straight line upon an 
external point. 

Ans. Let AB be the line and C the point. Drop the perpendicular CD, 

take D as oriffin, and let CD = y. Then for any 

C point P of the line distant DP = a? we hav© 

1^:^^^ CP = r = 4/y8 + (^, Let (J be the linear density. 

Then the mass of any element is ddx, and the 

y \\^ ^*V^^ potential is 

^^^__^^51og — . 




-/: 
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Taking this between the limits of a; = DA = + a and x ^ DB = + &« we 
liave 



The component attraction upon unit mass at (7 in the direction of the 
line is 

w -^^ * 



Introducing the limits + ^ ftiid -|> h. 



For the component attraction upon the unit mass at perpendicular to the 
line we have 



'.-S=./ 



H^V'+p)l 



d^ dy 



_, v^-^g ^ 



If ^ y* 
Introducing the limits + ^ ^nd 4- b, we have 

"^ y\i/yM^ 4/3^+S5y y\,(Li (7^;' 
Let the angle DGA = a, i>(7B = /J, ^C5 = /^ - a = y. Then 



1 cos m 1 cos a riA' «^ ^^ . ^ 



and 



i?5t = ^(cos fi - cos aV i?^ = cSv^ ^ "■ ®^^ ^r 
The resultant force upon unit mass at C is then 



3^ . 1 



i2= i^F^^+ Fy* = ^i/a-2cosr = ^sin~r. 

This is the same result as already obtained, page 61, Vol. 11, Statics. 

The tangent of the angle which this resultant force makes with the 
vertical is 

Fx cos fi — cos a ^ ccA- fi 
Fy sin a — sin p 2 

Therefore the resultant attraction bisects the angle ACB. 

The results are all for unit mass at C and astronomical unit of mass 
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(page 48, Vol. II, Statics), For mass M nX C and ordinary unit of mass we 

have only to multiply Fx, Fy, E by kM, where k = =^ (page 48, Vol. II, 

m 

Statics), 

(5) Find the potential and attraction for a circular disk at a point on 
the perpendicular to its plane through its centre, 

Ans. Let y be the radins and dy the thickness of an elementary ring» 
and 6 the surface density. Then the mass of the elementary ring is %ndy dy 
If the distance OC is a;, we have for the potential of the disk 



V=27td 



f- 




= 2n8{ 4/aj« + y« - x)* 

C 

which for the limits y = B = radius of 
disk, and y = becomes 

V = 27id{ Vx^ -j-IP - x). 

For the centre of the disk this becomes 2x6 B, 

The potential then is constant for x constant. The component force upon 

dV 
unit mass at C parallel to the disk is then -=-5 = 0. For the component force 

dM 

along OCwe have Fx = -rr- = — 27td(l V the minus sign de- 

noting attraction. 

This is the same result as already obtained, page 52, Vol. II, Statics, 

For mass Jf at and ordinary unit of mass we have only to multiply 

Fx by kM, where k = ^ (page 48, VoL II, Statics). 

(6) Find tJie potential and attraction at the vertex for a right cone 
tuith circular hose, 

Ans. Let the half angle at the vertex, OCB, of the preceding figure be 9. 

X 

Then — ^-=r— = cos 9. Hence from the preceding example we see that 

the attraction of all circular elementary slices for a particle at G is the same, 
and equal to 

— 2n8d<xil — cos 9), 

The total attraction is then 

dV 
Fx = -~ = - 27eSx(l - cos 0), 

which for the limits h and becomes 

Fx= - 2itdh(l - cos 9). 

This is the same result as already obtained, page 52, Vol. 11, Statics. 

For mass if at (7 and ordinary units of mass we have only to multiply by 

tcM, where k =^ (page 48, Vol. II, Statics), 
m 

We have then 

F = - ltdxXl - cos 9), 
or for limits and h 

V = itdh^l - cos 9). 
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(7) Find tTie potential and attraction of a spJierical shell at any point 

Ans. Let r be the radius of the shell, t its thickness, p the distance of the 

point B from the centre (7, AB = a = the distance of any point of the shell 

from the given point B, Take the origin at C, and let BC 

coincide with the axis of F. 

Then (page' 40, Vol. II, Statics) the elementary 
volume is 

dv=zrH Bin BdBd<p, 
and 




Hence, if 3 is the density, 



'""ffy^ 



■ 2rp cos 0. 



sin dB d<p 



2rp cos $ + p* 



Integrating first with respect to 0, we have 

sm BdB 



V=2xdtr* 



Jo ^^-' 



■2rpcos8+p*' 
and then with respect to 6, 

When the point B is within the shell p <r, and when it is outside of the 
shell p> r. 

In the first case, when B is within the shell, we have 



_ 2icdtrr, . . . 



..]= 



T 



where m is the mass of the shell. The resultant force of attraction is then 

dV 
B = -^ = 0. This is the same result as in example (8), page 64, Vol. II, 

8taiic9, 

In the second case, when B is outside the shell, we have 



F = 



2n^tT 



r(r + p)-(p-r)"| = 



4jr«<r» 



m 
9' 



where m is the mass of the shell. The resultant force of attraction then is 

/? IT vn. 

B = ^— = r» where the minus sign denotes attraction. 

dp p* 

If we take the mass Jf at B and use the ordinary unit of mass, we have 

B— — K —^ , This is the same result as already obtained page 46, Vol. II, 

(8) Find the potential and attraction of a thick homogeneous epTierical 
shell at any point. 
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Ans. Let the external radins be Vi and the internal radius ra. Then in the 
preceding example we can put t = dr, and we have for the potential of that 
part of the shell outside of the spherical surface containing the point 

^itSr dr, and for the potential of that part of the shell inside of the spher- 



J, 



ical surface containing the point / ^ . Hence 

r=^ I r'dr + Aitd I rdr 
= ^ Of - r,») + 3*«(r.' - pf). 

4t7td 

The mass of the shell is w = — 5— (ri* — rj*). 

o 

If the point is wholly within the shell, 

F=3;rd(ri«-r,«); 

and if the thickness is very small, ri — r » = « and ri + r« = 2r, and V = A!Jt8tr, 

dV 
as found in the preceding example. Also the attraction is 22 = — = 0, as 

found in the preceding example. 

If the point is wholly without the shell, 

and J? = 1, as found in the preceding example. 

If the shell becomes a sphere, r^ = and ri = r, and we have for an interior 
point 

4 
where m = ^ief*6. For an exterior point 

For p = r we have in both cases 

Hence we see that for a homogeneous sphere we may take the potential and 
attraction at any external point as though the whole mass were concentrated at 
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the centre; while the attraction at an interior point is directly proportional to 
the distance from the centre. The first result has been proved, page 46, VoL 
II, BtaHcs; the second in example (4), page 54, Vol. n, StaUcs, 

(9) Find the potential and attraction for a cylinder cf length I and 
radius Rfor a point on the axis at a distance dfrom the nearest end, 

Ans. We have found, example (5), for the component force along the axis 

of a circular disk — 2^5 [1 \ ; the component at right angles to 

the axis being zero. If the disk has a thickness dx, we have for a cylinder 

S = ^- = - ^''f'-i^ - ,^) = - «**(- - ^^+^y^ 

or, taking the limits d + 2 and d, 

F„ = - 2icd(l - ^{d + lf + B^+ i/¥+7?). 

This is the same result as found on page 52, Vol. II, JStatici, 
Hence 

F = / - 2it8da^x - 4/3.8 ^ ^) 

The value of V is obtained by taking the limits d + 1 and d. For d = 
we have for the attraction upon unit mass at the end surface 

J^i = - 27e6(l - i/P + ^ + E), 
and 

F= 2nd]j ^F+^-^^ - f log {1+ 4/?+^)]. 

The value for Fx is the same as found on page 52, Vol. II, Statics. 

For a mass Af, using the ordinary unit of mass, we multiply Fx by kM^ 

where k = ^ (page 48, Vol. II, Statics), 
m 

(10) If the radius of the earth is 4000 miles, find the potential for a 
point on the surface. 

Ans. From example (8) we have for astronomical unit of mass F= -7. 

For ordinary unit of mass we multiply by ^. Hence V = gr' ft.-poundals,. 
or ^rr ft. -lbs. = 4000 X 5280 = 21120000 ft.-lbs. 

(11) Show that the dimensions of potential are ■■. 

(12) In a series of concentric spherical equipotential surfaces shorn 
that the distance between any tuH) is propoi'tiondl to the square of the 
geometric mean of the distances from the centre. 

Ans. Ijet r, and r, be the distances from the centre, ri the greater. Thea 
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if the field of force is dae to the attraction of a particle of maas m at the centre, 
the potential for any point on the first surface is Fi = — , and for any point on 

the second surface V% = — . The work done upon unit mass in passing from 

(1 1 \ Ti — r% 
1 = Km, , 

where k" = ^ (page 48, Vol. H, 8taiie$). Therefore n - u = — . rir,. or 

the distance Vi — rt between the surfaces is proportional to ViVt, But if a; is a 
geometric mean between Vi and rt we have Vi : x :: x : r^ , or «• = rjrj , or 
X = ^TiTt, Therefore nr* is the square of the geometric mean of the dis- 
tances from the centre. 

It follows that at great distances from the centre of the earth the unit mass 
must be moved a long distance in order to do a ft. -lb. of work. 

(18) A paint A near the earth^a surface is h feet above another sudi 
paint at B. Find the excess of the p^;ential of A aver that of B, 

Ans. From preceding example F^ — Fjb = KtrC — ^, where K = ^-r. 

T\T% «* 

We have ri — ri = A» and if the points are near the earth's surface rxT% ap- 
proximately equal to r'«. Hence Ya ^ Vb = — gh, 

(14) At the distance aftJie moony 240000 miles from tJie eartKs centre^ 
find the shortest distance through which 1 lb. must be moved to do 1 
ft,'lb, of work. 

Ans. From example (12) we have W — k-ot'-^—^—?, or, inserting the value 

T\r\ 

T\ — 7*1 

of K", Tr = gr'^ , where TTis the work in ft.-poundals. For the work 

r\r\ 

in a-lbs. we have Tr=r" ^' ^ ^* , or if Tr= 1 ft. -lb., n - r, = *"* 



— — , V* .* rr — * x«.-»v., »i — »i — -^.. 

r\T% 1 -4- — 

"*" ri 
Taking r' = 4000 miles and Tx = 240000 miles, we have 

^ ^^ 240000X5280 _ oflnQft 

' • " 4000 X 4000 X 5280 X 5280 "" 
^ "*" 240000 X 5280 

The Theorem of La Place — ^If any closed surface in a field of force 
is divided into small portions, the sum of the products of the areas of these 
portions by the normal components of the forces exerted at them on unit 
mass is called the integral normal attraction over the surface. 

Thus if Fis the potential for any point of the surface, then if p is the 

dV 
normal to the surface the normal force or unit mass is j2V= ^— . If dA is 

dp 
the small elementary area, the product NdA is the normal attraction over 

/pdV 
NdA = / -j-dA is the integral normal 

attraction over the whole surface. 

Let ^ be the area of any closed surface, and m any attracting mass 
wholly external to A. Then it can be shown that 



pFdA = f^dA = 0. 
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This is known as the theorem of La Place, 

Take a particle of mass m at wholly outside the closed surface 8. 
Consider the elementary cone which has dA for its base, and vertex at 0. 




If r be the length of the cone and 800 its solid angle, its base is 
dA = r^doo sec 0, where is the angle which the base makes with a 



normal section of the cone. 



The attraction is -^ on unit mass, and the 



normal attraction -7 cos = N. 



Hence NdA = mdoo. 



If the mass w at is wholly tvithout the surface, every line drawn from 
it will meet the surface in an even number of points. If we take the 
normal attraction as positive if directed outwards and negative if directed 
inwards, we have 



+ IfidAx «= — I^tdAt = + IfzdAz = — If*dA* = mdno. 



Hence 



f^dA = Jj-dA = 0. 



Poisson's Extension of La Placets Theorem.^lf the point O is 
ivmde the surfacey the cone whose vertex is will cut the surface in what- 
ever direction it is drawn an odd number of 
times. We have then 

— NidAi = + NtdAt = — NzdAz = mdoo. 

Hence 




' /A^ yXiV^/'^' rNdA=^r^dA=.rmdoo^--4.nM', 

where Jf' is the entire mass within the sur- 
face. 

This is known as Poisson's extension of La Placets theorem. 
Hence, combining the two theorems, we see that the sum of the at- 
tractions of any mass M estimated along the normals at all points of a 
closed surface is zero when the attracting matter M is wholly external to 
the surface and equal to — ^itM^ when the closed surface contains any 
portion M' of Jf, or 

CNdA^Jj-dA-^, or - 47rJr. 

Let a;, y^ z be the co-ordinates of the attracting particle of density ^. 
Then we can also write 

(TF (TF d*F « .^ 



dx^ 



dz^ 
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/ 



Thus, let the surface be a rectangular parallelopipedon whose sides are 
dx^ dy^ dz. Let Nx^Ny^ Nz be the normal attractions on the sides, taken 
as positive in the positive direction of x, y, z. 

For the two faces which are perpendicular to the axis of X we have 
dA = dydz^ and for a point within the surface we have for the face on the 

left Ntxt = -r-> and for the face on the right — jyi= — - +4-^. Hence 
dx ° dx dx 

N^A over this pair of faces is — -^dxdydz. For the other pairs of 
faces we have in the same way — -r-, dxdydz and — -r-^ dxdydz. Equat- 
ing then the value of jNdA for the whole surface to — \icM\ that is, 
to — kadx dy dtsS^ we have 

daf^ dy*^ d^ 
IX the point is external, <^ = and 

d^Y d^V <PF_ ^ 
duf dy* ds^ 

XXAKPLES. 

(1) To find the attraction of a sphere or epherieal sTidl of matter 
eymmetrically distributed round the centre. 

Ans. Bv STnimetry the attraction is the same at all points of a spherical 
surface ana is in the direction of the radius drawn inwards. Let r be the radius 
of such a surface* Then 



rNdA = NCdA=NAitr\ 



Equating this to — 43r Jf' , where M' is the mass within the surface, we have 
for the attraction on unit mass at distance r, using the astronomic unit of mass 
<page 48, Vol. II, Katies) 

jy in this case is the whole attraction on unit mass at a distance r from the 
«entre, and the result shows that it is the same as the attraction of a mass M' 
collected at the centre. If r is greater than or equal to the radius of the 
sphere or the external radius of the shell, M' will be the whole mass of the 
sphere or shell. If r is equal to or less than the internal radius of the shell, 
M' is zero. (See examples (7) and (8), pages 110, 111.) 

(2) To find the attraction of a cylinder^ either solid or hollow^ of in- 
definitely great lengthy the density being a function of the distance from 
the axis, 

Ans. By synmietry the attraction is the same at all points of a cylindric 
surface having the same axis as the ^ven cylinder, and is 
directed normally inwards. Let such a cylinder of radius r 
be cut by two planes at unit distance apart, perpendicular to the 

axis, and let us take / NdA over the surface of the right 



r 










,R 








*-^ 


r^ 





cylinder of unit length thus enclosed. The value of N at any 
point of either end of this cylinder is zero, since the whole 
force is tangential; while at any point of the convex surface 
the force is normal. 

Hence if F denotes the attraction upon unit mass at dis- 
tance r from the axis, we have 



/ 



NdA = -P X convex surface = 2nrF, 
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Equating this to — 4;rJf ', we have for the attraction on unit mass at dis- 
tance r, using the astronomic unit of mass (page 48, Vol. II, 8tatios), 

where M' is the mass of unit length of the given cylinder, if r is greater than 
the external radius R of the cylinder. If the cylinder is hollow and r less than 
the internal radius, M' is zero. 

(8) To find the attraction of a uniform lamina formed by ttvo parol- 
lei planes extending to an indefinite distance in all directions, 

Ans. By symmetry the attraction is normal to the lamina, and the same for 
all points equidistant, whether on the same or on 
opposite sides. 

Consider a right cylinder with plane ends of unit 
area, these latter being parallel to the lamina and at 

equal distances on opposite sides, and take / NdA 

over its surface. N will be zero over the convex 
surface because the attraction there is tangential. On 
the plane ends the attraction will have a uniform 

value which we will call F, Then 

and equating this to — 42rJf' , we have for the attraction on unit mass, using 
the astronomic unit of mass (page 48, Vol. II., Statics), 

F= -2nM', 

where M' is the mass of unit area of the lamina. 

(4) 2%e force at any point of a tube of force varies inversely as tTie 
normal cro^s-section at that point when there is no attracting matter 
within the tube, 

Ans. If lines of force are drawn from points in the boundary of any portion 
of an equipotential surface, the space thus marked off is called a tube of force. 
Any normal section is then an equipotential surface. If we apply to a tube of 
force bounded by two normal sections the theorem 



/ 



NdA = - 4flr Jf' or 0, 



N will vanish over the sides of the tube, because the force there is tangential. 
At one end (that for which V is greatest) N will be positive 
^ ^ and equal to the resultant force F\\ at the other end it will 

^^^ be negative and equal to F%, taking forces outward as posi- 

tive and inward negative. Hence denoting the areas of the 
normal sections by dAi and dA%y we have 




F.dAx - F^dA^ = - ^nM\ 

where M' denotes the mass of attracting matter contained 
within the tube. 

When there is no attracting matter within the tube 

FxdAx - F^dAt = 0, or F^dAx = F^dA^\ 

that is, the force varies inversely as the cr^ss-section of the tube. 

When a liquid flows through a tube, keeping it alwajs full, the flow of 
liquid, or the volume that passes per unit of time, must be the same for all 
sections of the tube. If dA be an element of any section and N the component 



velocity normal to dA, the flow across the section will be / NdA, 

If we consider any closed surface in the liquid, the flow into it must equal 
the flow out of it, and therefore if Nis taken positive or negative according as 

the flow is outward or inward, / NdA over the whole surface is zero. 
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From this analogy, NdA, where N denotes the intensity of the component 
force normal to the element dA^ is sometimes called t^iefiaio of force across the 
■element. We can then say that the jlow of force is the same across any two 
sections of a tube of force not separated by attracting matter, that the total 
:flow of force into a space not containing attracting matter is zero, and that the 
total flow of force into a space containing the quantity of matter M' is — 4ar Jf '. 

Faraday used the expression *' number of Unes of force " to denote what has 
l)een called flow of force. It is sometimes called ''number of unit tubes of 
force." Hence the expressions "number of unit tubes of force which cut a 
surface," the " flow of force across a surface " and the " integral of normal at- 

fraction over a surface " are all various names for the integral / NdA, 
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CONSTRAINED MOTION OF A PARTICLE. 



BEACTION OP ANT CURVE OR SURFACE. REACTION, EXTERNAL FORCES ZERO. 
REACTION, CO-PLANAR FORCES. REACTION, PLANE CURVE IN GENERAL. 
REACTION, PLANE CURVE, CO-PLANAR FORCES. REACTION DUE TO ROTA- 
TION OF PATH. CONSTRAINED MOTION, GENERAL EQUATIONS. 

Beaction of any Curve or Surface. — Suppose a body sliding upon 
a rough curve or surface. We can replace it (page 66) by a particle 
of equal mass m at any point of contact P given by the co-oniinatea 
X, y, z. Let this particle have the velocity v in the direction PT 
along the tangent at P. Let p be the radius of curvature at the 
point P. 

Let R be the reaction of the curve making the angle of kinetie 




friction <t> with the normal reaction N. We can resolve R then, 
into the normal reaction ^and the friction 

where // is the coefficient of kinetic friction. The friction F always- 
acts opposite to the direction of motion. 

Let the normal reaction N make the angles /7p and Vn with the 
radius of curvature p and the perpendicular through P to the plane 
of /J and PT. Then we can resolve the normal reaction N into the 
reaction iVp along the radius of curvature and the reaction Nn at 
right angles to the plane of 9 and PT. 

If the particle moves on a surface there can be no reaction Nn at 
right angles to the direction of motion, hence Nn = 0. For a sur- 
face, then, the resultant R of all the external forces acting on the 
particle must always lie in the plane of T and p, and the normal 
reaction N= Np miist always a^t along the radius of curvature. 

118 



Digitized by VjOOQIC 



CHAP. IX.] BBAOTIOK OF AKY CURVE OE SUEFACB. 119 

The same will hold true for a curve unless the particle is a ring 
with the curve passing through it, or the curve is a hollow tube 
with the particle within it. 

Let all the forces and reactions upon the body, except the friction 
and reaction R at the point P, be J?i , JP'a , etc., making with the co- 
ordinate axes the an^es (^i , fii , yi\ (as , ff^ , y^), etc. Then the 
resultant components t^x, Fy, Fz parallel to the axes are given by 

Fx = Fi cos «! + jPa cos a, + . . . = 2F COS or; J 

Fy = Fi cos /3i + F^ coafitt -^ ,,. =2F cos/3; I. . . (1) 

Fm = Fi cos ri + i^« cos ra + . . . = 2-Fcosr. ) 

In taking these algebraic sums, components in the positive direc- 
tions of X, y and z are positive, in the opposite directions negative. 

Let the radius of curvature p make the angles ©a?, &y, % with the 
co-ordinate axes. Then we have for the component of the resultant 
ii^ of all the external forces Fi, Ft, etc., along the radius of 
curvatiure 

Fx cos Bx + Fy COS By + Fz cos Bg, 

The reaction of the curve or surface due to these external forces 
is equal and opposite in direction and therefore given by 

— (Fx cos Bx + Fy cos By + Fz cos Bz), 

But we have seen (page 16) that the reaction of the curve due to 

motion on the curve alone is , always acting towards the centre 

of curvature. The total reaction Np along the radius of curvature 
is then 

jVp = — (Fx cos Bx + Fy cos By + Fg cos Bg) + — . . . (2) 

In equation (2), — always acts towards the centre of curvature 

and is therefore always essentially negative. We take p, then, 
always positive or away from the centre of curvature. We take 
the components FxCOQ Bx, etc., positive when acting away fr<Mn, 
negative when acting towards, the centre of curvature. If Np 
comes out positive, then it acts away from, if negative, towards, the 
centre of curvature. For a particle on the concave side Np negative 
indicates pressure and positive Np indicates tension between the 
particle and curve, and vde versa for a particle on the convex side. 
In any case, then, we have pressure when Np acting upon the par- 
ticle is away from the curve or surface. 

If we are dealing with a surface, equation (2) gives the resultant 
normal reaction N (figure, page 118). So also for a curve, unless 
the particle is a ring about the curve, or the curve is a hollow tube 
with the particle inside. Only in this case can we have the normal 
reaction .ATn. 

Let the normal at P to the plane of 9 and T make the angles ex , 
€y f ^z with the axes. Then the component of the resultant R of 
all the external forces Fi, F,, etc., along this normal is 

Fx cos ex + Fy cos €y + Fg cos eg. 
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The reaction Nn of the curve along this normal is equal and 
opposite, or 

Nn = — (Fx COS €x + Fy COS ey + Fz COS eg). ... (3) 

In equation (3) we take components in any one direction along 
the normal positive, in the opi)osite direction negative. 
The resultant normal reaction N is, then given by 



N==^Nf;' + Nn\ (4) 

stkin^ the angles ?7p, t^n with the radius of curvature and the 
rmal to the plane of p and FT given by 



No Nn 
COS ^p = -^, COS ^n = -^, (6) 

and angles ffxjtfvi 7s with the axes given by 

cos 17a? = cos Vp cos Bx + COS Vn COS €» ; ' 

cos 7y = COS Vp COS ©y + COS 7/n COS €y ; . . . . (6) 

COS 7« = COS T/p COS Bg + COS Vn COS €«. 

Let the tangent T make the angles tx* i^yy i^z with the axes. 
Then we have for the tangential component of the external forces 

T=FxCOQJlfx+ Fycoa^y + Fgco&ipg, .... (7) 

In equation (7) we take components in the direction of motion 
positive, in the opposite direction negative. 

If there is friction there must always be pressure between the 
particle and curve or surface, or the reaction on the particle must 
always be away from the curve or surface. 

We have then for the friction, when there is any, 

F = mN, 

where m is the coefficient of kinetic friction. The direction of the 
friction is always opposite to the direction of the motion. The 
resultant tangential force is then 

T—F=T—mN, 
or 

T'-F = FxCO&ifx + FyCOBify + FzCo&ifz — MN. . . (8) 

The resultant reaction R (figure, page 118) lies in the plane of 
Naxid Tand makes the angle of friction <P with Ny so that 



N 



R=i/N^ + M'N' = NVl'^i^' = -^ (9) 

cos <p 

If r — -P = 0, we have equilibrium. If there is no equilibrium, 
T — F must be greater or less than zero, and hence 

^^^ (10) 
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For a smooth curve or surface /< = 0, F = 0. For a straight line 
or plane p = oo and = 0. 

Beaction— External Forces Zero. — If there are no external 
forces we have Fx =0, Fy = 0, Fz = 0. Hence from (3) ^n = 0, and 
from (4) and (6) N=Np and ^p = 0, ^ = 90% or the normal reaction 
lies in the radius of curvature. We have then from (2) 

iVp_+— , 

always acting towards the centre of curvature. There can only be 
friction when there is pressure between the curve or surface and 
particle, that is, when Np is away from the curve, or the particle is 
on the concave side. 

Beaction — All Forces Co-planar. — If all the forces are co-planar, 
Hf (figure, page 118) must lie in the plane of p and T, and hence Nn = 
and iv = ivp , or the normal reaction lies in the radius of curvature. 

Beaction — Plane Curve in General — For a plane curve in gen- 
eral we may take the plane of the curve that of XY; we have then 

eg = 90% ^^ = 90% €aj = 90% €y = 90% e, = 0. . . (1) 

Hence from (2), page 119, 

Np = -iFxCO&Bx + FyCO&By)'i-~ (2) 

From (3), page 120, we have 

Nn = -Fz, (3) 

and from (4), page 120, 

tNr=^Np'+Nn\ (4) 

From (6), page 120, we have then 

COBVp=j^, COBVn=-^f (6) 

and from (6), 

■cos Tfx = cos Vp cos Ox , cos Vy = COS Vp COS By , COS Vz = COS 7n. (6) 

In order that there may be friction there must be pressure be- 
tween the curve and particle or N must act on the particle away 
from the curve. We have then from (7), page 120, 

T = FxC08ifx + Fy cos ^y, - . . t . . (7) 
and the friction 

F = mN, 

always acting opposite to the direction of motion. 
The tangential force is then 

T—F^FxCOBifx^ FyCOBl/fy — MN'. .... (8) 

ltT—F = 0, there is equilibrium. If there is no equilibriimi, 
T^FiB greater or less than zero, or 

^> 
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If the curve is a straight line /» = oo, = 0. For a smooth 

curve li = 0, -F = 0. 

Eeaction — Plane Curve— Co-planar Forces. — ^For a plane curve 
when all the forces are in the plane of the curve, we have 



Fm = 0, and Nn^O 

The preceding equation then becomes 

N^Np^^-iFx cos Bx + Fy cos $y) + — . . 

We have also 

Vp = 0, 7n=90; 

COS7«=COS0«, C0S7|f=C0S©y, COBVz = 0; 

CO&rpx=BinBx, cos ^t^= cos Oa;, COS^« = 0; 
T=FxBmBx+FyCOBBx; .... 
F = mN,; 
T-F={Fx&m^x + FyCO&Bx)^/iNp. . . 
If there is no equilibrium, 



(1) 



(9 






«) 



(4) 



(0 



mt^ 



If the curve is a straight line, p = oo, — = 0. For a smooth 

curve/* =0, 1^=0. 

Eeaction Dae to Botation of the Path. — If a particle of mass m 
moves on any curve, it has in general two accelerations with 
reference to the curve, one, /«, tangent to 

the curve and one, fn = — , directed towards 

the centre of curvature, where v is the 
velocity and p the radius of curvature. 

The reaction along the radius of curva- 
ture due to motion in the curve alone is 

then — . The actual acceleration /of the 

particle is the residtant of ft and/n , or 




f^Vfe+fn\ 
and it makes the angles a and b with ft and fn given hy 



cosa = 



A 



, fn 

cos b = -z. 



The same holds true if curve and particle have any common 
motion of translation with or without acceleration. 

If, however, the curve rotates about an axis we have a relative 



Digitized by VjOOQIC 



CHAP. IX.] CONSTRAINED MOTION ON A CURVE. 



125 



acceleration due to rotation, besides the relative aocelerations ft 

|uid/». 

Thus, if V is the relative velocity in the curve* 
PiPa = v^ is the distance along the curve described 
by the point in an indefinitely small time t. Let the 
curve rotate with the angular velocity oo about an 
axis paxallel to P'O which makes the angle ^ with the 
element of the relative path PiPu Then the angle 
PaOC = oot, and while the particle moves to Pa the 
curve moves to PiC If then fr is the acceleration 
due to rotation of the particle with reference to the 

curve, we have 




PiC = jfrt* = t;# sin ^ . <»#, or fr= — 2oov sin ^. 



(1) 



Equation (1) gives the acceleration of the i>article with reference 
to the curve, and it acts in the direction CCa in the figure, opposite 
to the direction of rotation at right angles to the plane of the axi» 
and element of the path. 

If the particle is constrained to remain on the curve, the reaction 
of the curve will evidently be in the opposite direction, CaC, or in 
the direction of rotation at right angles to the plane of the axis and 
element of the path. 

We have then for the reaction of the curve due to rotation 



mfr = 2m<»v sin if. 



(2> 



acting in the direction of rotation at right angles to the plane of the 
axis and element of the path. 

The reaction of the curve due to rotation, then, i8 equal to twice 
the prodtict of the mass and relative velocity v, th^ angular velocity 
GO and the sine of the angle r/f which the element of the relative path 
makes with the tine through the particle parallel to the aocis. Its 
direction is at right angles to the plane of this line and element, and 
it acts in the direction given by the rotation. (Compare page 216, 
Vol. I, Kinematics ; also page 24.) 

[Constrained Motion — General Equations.* — Suppose a body sliding 
on a rough curve or surface. We can replace it (page 66) by a particle of 
equal mass m at any point of contact P, 
given by the co-ordinates a?, y, z. Let the 
particle have the velocity v in the direction 
PT along the tangent at P. Let p be the 
radius of curvature at the point P, 

Let R be the reaction of the curve mak- 
ing the angle of kinetic friction <f> with the 
normal reaction N. We can resolve R into 
the normal reaction iVand the friction 

where fn is the coefficient of kinetic friction. 
The friction F always acts opposite to the 
direction of motion* 



p 


N 


/I 






"•^ 


V 




^ 




-^ 


M» 




\ 






R 















* students not familiar with the Calculus should omit the rest of this 
chapter. 
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Let the normal reaction iV make the angles rj^ and rfn with the radius 
of curvature p and the perpendicular through P to the plane of p and PT, 
and the angles tfx^ Vvi Vz with the axes. 

Let Nf, be the component of the normal reaction iV along the radius of 
curvature, and let the radius of curvature make the angles Bxj 0^ , Og with 
the axes. 

Let the direction of motion Prmake the angles txji^yt tz with the 
axes, so that 

, dx , dy , dz 

COS*a.=^, COS^=^, C0S^^. = ^. 

Let iVn be the component of the normal reaction iVat right angles to 
the plane of p and FT, making the angles €x, €y^ ez with the axes. 

If the particle moves on a surface there can be no reaction iVn at right 
angles to the direction of motion. For a surface, then, the normal reaction 
jy must act along the radius of curvature and If = Np. 

The same holds true for a curve unless the particle is a ring with the 
curve passing through it, or the curve is a hollow tube with the particle 
inside. 

Let all the forces and reactions upon the body, except the friction and 
reaction at the point P, be ^i , J?t , etc., making with the axes the angles 
<«! I /?! I rO, (a« » /?» , r«), etc. 

Then the resultant components Fx^ Fy^ F% parallel to the axes are 
given by 

jraj= JTi cos eci + J?; COS at + . . , = 2^ cos a; \ 

jry = J^iC0S)5i + ^, cos)5. + . .. = 2^cos)5; U • • (1) 

li'i = 2^1 cos ^1 + P« cos ^'t + . . . = 2jy cos y, J 

The same conventions as to signs hold as in equations (1), page 119. 

If these forces alone act, we have unconstrained motion. 

Motion on a Cnrve. — If there is friction, there must always be pressure 
between the curve and particle, or N must always act on the particle away 
from the curve. The friction is then 

F^fiN, 

where // is the coefficient of kinetic friction. This friction is always oppo- 
site to the direction of motion, or is a retarding force. 

We have then for the components along the axes of the forces acting on 
the particle 

6^x dx \ 

m^ = Fx+ -ZVcos Viz—Mlf^\ 



d^y dy 



(2) 



d^g cte 

If iris zero, the motion is unconstrained. Equations (2), togethei with 
the equation of the curve, determine the motion. 
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Since the particle is constrained to move on the curve, the motion along 
any normal is zero. We have then as conditions of constraint 

dxooavx + dy cos J/y + dz cos r^z = 0; \ 

dx cos 6x + e2^ cos Oy + c2^ cos G2 = 0; > . . . . (8) 

dx cos €x + dy cos €y + dz cos 6^ = 0. j 

Also, since the resultant force at right angles to the plane of p and PT 
is zero and the force along the radius of curvature always acting towards 

the centre of curvature is — , we have 



d^x dhi d^z 

^COS e« + ^ «50B e, + ^ COS e« = 0; 

d^x « dPy « d^z ^ «• 
^cose. + ^cos6y + _cose.=-. 



(4) 



If we multiply equations (2) severally by cos 6« , cos Oy , cos 6« and add, 
we have, since 

Np = iVcOS '^x cos Ojc + ^OOS l^y cos Oy + JVCOS Tfs COS O^, 

after reducing by (3) and (4), 

JVi = - {F» cos ©a; + J^y COS Oy + J^« COS ©«) + . ... (5) 

This is the same as equation (2), page 119, and the conventions for signs 
are the same as there indicated. 

If we multiply equations (2) severally by cos 6a; , cos 6y , cos €z and add^ 
we have, since 

jy„ = JVcos 7« cos €x + 2V^cos rfy cos €y + JVcos rtz cos €«, 

after reducing by (8) and (4), 

Nn^— {Fx COS 6, + J?y cos ey + 1?^ COS €z). ... (6) 

This is the same as equation (8), page 120, and the conventions for signs 
are the same as there indicated. 

We have then, as on page 120, the resultant normal reaction 



N=:VN,' + Nn\ (7) 

making the angles rjp , Vn with the radius of curvature and the normal to 
the plane of p and PT given by 

C08^p = -^, COS J7n = ^, (8) 



and angles VxiVVi ^« ^^^ ^^^ ^^^^ given by 

cos t;x = COS Vp COS Ox + cos tfn COS €x; 

cos 7y = COS Tff, COS Oy + COS Pn COS 6y; }• (9) 

cos 7fz = COS Tfp COS Bz + COS Tfn COS 6«. 



(■ 
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We have also 



cos 



- d ldx\ ^ d (dy\ ^ d fd2\ 



where p is always to be taken away from the centre of ourvatore or posi< 
tive, and is given by 



V(d^xy + (O'yy + ((Pzy 

dx dy d2f 
If we multiply equations (2) severally by ^, ~, ^ and add, we have, 

since da^ + dy" + cte* = <fa*, after reducing by (3), remembering that 

/^ ^ ^ ^,^ ^\_ dv 
^[dt'' ' ds'^ d^'ds dt^'ds)" ^dt 
for the resultant tangential force 

dv „dx „dy „dz ^^ ^^^^ 

If 7 is the tangential component of the external forces we have 



dv 
and 



^d? = ^~^^ 



#n .., ^ ^dy „dz ^.^. 

This is equation (7), page 130. 

The resultant reaction R lies in the plane of JVand 7, and makes the 
angle of friction 4> with iVso that 



N 



R = ^/Wn^N^ = NV^ + /i* = -^ (13) 

cos (p 

Again, if we multiply equations (2) severally by dx, dy, dz and add, we 

dv 
have, after reduction by (3), for the differential work, m-^ . da, since 



d^xdx + d^ydy + d^zdz 1 Jda^+dy^+di 



^ = MS) = ^^^ = '^^' 



dt^ -2^^ dfi 

mvdv = Figdx + F^y + Fz^z - ^Nds = (7 — fil!f)ds, . . (14) 
If we integrate (14) and let t? = t?i when ^ = 0, we have for the work 

^m^ — 2 mvi^ =s J{T-MN')d^ = JiFxdx+Fydy+Fgdz-ju^ds). (16) 
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That is, the gain of kinetic energy is equal to the Work done (page 87). 
Equation (15) gives the velocity v. 

ds 
Since v = — , we have from (15) 

ds 
dt = 



_d* 

It?," + -J^ i^xdx + Fydy + F:sdz - MJ^dsU 



^ . (16) 



Plane Cnrve in General.— If the curve is a plane curve we may take 

the plane of the curve that of XY, We have then cfe = 0, cos Ox = J^, 

dx 
cos 6y = — , cos 0;8 = 0, cos €x = 0, cos €y = 0, COS €z = 1. Hence 

^-=-('-i*'^)-? « 

where /> is always positive; 

Ifn = -Fzy (2) 

]!r=VWT'm?; (8) 

cos j/p = -^, COS vn = -^; (4) 

dy dx 

COB 7ip = cos Vp^^ cos J7y = cos Vp^, cos 7* = COS r;n; . (5) 

^=i'«^+<- • • («) 

The friction i^ is given by 

F^fiN. (7) 

The resultant tangential force is 

„.%^T.F^F.%^Fyf^,N. (8) 

The work is 

g-mi>* — gWi?!* =5 / {Fa^x + Fydy — fiNds), • . . (0) 
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We have from (9) 



cU = 



da 



[-1/ 



{Fxdx + Fydy — /iNds) 



] 



V . • . (10) 



If all the forces are in the plane of the curye we have in these equations 

jr, = 0, jvw = 0, iv = iv;» , cos j/p = i, cos jjn = o. 

2. Motion on a Snr&ce.— Let the equation of the surface be 

M = 0, 

where t^ is a function of x, y^ z. Let 

^ du „ du ^ du , ^, ^, «. ^ 
^=^- ^=^' '^=*' *"•* i^+F«+.F« = ««. 

The normal reaction for a surface is, as we have seen (page 118), always 
along the radius of curvature, or iV = iVJ>. Let the radius of curvature 
make the angles 0« , Oy , 0« with the axes. Then its direction-cosines are 



U 



W 



cos $« = 7j, cos ©y = ^, COS 0« = -^. 



(1) 



If, then, in equations (2), page 124, we put in place of 7, we have for 
the resultant components parallel to the axes of all the forces acting upon 
the particle 






^? 



ds' 



d^z „ ^^W „dz 



• • • • 



. . (8) 



Proceeding then Just as before, we find 

TO- AT ( FxU -{- FyV -^ FzW \ , fM^ 



(3) 



with the same conventions as to signs as in equation (5), page 125. If Np 
comes out negative with reference to the surface there is no friction. 
We also have 



«, ^^ -^^y -m^ 



and 



^^^ m » ™^ ™^y «^^ ^ 



^da 



'ds 



with the same conventions as to sign as in equations (11), (12), page 126. 
We also >have 

-m©«--w©,«=: /(T- Minds- f (Fxdx+Fydy+FgdZ'-Ml^ds), 



(4) 

(K> 

t. 

(«) 
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and 

ds 



ds 

Ui* + ^ ^F^x + Fydy + F^z - fiNdii) 

with the same conventions as to sign as in equations (15), (16), page 127. 
If the surface is smooth, >u = in all equations. 

Cob. If the surface is smooth and there are no external forces we 
have // = 0, JPa? = 0, Fy = 0, i^« = 0. In this case the only force acting 

mi?" 
upon the particle is iVp = -— always acting towards the centre of curva- 
ture along the radius of curvature and therefore always at right angles to 
the direction of motion. There is then no change of speed and v is constant 
in magnitude at every point of the path. There is then no change of kinetic 
energy, and hence no work is done by or against the normal reaction iVJ,. 

The radius of curvature of the path on the surface must ther^ore he 
constant. 

Such a line on a surface is called a geodesic line. 

From equations (2), page 124, we have in this case 

d^x d^y d^z 

U " V W " pQ' 

d^ 
Dividing by «' = ^^, we have 

d^x d^y d^2 
ds" ds^ d^ 1 



U ^ V WpQ ^®^ 

Equations (8) are then the equations of a geodesic line on a surface. 

EXAMPLES. 

• (1) Find the motion ofajKirticle on a curve under the auction of fric- 
tion and the curve reaction only. 

[ Ans. In this case we have the external forces zero, or Fy = 0, JJ^ar = 0, Fz = 0. 

Hence ^n = 0, iV = -ZV^p = — , or the normal reaction is always along the 

P 
radius of curvature and acts towards the centre of 
curvature. In order that there may be friction 
Np must always be positive with reference to the 
curve, hence the particle must he on the concave 
side of the curve. 

The friction is then 

_ „ mif- 

F= uNp = // — , 
p 

acting always opposite to the direction of motion. 

The reaction B makes an angle with the normal always equal to the angle 
of friction <f>t 80 that m =^ tan 0. 
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We have then 



E = '^VT+7? = 



P P COS 

The tangential force is 

mdv WD* dv «' 

_=_;,_ or ^ = -M~ (1) 

or the motion is retarded. 
From (1) we have 

do dt 

or, since vdt = ds, 

^i=-M% (3) 

Integrating (9), we have, if «, is the initial velocity when t = and « = 0, 

(4) 



1-1=, r^ 

Integrating (3), we have 

logn — = — >u / - , or « = Di« *^" (5) 



\ — = — M I -. 

7. ^ 



ds 
But — = dB = the angle between two successive tangents, hence if is the 

angle between the tangents for the initial and final positions, 

v = v^e-^'^, (6) 

where e = 2.718283 = base of Naperian system of logarithms. 

If the curve is a circle p is constant and equal to the radius r, and we 
have from (4) and (5) 

® = ITT" »«=«!« ^ =Vi6 , 



and 






. (2) Find the motion of a particle on a cycloid, neglecting friction, 
Ans. Let the initial position be Px at the height GHi = h above G, and the 

speed at Pi be zero, and at P be t). 
y We have then the gain of kinetic equal 
"^ to the loss of potential energy, or 

^m/v^ = mg{h-y); .-. «= V'2^(A - y). 

We can then find the motion as on page 157, Vol. I, Kinematiea. 
• (3) Find the motion of a particle on a circle, neglecting friction, 

Ans. We have as before v = i^2g{h — y). We can then find the motion 
Its on page 159, Vol. I, Kinematics. 




Digitized by VjOOQIC 



CHAP. IX.] BXAMPLB8 — C0K8TBAIKED MOTION. 



131 



• (4) Find the motion of a particle on a conical surface, neglecting 
friction, 

[Ans. Let the angle of the cone be a and the axis vertical. Let the particle 
be at P and have the velocity v in any 
direction, and let its distance AP from 
the vertex be i, and the distance CP 
from the axis be r. Take A as origin 
and let the angle of r with the axis of 
Xbe9. 

Then we have 



or, since I = 



a;« + y« + «» = ?, 

z 



COS a 



cos' a 



u = x + y» + z> - 
Hence (page 128) 



dx dp 



= 0. 



w=p = Ji^-L.\ . (1) 

dz \ cos" a) ^ ' ^ 

tan a = r and «( 1 -— ) = - g tan* a, 

\ cos* a J ' 




or, smce z 



Hence 



W= - 2rtan< 



<f=z lP+V*+W^z=: 4r»(l + tan* a) = 



4f* 
cob" a* 



or 



Q = 



3r 



We have then from equations (2), page 128, since // = 0, i^ = 0, ^^ = 



tPx 


= 


iVcos a 
m 


• 


X 

r* 


dt* 


= 


JVcos a 
m 


• 


y . 

r' 


dtz 
dt* 


= 


JIT sin 
m 


a 


-J 



We have also from (8), page 128, since p = , and — is always 

towards the centre of curvature or negative in direction, 



JV = — m^ sin a — 



mv* cos a 



From equation (6), page 128, we have for /« = 
11 /•< 



(8) 



(4) 
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where Si is the ordinate for the initial position of P. That Is, the gain of 
kinetic equals the loss of potential energy. 

If we multiply the first of equations (2) by y and the second by x and sub- 
tract, we have 

But equation (5) gives the moment of the horizon- 

^X (Iff 

tal velocity r— with reference to the axis of Z. 
Hence 

r«^ = Const (6> 

If we suppose then the initial velocity Vi to be hori- 
zontal at the distance ri , we have from (6) 

,dO dB r, Zi .„. 

t^-=r,t>x. or r^^ = v^- = v^- (7> 

Equation (7) gives the horizontal velocity r— . The vertical velocity is 

dz dz 

-jr, and its component along AP (figure, page 131) is -r- . We have then 

, / dsy . I dz y ,ei« ^ ( dz y 

If we put this value of i>' equal to that found in (4), we have 

*(F+"-)="'^+(s:Si^)' 

If we put h = -^ = height due to initial velocity, we obtain 



\dt) ^ ~ 



. ^^[^ _ (A + e.y. + »«..]. 



^£^(« _«.)[»• -fte-M] (9) 



Equation (0) shows that there are two values of z tot which the vertical com- 
ponent of tho velocity — - is zero. One Ssz = Zi, the other, gj, is given by put- 
ting the last factor on the right of equation (9) equal to zero. This gives 

(10) 
We see from this that 



e,« - ^3 - 7«5, =0, or Zt - ^h + y T Aj + hzu . 
from this that 
03 is greater than Zi when ^ = -^ > 2*» » or Vi > i^gz7; 

23 is equal to Zi when A = ^ = ^Zi , or «)i = ^gzi ; 

Zt is less than Zi when h = ^ < ^i , or Vi < Vg^i* 
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CHAP. IX.] BXAMPLB8— CONSTRAINED MOTION. 133 

In the first case, when A = ^^ is greater than jr-«i , or the initial horizontal 

Telo<^ity V] is greater than V^sT, the particle traces a spiral on the surface and 
will rM« through a distance z, — Sj , to a point where z^ is given by (10). At 
this point the particle remains in a horizontal plane and describes continually 

a horizcHital circle of radius r% = z% tan oc = Zt- with the constant speed Vi. 

Zi 

The periodic time is then 

t==^-^J^* 

In the second case, when A = ^ is equal to ^i , or the initial horizontal 

off a 

Telocity Vi = ^^gz7, the particle remains in the horizontal plane in which it 
starts. Its periodic time is 

* = ^ m 

Vi^ 1 

In the third case, when A = ^ is less than ^Zi , or the initial horizontal ve- 

locity «?i is less than V^zT, the particle traces a spiral on the surface and will 
fall through a distance «i — e, to a point where «, is given by (10). At this 
point the particle remains in a horizontal plane and its periodic time is given 
by (11). 

• (5) Find tM motion of a particle on a conical surface, neglecting 
friction and the wei^ of the particle. 

[Ans. In the preceding example we have only to put ^ = 0. From equation 
<4)» pa^e 181, we see then that the speed does not change, and « = f?j. Hence 
from equation (8), page 132, we have 

— 3^=^ = t)cosa. c» (1) 

Integrating, since when « = 0, g = «i , we have 

|/e« - Zi* = «« cos a (9) 

The greater the time t the more nearly (2) approaches to 

dz 
z=zvteofia, or — = « cos a. 

The vertical velocity, then, approaches the limit vcoaa. 
From equation (7), page 132, we have 

dt ~ rz " z* tan a ^ ' 

Substituting the value of z from (2), we have 

D dt 
sin a. (W = — cos a j-: r-j (4) 

Integmting and letting = 9i when e = 0, we have 

(9- eOsina = tan-M^ cosa. n, (5) 

or 

« cos a . t = «i tan [(0 - OO sin a] (6) 
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If we insert this in (2), we obtain 

V«ji - «i« = «i tan [(6 - Oi) sin a], (7> 



or 



Since — = — , we have 

^ " cos [(0 - eo shi a]' ^^^ 

If we take the co-ordinate axes so that the initial point of the path is in the 
plane of XZ, we have 6i = 0, and 

r = jp-, r (10) 

cos (6 sin a) 

K 
Equation (10) shows that r = oo when sin a = — . 

The angle = ^—. gives then the position of that element of the conical 

surface which is an asymptote to the path, or is tangent to the path at an 
infinite distance from the vertex. 

We have then, from (2), for the distance of the point above the vertex at 
any time t, 

z = i/«i* H- vH* cos a. (11) 

The radius at this point is r = tan a, and from (10) the angle described 
is given by 

cos (9 sin a) = ^ = — ?^^— (12) 

^ ' r «tan a ^ ' 

' (6) Find the motion of a particle on the surface of a sphere^ dia^ 
regarding friction, 

fAns. Take the origin at the centre of the sphere. 
Then we have, if r is the radius, 

t* = aj» + y« + <^-r» = 0; (1) 

dx dy ^* <fe ' 

C=2r. 
We have then from equations (2), page 128, since J^ = 0, 
Fy = Q, Fz= - mg. 

We have also from equation (3), page 128, since — always acts towards 

T 

the centre and is therefore negative in direction, 

•AT « *»«' 

-^=^^i;-ir (8) 
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From equation (6), page 128, we liave 

■^mc* — g mvx* = mg{ei — •), (4) 

where «, and Zi are the initial values of v and e. 

If we multiply the first of equations (2) by y, the second by x, and subtract, 
we have 

5^-5^=®' "' -dr«'--^=^'»*- • • • • (6) 

But equation (5) gives the moment of the horizontal velocity with reference 
to the axis of Z, If then we take the initial velocity Vi horizontal at the distance 
Vr' — «i* from the axis of Z, we have 

^y_^ = «.,/;jir^. (6) 

From (1) we have 

dx , dy ^<& .-V 

'^+«w=-'w ^ 

Squaring (6) and (7) and adding, we have 

Bnta. + ^=..-*.and(|)'+(|)' = ,.-(|y. Hence 

(»^ -««)[«' -(^)'j=«.'(r« -».•) + *•(!■)'. ... (8) 

From (8) we have 

(^y _ (»* - *•)«' - (f' - ti')"'* 
[dtj ^ ' 

or sabstitating the value of «* from (4) and patting ^ = ' 

(ly = ^[(»^ - «'K^ - « + «0 - A(t^ - e,») J. 
or 

£(§y=('"^»)[^''"^~(^*+''')^ ^^^ 

Equation (9) shows that there are two values of z for which the vertical 
component of the velocity ~ is zero. One is « = «i, the other, 2s, is given by 
putting the last factor on the right of equation (9) equal to zero. This gives 



We see from this that 



Zt*-hz^ = hZi + r\ or «, = ^ + 1/7«, + r» + |'. . . (10) 
om this that ^ 

Zt IS equal to Zi when h = — 5 , or «i = y ; 

mi ' 01 

z% is greater than Zx when h > -^-^ — , or «i > i/slLi ! ; 

Ss is less than Zi when A < -^ , or «, < i/ ^^ * "" \ 
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We see that Zi must always be negative in otder that Vi znaj have a real 
value. Also, in the fiist case when the initial horizontal velocity 



«. = /€(?llll!f). 



the particle rema ins in a h orizontal plane and describes oontinoallya horizontal 
circle of radius ^r* — «i« with the constant speed Vi. The periodic time is then 



t = 



ixi^t'- 


-«.• 


ei 


l/^«.'- 


nt 



(11) 



If «i is greater or less thani/?!t?L_Z!jf), the {^article traces a spiral on the 

surface and will rise or fall through the distance e^ — 0i to a point where 09 is 
given by (10). At this point the particle remains in a horizontal plane and its 
periodic time is given by (11). 

• (7) Find the motion of a vartide in a smooth s traight ti^p. iphitih r^ 



[! i>iJ>iZf/fii;>>i^;/M/iV/i/f>^€^i;;;}ir^^^/i# ^A ^iiV ii ^ ; / Tf?/y 



N*2mvu; 



[Ans. Let x be the distance of the particle Pof mass m from the centre of 

rotation C7, let <u be the an^^lar velocity 
and let the initial velocity along the tube 
, be «i away from G, The acceleration of 
, m » i« ^i^g particle with reference to the centre is 
away or positive and equal to 0700'. We 
have then 







(1) 



Differentiating (2), we have 



The general integral of tMs Is 

oj =: ile + -« 4- -Be - «*. . . (2) 



at 



(3) 



where e is the base of the Naperian system of logarithms and A and B are con- 
stants of integration. To determine these constants, let a? = aji and « = t)i 
when ^ = 0. We have then 



Hence 



Xx—A'\-B and t)i = -4flo — Bfo, 
Substituting in (2) and (8), we have 

Again, ^ we multiply both sides of (1) by 2(to, we have 

2^» d—\ = 2«>«aj(to, or 2«d» ^ 3<»»aj<te. 



(4) 

(6) 



Digitized by VjOOQIC 



€HAP. IX.] EXAMPLES— CONSTBAINBD MOTION". 



137 



Integratingi and making 9 = Vi torx^ Xi, we have 

«» — vi* = fi>*aJ' — co'aji*, (6) 

•or the di£Eerence of the squares of the velocities in the tuhe equals the differ- 
ence of the squares of the velocities of rotation. 

From page 123 we have for the reaction of the tuhe on the particle 



N=^ 



acting in the direction of rotation. 

Substituting the value of v from (5) and (6), we have 



(7) 



(8) 



N = 2f»<» V«i' + oo\x* - Xi% (9) 

If we make Vi = XiQi>, we have v = xoo; and if a; is the length of the tube, 
the particle leaves the end of the tube with the absolute velocity xoo i^2, at an 
angle of 45** with the tube, and moves uniformly with that velocity after leaving 
the tube. 

We can also deduce (6) by the principle of kinetic energy as follows: 



From (7) the average reaction is 



2m{x(a 



\ the distance is ^ 1 



t ' 2 

The work done is then mioo^x* ~ 40^Xi*). The initial absolute kinetic energy is 

5-7»(i?i' + <»'a5i*), and the final absolute kinetic energy is - w»(®*+ai7*aj"). Hence, 

since gain of kinetic energy is equal to work done, 

from which we obtain equation (6). 

If the initial velocity Vi is towards the centre of rotation, we have only to 
take Vi negative and v negative in the preceding equations. iV then is negative, 
or acts opposite to the direction of rotation. If in this case we suppose v = 
when x = Oy we have, from (6), T\ = — Xioo, If then the initial velocity towards 
the centre is equal to the velocity of rotation, the particle will arrive at the 
•centre with a final velocity of zero. 



If fha .^nt.r» nf r«t«Lfinn i« ontcidft |.lip n^ia nf the tubo AP, SO that the 

radius vector r makes tlie angle e 



ang] 
with the tube, we have for the normal 
reaction, from page 123, 

jf= 2m«tt} — mrco* sin e 

= 2mt)a>— fTMsaT*, .... (10) 

_ aoa _ 

which becomes zero when t) =r — , and 

is positive or negative so long as t) is 

_ aoa 
greater or less than -^. 

For the acceleration along the tube 
we have 




tnrW 



cPx 



— ror cos e = co'j 



which is precisely the same equation as (1). Hence equations (4), (5), and (6) 
hold good still, and equation (6) becomes, since aj* = r* — a«. 
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or the difference of the squares of the velocities in the tube equals the difference 
of the squares of the velocities of rotation. 

• (8) Find the motion qf a particle in a smooth straight tube which 
revolves uniformly dbout a vertical axis which makes an angle with the 
tube, 

[Ans. Let the tube make the angle a with the axis AG^ and r be the radius 

of rotation at any instant, for which 
the length of the tube AP = a*. 
The acceleration idong APha 

— = roo* sin a, 

or, since r = a? sin a, 

mrw* (Pa; 

— = (<» sin ayx. 

CJomparing with the preceding ex- 
ample, we see that equations (4), (5)» 
(6) hold if we replace 00 in these 
equations by go sin a. 

We have also the normal reaction 
2^1 = mrao^ cos a, and from page 123 
the normal reaction JTa = 2mvGo sin a, 

• (9) Let the tvhe rotate uniformly in a vertical plane about a hoiizontaZ 
axis, 

[Ans, We have in this case 







g COB oat. 



(1) 



if we conceive the tube to be vertical when t = 0, The general integral of 
this equation is 



X = ^e+«« + Be -«^ + -^ cos Got 



2c»« 



Differentiating (2), we have 
dx 



v = ^ = A006 +"* - Booe -"* - 7^ sin oot, 
dt 2(» 



(3) 



(8) 



where e is the base of the Naperian system of logarithms and A and B are con- 
stants of integration. To determine these constants let x •=. Xi and v = Vx 
when ^ = 0. We have then 



aji = -4 + J5 + o=^-, «i = Aoo — Boo, 



Hence 



Substituting in (2) and (3), we have 



Xi + 



00 %oa*f 



^-'4(^"-S-2i^>-' + 2£i-«'' (*) 



V = i-(«.«,+«. - £)«+-' - \ {x.co -*, - £^e -"'-^^ ««. 



(«) 
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From page 128 we have for the normal reaction of the tube 

i^ = dmvoo — f7i^ sin 00^ (6) 

• (10) Let the tube be a plane curve rotating uniformly about an aids 
perpendicular to the plane, 

[Ans. From page 128 we have for the normal 
reaction due to rotation 2fi»ooo acting away from 
the centre of curvature C7. 

The normal reaction due to the velocity v is 

— acting towards the centre of curvature (7. 
9 
The normal reaction due to the deflecting force 
along PO is mroo* sin e acting towards &. We 
have then for the normal reaction 

JV = 97»r<u' sin 6 + 2m«<». . (1) 

From (1) we see that the normal reaction will be zero when 




« = poa ± Vp^Qo* — proo* sin e (2) 

That is, for any position of the tube there are in general two velocities for 
which the normal reaction will be zero. 
The tangential acceleration is 

—-- = r<»* cos 6 . (8) 

at 

If we multiply both sides of (3) by 2ds, we have, since cfo cos e = dr 

2i? d« = ttj' . 2r dr» 

Integrating, and letting v = Vi when r = ri , we have 

«' — i)i« = (»'(r' — n') 

or the difference of the squares of the velocities in the tube equals the differ- 
ence of the squares of the velocities of rotation. 

If the tube is a circle, r = ri and the speed d is constant. 

• (11) Let the tube be a circle twning uniformly cibout a vertical diam- 
eter. 

[Ans. The acceleration towards N is 
NP. CO* = r sin . qd*. 

The acceleration towards is then . ' = rfi}«. The 

sin 

vertical component of this is roo* cos 6. The vertical 

acceleration is then ra>' cos — ^. 

The tangential component is then 

ft = r'^^=i{reo^cosB^g)sinB, . . . (1) 




mg 
Integrating (1), we have 



<ft« 



[^y= «« sm» e + ^ cos e + Const. 



(2) 



If the particle is projected from the lowest point with the angular velocity 
001 , we have from (2) 

ttjjt _ ^ 4. Const., or Const = coi* -, 
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Hence 

This will be zero when has a value determined b^ the equation 

COB« 9- ^,0089 = 1 -^+??l'. 

rosfl roar ' <»• 



.9 = -^.±/fl-JLV+!^*. 



So long then as — r > — ^., or <»i« > — , both values of cos B are nu- 

merically greater than 1, and the motion is therefore one of continuous 
revolution. 

If <»i* = — , we have — = for cos © = — 1, and therefore the particle 
T at 

•comes to rest at the highest point. In this case the square of the initial 
velocity is «i* = r'ooi' = 4r^, or the velocity is that due to the diameter. 
Hence if a particle is projected from the lowest point with a velocity due to 
the diameter it will come to rest at the highest point whether the circle is 
fixed or revolving— a simple instance of conservation of energy (page 87). 

If coi" < ^, there is but one possible value of cos 0, and therefore the 

particle will oscillate about the lowest point. 

d}B 

The position of equilibrium of the particle is fotind by putting -^ = 0. If 

we denote the corresponding value of ACP by 9', we have 

««"'=iS <*> 

To find the time of a small oscillation about this position let ^ be the angle 
^f displacement ; then, since 6 = 6' + ^, and ^ is very small, we have from (1) 

g = «• sin (9' + i,)^ (9' + ^) - ^ 

= — CO* sin« 0' . ^, nearly, by (4), 

Multiplying both sides by r, we have the tangential acceleration 

The motion is therefore harmonic, and from page 106, Vol. I, Sinematiot, 
the time of oscillation is 

t = , (5) 

That there may be a position of equilibrium other than the highest or 
lowest point, we must have by (4) 



<»> 



<4- 



We see then from (5) that a small oscillation is always possible when thei© 
is a position of equilibrium other than the highest or lowest point. 



Digitized by VjOOQIC 



OHAPTEE X. 
KINETICS OF A SYSTEM. TRANSLATION. 

APPLICATION OF LAW OF ENERGY. BXTEKNAL AND INTERNAL FORCES. CON* 
SERVATION OF CENTRE OF MASS. CONSERVATION OF MOMENTXTM. CON- 
SERVATION OF MOMENTS. CONSERVATION OF AREAS. IMPACT. DIRECT 
CENTRAL IMPACT. INELASTIC IMPACT. ELASTIC IMPACT. EARTH CON- 
SOLIDATION. PILE-DRIVING. OBLIQUE CENTRAL IMPACT. FRICTION OF" 
IMPACT. STRENGTH OF IMPACT. IMPACT OF BEAMS. 

Application of Law of Energy. — We have seen (page 87) that the 
gain or loss of energy of a particle is equal to the work done by or 
against the non-conservative forces acting on that particle. Hence 
for a system of particles the gain or loss of energy of the system 
must be equal to the algebraic sum of the works done by or against 
the non-conservative forces acting upon all the particles of the 
system. The law of energy then applies to systems of particles. 

External and Internal Forces.— The forces acting on a system of 
particles may be divided into two classes, those acting between the 
particles of a system and external bodies, called external forces, 
and those acting between the particles of the systems themselves, 
called internal forces. The internal forces may be mutual attrac- 
tions, explosive forces, reactions exerted during collision, or the 
stresses or tensions in connecting strings. 

The internal forces between any two particles of a system must 
always be equal in magnitude and opposite in direction. 

Conservation of Centre of Mass The motion of the centre of 

mass of a s^frstem is the same as if all the forces were applied with- 
out change in magnitude or direction to a particle of mass equal to 
the mass of the system placed at the centre of mass (page 75, Vol. 
11, Statics). 

But since the internal forces between any two particles of a sys- 
tem are equal and opposite, they can have no effect upon the motion 
of the centre of mass. 

Tfie motion of the centre of mass of any system is unaffected by 
internal forces between the particles of that system. 

This IS called the principle of '* conservation of the centre of 
mass.^^ 

ConseiVation of Momentum. — Let the particles mi, w«, ms, etc., 
of a system have velocities Vi, r«, Vs, etc., in any ^ven airection. 
Then u if is the combined mass of the system and Kthe velocity of 
the centre of mass in that direction, we must have by the preceaing 
principle the momentum (page 32) MV of the system equal to the 
algebraic sum of the momentum of every particle, or 

MV = miVi + m^Vi -f msVt -f . . . = Smv, 

141 
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Now, since the motion of the centre of mass is unaffected by 
internal forces, it follows that 

The momentum of any system is unaffected by internal forces 
between the particles of that system, and is always equal to the 
algebraic sum of the momentum of the particles. 

This is called the principle of ** conservation of momentum." 

Conservation of Moments. — The force acting upon any particle 
of a system is the resultant of the external and internal forces act- 
ing on that particle. If we take any point as a point of moment, 
the moment of this resultant is equal to the algebraic sum of its 
components. But since the internal forces between any two parti- 
cles of a system are equal in magnitude and opposite m direction, 
the algebraic sum of the moments of all the internal forces is zero. 

Hence, th^ algebraic sum of the moments of the forces acting 
upon all the particles of a system is not affected by the internal 
forces between the particles of that system, and is always equal to 
the algebraic sum of the moments of the external forces themselves. 

** This is called the principle of the ** conservation of moments." 

Conservation of Areas. — Let / be the acceleration of any particle 
of a system of mass m due to the external force acting upon it, and 
V the change of velocity in the direction of / in the indefinitely 

small time t. Then the external force is mf or —r-, ■ Let p be the 

lever-arm of the force with reference to any point of moments. 
-_ mvD 

Then the moment of the external force is mfp or — ^. This 

moment, as we have seen, is not affected by the internal forces of 
the system. 

But the moment vp of the velocity is equal to twice the areal 
velocity of the radius vector, and the moment /p of the acceleration 
is equal to twice the areal acceleration of the radius vector (page 
65, Vol. I, Kinematics). 

Hence the principle of conservation of moments may be stated 
as follows : 

The algebraic sum of the products of the masses of the particles 
of a system by the areal velocity or areal acceleration of each radius 
vector is unaffected by the internal forces. 

It follows that th^ areal velocity or the areal a^cceleration of the 
radium vector of any particle of a system is not affected by the in- 
temal forces of the system,. 

TYnB is called the principle of ** conservation of areas." 



EXAMPLES. 

(1) Two particles of mxisses mi and m^^ at a distance Si are ini- 
tially at rest on a smooth horizontal plane, and attra^^t each other 
with uniform force. After a time t the greater mass m% has a 
velocity Vt. Find the velocity Vi of the m>ass mi, ths internal force, 
the distance s apart at the end of the time t, and the position of the 
centre of mass. 

Ans. Let j) be the velocity of the centre of mass. Then, since there are no 
external forces and Vi and v^ are opposite in direction, we have by the con- 
servation of momentum 

{m-^fiiiyD = wiiDi — tniVf 

But the centre of mass is originally at rest, and, since there are no extemiJ 



Digitized by VjOOQIC 



CHAP. X.] COKSEBYATION OF CENTRE OF MASS. 143 

forces, by the conservation of the centre of mass it must remain at rest. Hence 
t} = 0, and 

miVi — mtVt = 0, or Di = . 

fill 

Since the internal force is uniform, the distance passed over bj mi is 

^^, and by Wj, -^L The distance apart is then 

.=..-•45. 

The internal force is —J-- or— J-* poundals. Since these forces are equal 
» « 

and opposite, we have 

— — - = 0, or, as before, itix'Ox — m%'o% = 0. 

% t 

The distance of the centre of mass from mi at the start is r^ — «j, and 

mi -f- m% 

- mi Aj. 2.1. ji ^^ .mi 

fromTWa, ; «i. At the end, ; s and ; «. 

wii H- wia mi-\- 7»a mi 4- w»» 

If mi = 50 lbs., mt = 100 lbs., «, = 10 ft. per sec., t = 1/20 sec, «i = 3 
ft., we have 

Vi = 20 ft. per sec, s = 2.25, force = 50 poundals, distance of centre of 
mass from mi and 7ns at start 2 ft. and 1 ft., and at end 1.5 ft. and 0.75 ft. 

(2) In the preceding example suppose the particles have an initial 
angular velocity about the centre of mass of <»i radians per sec. 
Find the final angular velocity od. 

Ads. Let Vi be the distance of mi from the centre of mass at the start, and 
T its distance at the end. Then the areal velocity of the radius vector at the 
start is ri'flOi , and at the endr'cw. There are no external forces, and by the con- 
servation of areas the areal velocity of the radius vector is not affected by inter- 
nal forces. We have then 

r'fi} = ri'<»i, or CO = —r-00. 
From the preceding example, 9*1 = — -^ — «i and r = * 



mi + m% mi + m% 

Hence 



-^OOi. 



Taking the numerical values of the preceding example, 
3» 9 



2.25«^* "■ 5.0625^* ~ ^*"'*' 

We see then that tlie angular velaeity increases as the pa/rtieles approach the 
centre of mass, 

(3) What effect has the bursting of a bomb upon the motion of its 
centre of m^ass f 

Ans. None whatever. By the law of conservation of the centre of mass, 
the motion of the centre of mass of the system, neglecting all resistances of the 
air, etc. , and all external forces, is not affected. 

(4) A projectile of mass mi is thrown with a velocity Vi from a 
cannon of ma^s m«. Find the velocity of recoil of the cannon. 
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Ans. The motion of the centie of mass of the system is not affected by the 
explosion. We have then, since the velocities are in different directions, 

miVi — nitVt = 0, or «j = — «i. 

See also example 20, page 64. 

(5) Two maasea P and Q hang over a smooth pulley by means of 
a perfectly flexible inextensiblQ string vnthout mass. Disregarding 
the mass of the pulley, find the motion. {The student should com- 
pare with the solutions of pages 8 and 63.) 

Ans. Let a be the radius of the pulley and P the larger mass. By the con- 
servation of moments the algebraic sum of the moments, 
of the forces acting upon all the particles is unaffected 
by internal forces and equal to the algebraic sum of the 
moments of the external forces. 
^^±^>^ The external forces are Pg and Qg acting down and 

/^ >>. the reaction B acting up at the centre of the pulley. 

I „\ Let / be the acceleration of P and Q. Then the forces 

acting on the particles are Pf acting down and Qf act- 
ing up. If then we take G as the centre of moments 
we have 



V 



- iya - C/« = - Pgfi + Qga* 






/= 



(P-QH/ 
P+Q ' 



The tension of the string on the left is Q(g — f), and 
of the string on the right P(ff — f), (See example !„ 
page 53.) 
The reaction B is then 

S=Q(s+j) + P(p-f). 

If then we take moments about B, we have 

— QfX2az=:Qgx2a^Ba. 

If we take moments about A, we have 

— PfX^a = -I^X2a + Ba, 

If we substitute the value of B, we have in both cases, just as before, 

^ ( P-'Q)g 

^- P+Q • 

(6) In the preceding example take friction 6f the axle into 
account (See Example 5, page 77.) 

Impact. — When two moving bodies come in collision the straight 
line normal to the surfaces at the point of contact is the line of 
impact. If the centre of mass of the two bodies is upon this 
line, the impact is called central impact; if not, we have eccentric 
impact. 

When we consider the direction of motion, we can distinguish 
direct impact when the line of impact coincides with the direction. 
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of motion, and oblique impact when the line of .impact does not 
coincide with the direction of motion. fio. 2. 

Thus in Fig. 1 if the two 
bodies move in the directions Ui 
and Ma we have oblique central 
impact, and in Fig. 2 we have 
oblique eccentric impact. If in 
Fig.l the directions of motion Ui 
and M« coincided with Cid we 
should have direct central im- 
pact. If in Fig. 2 the direc- 
tion of motion Ui coincided 
with CiN, and Uu were parallel, 
we should have direct eccentric impact. 

Direct Central Impact— General Equation. — We can evidently 
consider the bodies in direct central impact as x)a'i*ticles. Let mi 
and Ui be the mass and initial velocity of one particle before impact 
and ma and ua the mass and initial velocity of the other before 
impact. Let ui be greater than wa and in the same direction. Let 
the direction of ui be positive, the opposite direction negative. 

When the particles meet there is a short interval of compression, 
at the end of which both masses have the common velocity v. If 







-►•111 



00 



^ 



-•-«1 



-*^ 



e-.. G- 



mi 



m« 



the particles are inelastic they remain in contact with this velocity. 
If they are elastic there is another short interval of expansion, at 
the end of which mi has the final velocity Vi less than Wi, and ma 
the final velocity Va greater than Wa. All velocities in any given 
direction, as the direction of Mi, are to be taken as positive and in 
the opposite direction negative. 

Now by the principle of conservation of centre of mass, since 
there are no external forces, the motion of the centre of mass is 
unaffected by impact and is constant both before, during and after 
impact. Also by the principle of conservation of momentum the 
momentum of the system is always equal to the algebraic sum of 
the momentum of the particles. 

We have then before impact, if v is the velocity of the centre 
of mass, which must be the same as the common velocity at the 
end of compression, 

mxUi + maWa = (mi -i- ma)t?, (1) 

and after impact 

niiVi + maVa = (mi + ma)r (2) 

From (1) and (2) we have for the common velocity of the bodies 
at the end of the period of compression, or the uniform velocity of 
the centre of mass, 



r= ■ 



miWi + maiia miV. 4- m^Vi 



mi + ma 



mi + ma 



(3) 
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Hence 

or [ a) 

miUi — niiVi = niiVa — mates. ) 
That is, 

the momentum before equals the momentum, after impact^ or 
the momentum lost by one body equals the m^omentum gained by 
the other. 

In equations (I) velocities opposite in direction to Wi are to be 
taken as negative. 

Compression and Compressive Stress. — Let the cross-section of the 
, bodies be Ai and Aa, their lengths h and 

Za, and coefficients of elasticity Ei and 
Et, Then if the limit of elasticity is not 
^* exceeded we have by the law of elasti- 
city (page 281, Vol. II, Statics) ^ for the 
compressive strains, 

Fix ^ _ Fl, 



=T^^.. 



■ A^Ei' '''• ~ A^E ' 

where F is the compressive stress between the two bodies. 
For the sake of simplicity we can put 

F AxEi F A^Et „ 

AE 
We can call the quantity — =— the hardness of a body. 

The ** hardness " of a body, then, is measured by the ratio of the 
stress in pounds to the resulting strain in inches or feet, provided 
the limit of elasticity is not exceeded. It is given then in pounds 
per inch or pounds per foot. We have then, in general, 

^•=i' ^•=f' <»> 

where Hi and Ha are the hardness of the bodies as given by equa- 
tions (4), F the compressive stress between them, and Ax , A, the 
respective compressive strains. 

We have then for the total compressive strain 

A. + A. = :^j^J', (6) 

and for the compressive stress 

i^=^~^^(^i + A.). ...... (7) 

Since the work of compression is one half the product of stress 
and strain (page 281, Vol. II, Statics), we have for the loss of en- 
ergy during compression. 

li.(.. + .,= _J^..+A,,. (8) 

Now El and Ea are ^iven in our Table fpage 290, Vol. II, Statics) 
in pounds per square inch. If then we always take Ai and A, in 
square inches, AiEi and Aaj^a will always give pounds. If we 
then always take li and U in feet, we shall have Hi and Hq in 
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terms of pounds pwrfoot. If then we take Ai and Aa in feet, equa- 
tion (8) gives the loss of energy in foot-pounds. To reduce to foot- 
Eoundals, we must then multiply by gf in ft.-per-sec. per sec. We 
ave then for the loss of energy during compression, in foot- 
poundalSy 

|i^fl'(A. + ^) = 2^^|^^a. + w (9) 

But we also have for the loss of energy during compression, in foot- 
poundalSy 

-^Fgi^^i + Aa) = ^niiui* + gmatia" — -(nil + m^t;*. 
Inserting the value of v from (3), this becomes 

Equating this to (9), we obtain for the total compressive strain 



om (7) 



also from (5) 

, . xi/ WiWla Hi 

A. = (til - u,)y ^^;f^^^;^ . mHi-THTy ^ 



(IV) 



In all these three equations Ai and A, are in feet, F in poimds, 
Ui and Wa in ft. ijer sec, a in ft.-per-sec. per sec, nii and ma in pounds, 
and Hi and jETs in pounds per foot. That is, Ei and E^ are taken in 
poimds per square inch from our Table (page 290, Vol. II, Statica)^ 
Ai and A^ are taken in square inches, andZi and U in feet. If th 
has a direction opposite to Wi it is to be taken as negative. 

Modnlns of Elasticity. — Let F be the compressive stress upon a 
body and A the corresponding strain. When F is removed the 
body expands. Let then F' be the stress of restitution and A' its 

F^ 
corresponding strain. The ratio -pi of the stress of restitution to 

the stress of compression is found by experiment to be a constant 
for any given material, as lon^ as the limit of elasticity is not ex- 
ceeded. This ratio we denote oy e and call the modnlns of elasticity. 
But if the limit of elasticity is not exceeded, the stress and strcdn 
are proportional. We have then 

F' A' 
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If the body is perfectly elastic, F^ = F and A' = A, or the body 
perfectly recovers its original dimensions. We have then e = 1. 
If the Dodj is non-elastic, i^' = and A' = 0, and e = 0. For im- 
perfectly elastic bodies e is less than 1 and A' less than A, and the 
Dody does not completely recover its original dimensions. 

Imperfectly Elastic Impact.— When two bodies come into col- 
lision let jP be the stress during compression and Ai, A,, the corre- 
sponding strains. Let the respective stresses of restitution during 
the period of expansion be Fi' and F^, and A,', A,' the respective 
strains. Let ei and e* be the respective moduli of elasticity. Then 
we have 

Fi' A/ ^ F,' A,' 

— = -=.. and ■^=X7 = ^- 

Hence 

Fi'Xi = ei^FXi and F.'A,' = et*FXt (10) 

The loss of energy during the entire period of impact is then« 
since work equals one half the product of stress and strain (page 
281, Vol. II, Statics), from (10), 

|f(Ai + A.) - Ifi'A,' - |f.'A,' = |f[(1 - ei«)Ai + (1 - e,')A,] ; 



or, since from (6) 



F F 

A,= -, A. = g., 



we have for the loss of energy L during the entire period of impact 

If we take jP in pounds and Hi , ^a in pounds per foot, this is 
the loss of energy in foot-pounds. For the loss of energy in f oot- 
poundal, then, we have 

or, if we insert the value of jP from (III), 

(ui — u^y ntinii HiHi F I — Ci* , l--g«*" 1 rcr\ 

-^- 2 *mx+m, ITi + aL Hi "^ Ha J ^^ 

But this loss of energy is also given in f oot-poundals by 

L = -miUi* + - maWa* — gWiVi* — gmaUa*. 
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Equating then these two expressions, we have 
1,1, 

1 1 , (wi — w»)' mima (1 - ei*)a + (1 — e^^Hi 

2 2 2 mi + ma iii + xi» 

If we eliminate t?a and Vi by (I), viz., 

miVi + mat?« = niiUi + mat** , 



we obtain 

ma 



Ml — t?i = (Ui — Wa) 



mi + ma 



Va — tfc« = (Wi — t«a)= ; 1 + y IT , ZT — 

^ mi + maL III + Hi J 



(VI) 



In equations (VI) we take mi and ma in pounds. Hi and H^ in 
pounds per foot and Wi , tia , Vi , Va in feet per second. Velocities in 
the direction of Ui are positive, in the opposite direction negative. 
If the bodies are non-elastic ei = 0, ea = 0. If the bodies are 



perfectly elastic Ci = 6a = 1. If the two bodies are of the same 
^material ei = ea = e and we have 

.... (VII) 



.(1 + e)ma 

t?, = w, — (wi — Ui) ; 

mi + ma 

(1 + e)mi 



t?a = Wa + (Wi — tea) 



mi + ma 



Experimental Determination of Modulus of Elasticity. — Let the 
mass ma be rigdly fixed so that t«a = 0, t;a = 0. Then from the second 
of equations (VI) ma = oo and from the first of equations (VI) we have 

Ui 

If then we cause a sphere of mass mi to fall from a height h 
upon a rigidly supported fiat mass ma of the same material, a nd if 
it bounds back to a height h\ we have t*i = i^2gha.nd Vi = — V2gh'. 
Hence 



Vh ^ h 

We can thus determine the modulus of elasticity for various 
materials. 

We have thus the average values : 

cast iron, e = 1, nearly; 

glass, e = 15/16; 

ivory, e = 8/9; 

cork, steel, e = 6/9 ; 

clay, wood, « = 0, nearly. 
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Non-elastic Impact.— The preceding formulas (I) to (VII) are 
general and include all special cases. 

For non-elastic impact equations (I), page 146, and (EC) to (lY), 
page 147, hold good without change; ana since ei = 0, es = 0, equa- 
tions (VI), page 149, become 

niiUi + miU% 
t?, = V, = V = — , (1) 

Wli -f- Wla 

and the bodies move together after impact with the common ve- 
locity t?. The loss of energy we have already found (page 147) 
equad to 

J. _ mim,(tii - u^y .g. 

?flf(wii + m,) ^^ 

infoot-pounda. 

We call ^'^* the harmonic mean between wii and mt. 
mi + w» 

Hence, the loss of energy during the impact of two inelastic 
bodies is equal to the prodttct of the harmonic mean of the two 
masses ana the height due to the difference of their velocities. 

If the mass ma is at rest, the loss of energy becomes in f oot- 
poimds 

|. mim^ tti' 

"" mi + Wa * 2g ' 

and if the moving mass mi is very great compared to the mass m» 
at rest this becomes 

ma-—. 

2g 
We have from equation (1) 

miiUi — 1?) = ma(t? — tta), 

or the momentum lost equals the momentum gained ; and also from 
equation (1), for the loss and gain of velocity, 

ma(Wi — • Wa) mi(Ui — t*a) 
Ui-V= ^ . , t?-^a= ^ ^ - • • . (3) 

mi -|- ma mi + ma 

The energy lost, then, is evidently given in foot-pounds by 

rr-mi(Wi - Vy + r-ma(Wa — 1?)*. 

2g 2g 

Special Cases. —If the mass ma is at rest, we have Ua = d and 

miWi _ mima Mi* 

V = , L = -— . 

mi -h m, mi -H ma 2g 

If the bodies move towards each other, Wa is negative and 

^ miUi — m^Ui ___ mima (wi + Wa)' 
"~ mi + ma ' ~ mi -h ma 2g 
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In this case, if the momenta of the bodies are equal, or miUi = 
maWa, t; = 0, or the bodies come to rest. If, on the contrary, the 
masses are equal, we have 

ui — U2 m (ui + th)* 

If the bodies move in the same direction and the mas3of the one 
in advance, ma, is infinitely great, we have 

mi(Wi — Ma)' 



t? = Wa, Zr = - 



29 



or the velocity of the infinitely great body is not changed by the 
impact. If the infinitely great mass is at rest, or t^ = 0, we have 

u=0, L = 



2g ' 

and the infinitely great body remains at rest, while the impinging 
body loses its velocity entirely. 

perfectly Elastic Impact. — Equations (I), page 146, and (II) to 
(IV), page 147, hold good without change; and since for perfectly 
elastic bodies ei = 1, Ca = 1, equations (VI), page 149, become 



2ma(Mi — Ui) 

^* = ^^ m. + ma ' 

^l(t«l— Wa) 



t>a = Wa + 



mi + ma 



(1) 



The loss of energy, we see from equation (V), pa^ 148, is zero. 
That is, there is no toaa of energy in perfectly elaatto impaet. 
We have then 

1 ,1 a 1 a 1 a ^ 

gmitti* + gmaWa* — -pniVi* — -^iVi^ = 0, 
or 

mi(t*i' — Vi') = ma(t?a' — «a*). 

But since from (I), page 146, we have 

mi(Ui — Vi) = ma(t?a — th\ 

we have, by eliminating mi and ma , 

Ml' — Vi* Va' — t*a' 
Wi — Vi t?a — Ma 

or 

Ui—Ui = Vi — Vi, 

That is, tJie velocity of approach equals the velocity of sepOr 
ration. 

The loss and gain of velocity are then 

2ma(Mi - Ma) 2mi(Mi — Ma) 

^» — ^» = — 7:r~r^ — » Vjj - Mg = - — , . . (8) 

mi + ma ' * • mi + ma 
Ot twice as mv/ch as for non-elastic impact (page 150). 
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Special Cases.— If the mass ma is at rest, we have ti* = and 

Wi — Wa 2wti 

If the bodies move towards each other, Ui is negative and 
2mi{ui + u%) 2mi(ui + Ma) 

Vi=Ui ; , Vt = — Ma + ; . 

fill + ma mi + Wla 

In this case, if the momenta of the bodies are equal, or myUi = 
matia , we have 

t?i = — Ml , t;a = + Ma ; 

that is, the bodies after impact move in opposite directions with the 
same- velocities they originally had. If, on the contrary, the masses 
are equal, we have 

r, = - Ma , Va = Ml ; 

that is, each body returns with the same velocity that the other 
body had before impact. 

If the bodies move in the same direction, and the mass ma of the 
one in advance is infinitely great, we have 

ri=Ma, 

or the velocity of the infinitely great body is not changed by the 
impact. If the infinitely great body is at rest, or Ma = 0, we have 

t?i=— Wi, Va — 0; 

that is, the velocity of the impinging body is transformed into an 
equal opposite one. 

Earth Consolidation. — When a maul strikes a mass of soft earth 
it compresses it with a certain force F. Let d be the depth of pene- 
tration, and m the mass of the maul and h 
the height from which it is let fall. Then 
the energy of the maul before it is dropped 
I is mh. Smce this energy is expended in 

compression of the soil, we have 



jd F8 = mh, or F = 



s 



If we divide this force F by the cross- 
section A of the marl, we have for the unit force of compression 

_F^ mh 

The resistance F of soils to the penetration of a maul is generally 
variable and increases with the depth d of penetration. In many 
cases we may assume it to increase directly with the penetration. 
In such case we should have 

-F8 = mh, or F=-y-; 
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or 

F 2mh 
^"A" As ' 

or twice as much as before. 

If A is taken in square inches and a and h are taken in feet or 
inches, » is the number of pounds per square inch, resistance of the 
soil. Allowing a factor of safety of 10, we could then safely load 

the compacted soil up to —p. 

Pile-driving.— We see from equation (6), page 146, that where 
two bodies impinge the compression is given by 



a. + a.= (^ + ^)f. 



(1) 



where jP is the compressive stress between the bodies. A, the com- 
pression of one, Aa tne compression of the other, and Hi and ^i the 
hardness (page 146), so that 

AiEi A^E% 

-til = — J , xfa — J , {Z) 

where Ai and At are the areas of cross-section of the bodies, h and 

U their lengths, and Ei , Et their coefficients of elasticity. Since Ei 

and E7 are given in our table (page 290, Vol. II, Statics) in pounds 

per square inchy if we always »take Ai and At in square mches, 

AiEi and A^E^ will always give pounds. If then we take li and h 

in feet. Hi and ffa will be given in pounds per foot; and if we take 

F in pounds, equation (1) ^ves Ai + A9 in feet. 

If now the mass of the impinging body is wii and its velocity Ui , 

... , . miUi* 

its energy m foot-pounds is -^ — • 

If the other body is at rest its initial energy is zero. 

Since work is equal to one half the product of the stress and 
strain (page 281, Vol. II, Statics), we have for the work expended 
in compression 

If then a bolt or nail is struck by a hammer of mass mi, so long 

2g =2^ \Hi ^ hJ 

all the energy of the hammer is expended in compression and there 
is no penetration. If, however. 



as 

miUi 



miu 



^Hi-ir) 



2flr 

there will be penetration. 

The same holds for the driving of a pile. Let mi be the mass of 

the ram and h the height of fall = g-. Then the energy of the ram 
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is mih. Let d bo the depth of penetration and Xi + X^ the compres- 
sion of ram and pile, and F the compressive stress. Then we nave 

Fd + kF(^i + A,) = mih. 



Let mi be the mass of the pile. Then from equation (II), page 



Wi' 



147, we have f or Wa = and zr- = h, 

2g 



A, + A, = l/. 



2mimth Hi + H% 



mi + m%' HxH% 
Inserting this value of Ai + A, , we have 

vfiih 



F = 



d + /j 



miTiuh Hi + H^ 



(3) 



2(mi + Wa) HiH^ 



From equation (3) we can find the resistance of the pile by- 
measuring the distance of penetration d. 

Since the pile is wood and very long compared to the ram, and 
the ram is iron, Hi is very large compared to Hi , and we have ap- 
proximately 

H, + a ^ "^ hT 1 . ^ , 

^W' ^PProxmtiately. 



HiH, 



H, 



Hence we can write practically 

mih 



F=: 



d+i/: 



mitnth 



(4) 



2(mi + nh)H2 



where mi and ms are to be taken in pounds, h and d in feet or 
inches, and Hi in pounds per foot or inch. For wood we can take 
E% = 1600000 lbs. per sq. inch (page 290. Vol. II, Statics). 

If we take a factor of safety of 6 or 10 we can safely lo€ui the 

pile up to g- or j^ jP as given by (3) or (4). 

Obliqne Central Impact. — If the directions of motion wi , ut of 
the two bodies make the angles ^i, »< 
with the line of impact CiCt, we can re- 
solve each velocity into components Wi cos 
«! and Ug cos «g along the fine of impact 
and ui sin a, , w^ sin «« at right angles to 
this line. These latter are unchanged by 
the impact. As to the former, we have 
from equations (VII), page 149, if the two 
bodies are of the same material and e is the 
modulus of elasticity. 



,Ul ^«« 




Vi = Wi cos ai — (Ml cos ai — Wa cos at) 



ma(l + e ) 
mi + m.i ' 



, ^Wi(l + e) 

t?« = t^ cos ai + (Ml cos ai — Wa COS aj) ^, 

mi + mi J 



U) 
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where wi and ma are the masses of the two bodies and Vi , Vi are 
the final velocities along the line of impact Cid. 

From vi and ui sin cci we have for the velocity Wi of the first 
body after impact 



Wi = |/i?i* + ui^ sin" Oil , 
making an angle fii with Cid given by 

Ui sin ai 



tan/?i = 



Vi 



and for the velocity W2 of the second body after impact 



^» =Vva* +W3»sin'a,, 
making an angle /?» with CiCa given by 

Ui sin at 



tan A = 



Vi 



(2) 



(3) 



(4) 



(6) 



•|... 



(6) 



If the mass nh is infinitely great and at rest we have ma = qo ^ 
t*« = 0, and from (1) 

Ui = — eui cos ai 

t?a = 0, 

and from (2) and (4), ti^a = 0, 

Wi = Vui\8m^ «! + e* cos" aO, . (7) 
making the angle /?i with Cid given by 

sin ai 1 

tan 01 = — = tan cti, (S) 

^ e cos (Xi e • ^^ 

For inelastic bodies e = 0, and for perfectly elastic bodies e = 1. 

For inelastic bodies, then, from (6), (7) and (8), Vi = 0, Wi = 
tfci sin «i , tan /Ji = 00 , or /? = 90°. That is, the velocity along the 
line of impact is completely annihilated and that at ri^ht angles is 
unchanged, and the Dody; moves after impact in the direction CiF 
at right angles to CiCa with the velocity ui sin ^i. 

For perfectly elastic bodies t?i = — Wi cos a, , wi = Uj, tan /?, 
= — tan ex I, or fii = — ai. That is, the velocity along the line of 
impact is changed into an equal and opposite one, and the angle of 
incidence ai is equal to the angle of reflection fiu The body moves 
after impact in tne direction CiG so that the aiigle NC^G = a^. 

For imperfect elasticity we have from (8) 




e = — 



tan ai 
taiuS;' 



or the modulus of elasticity is equal to the ratio of the tangent of 
the angle of incidence to the tangent of the angle of reflection. 
We have then for perfect elasticity NGi = NGj and for imperfect 

elasticity -j^ = e. 
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Friction of Obliqne Central Impact. — ^The pressure between the 
<K)lliding bodies gives rise to friction. If P is the pressure due to 
impact, F the fnction and m the coefficient of friction, then we have 

Let the mass of the impinging bodv be mi, and the initial and 
final velocity along the line of impact be ui and Vi , and t be the 
time of impact. Tnen we have for the impvlse (page 31) 

Ft = mi{ui — Vi), or P = 1 . 

Hence the friction is 

„ umiiui — Vi) Ft ^ . ^^ 

F = ^ -, or — = fjL(Ux - vi). ... a) 

Oliatis, 

the in* pulse of the friction divided by the mass is equal to /i times 
the change of velocity alona the line of impact, or 

the change of velocity ane to friction at right angles to the line 
of impact is equal to m times the change of velocity along the line of 
impact. 

This change of velocity is always a retardation, since friction is 
a retarding force. 

Thus if a mass mi falls vertically with a velocity Wi upon a 
horizontal sled of mass mi moving with the velocity Ui , and if the 
velocity ux is entirely lost by the collision, we have for the friction 

_ umiUi 



But the retarding force during the time t for both masses 
in contact is also 



__ (mi + ma)wi 

X' = T • 



Hence we have 



^1 

«*=^;;m^«' ^2) 

If a body of mass mi strikes an immovable mass of the same 
material with a velocity U\ at an angle at, 
we have from equation (1), page 154, for 
the change of velocity along the line of 
impact, since w« = 0, ma = oo , 

Wi cos ai — Vi = Ux cos ai(l + e). 

Hence, the change of velocity due to 
friction is 

fjLUx cos ai(l + e), 

and after impact the component Ux sin ax 
becomes 

Ux sin ai — fiui cos ai(l + e) = [sin ai — /« cos ai(l + e)]t«i. (8) 
For perfectly elastic bodies 6 = 1 and (3) becomes 
(sin ax — 2fi cos ai)fix , 
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and for inelastic bodies 

(sin a, — >u cos (Xi)uu 

The friction often causes bodies to turn around their centres of 
mass, or if before impact a motion of rotation exists, that motion 
is changed. Let R be the radius of a round body, coi its initial and 
a> its final angular velocity during the time t of impaxst. Then the 
initial and final velocity of any particle at a distance r from the 
centre of mass will be rooi and roo. The change of velocity will be 

r((» — <»i), the acceleration 1 , and the particle force, if m is 

fn,r(oo — <»i) 
the mass of the particl^, is then r . The moment of this 

particle force is ^^-r ^, and the sum of the moments of all 

the particle forces is then 

00 — 001 

But (page 170) Smr^ is the moment of inertia / of a body, and 
hence the sum of the moments of all the particle forces is 

»— COl_ _ 

i •^' 

The change of velocity of the body of mass mi due to friction, 

we have just seen, is mui cos a,(i + e). Its acceleration is then 

MUi cos ai(l + e) , ^, - ..' J.' .XI. 
j-^ , and the force of friction is then 

MtniUi cos q:i(1 -f e) 
t 
The moment of this force is then 

MRmiUi cos Q^i(l + e) 
t 

Now by the principle of conservation of moments (page 142) 
the sum of the moments of the particle forces is equal to the 
moment of the friction. 

Hence we have 

MRmiUi cos ai(l + e) ... 

00 — 00 1 = Y W 

Equation (4) gives the change of angular velocity. For the 
change of linear velocity at the circumference we have 

^, ^ uF^ntiUi cos ax(l + e) 
K{oo — ooi) = J , 

or, since / = WiiCj, where k is the radius of gyration (page 176), 

B{(o — a?,) = /i — (1 + e)ui cos a,. .... (6) 

For a cylinder (page ITT) -j =2, and for a 8phere(page 178) - = -. 
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Strength of Impact. — Jjet the mass mi moving with the velocity 



itii 

1 



A 



U\ impinge on the mass fn« which is sup- 
ported by the rod AB of uniform cross- 
section A and length /. Let v be the velocity 
of both masses during impact. Then from 
equation (3), page 145, we have 

mitti 
V = 



"** and the work in foot pounds necessary to 
bring the combined masses to rest is 

W = -^mi + m%)tf = 



2flf 2g mx '\- m% 



a) 



til* 

where -:r-= ^ is the height of fall of mi. 

This work is equal to the work of stretching or compressing the 

rod, or equal to ^FX^ where F is the stress of impact and X the 

strain, since work is equal to one half the product of stress and 
strain (page 281, Vol. II, Statics). But (page 281, Vol. II, Statics) 
within the limit of elasticity we have 

^=-z~ ® 

where E is the coefficient of elasticity. Hence 

1 EAV_1n^h 

2^^''2r^mx^m.' ®> 

or 



f vn., -L wk^ ' W.A ^ ' 



mx +m% EA' 

From (4) we can find the strain A of the rod caused by the im- 

5t. If the rod is strained up 

m (2), by putting F = ScA, 



pact. If the rod is strained up to the limit of elasticity Se , we have 
fro] 



and hence from (3) 



Sd 

*=^5 (») 



Tr=, » Al = - 



2E mx + tui 

But Al is the volume of the rod F. The velocity of impact 

ux = V2gh 

which is necessary to strain the rod up to the limit of elasticity is 
then given by 

mijMn, Se' ^ 
^=-li^?~'2E'^' ^^^ 
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The quantity ^ is the coefficient of resilience (page 282, Vol. II, 

Statics). 

We see from (6) that the greater the volume or mass of the rod 
the greater the blow it can bear. Hence the inass of bodies sub- 
jected to impact should be made as great as possible. 

Since mi and wa fall during impact through the distance A, we 
have more correctly 

W= ; + (mi + maU; 

mi + ma ^ ' 

and hence, instead of (6), we have 

mi + ma &' (mi + ma)' Set ,^ 

mi'' 2JS7 mi" ' E ^^^ 

If, finally, we wish to take into consideration the mass ma of the 
rod, we have, since its centre of mass moves through the distance 

k 



w= ""''^ 



+ (mi + Wla + o"W")^» 



mi + ma + ms 
and hence, instead of (6), we have 

^ mi+ma + m. 5/ ^ (mi -f m. - f m,) (m, + m a + ^,) ^^^ 
''= ^7 2e'^ ^^ 'W' ^^^ 

If a mass mi moving with a velocity wi puts in motion another 
mass ma by means of a chain or rope, we have in the same way for 



mi 



hOzzQ^ \CtzQL 



ftit 



the velocity of both bodies during impact 

mitii 
mi + ma ' 



v = 



and the work in foot-pounds expended in stretching the rope or 
chain is 

.^ 1 . 1 , , . mima Wi* mima , 

2g 2g mi + ma 2g mi -H ma 

Wi* 

where /i, = -r— = the height due to the velocity. 

We have then, if the chain or rope is stretched to the limit of 
elasticity Se , 

&' - , _ mima , 
2E''^^-' mi+ma^' 
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where A is the cross-section and I the length of the chain or rope. 
Hence 

mj^M»! g 

mima 2E 

where Fis the volume of the chain or rope. 

[Impact of Beams. — Let a mass mx fall from a height h upon a beam 
AB of uniform cross-section A and span I, supported at the ends. 

Let 6 be the density of the beam and Fita 
volume. Then 



O"' 



^ 



h i- 



^ 



V^Al, 

and the mass ni% of the beam is 

m, = 5ilZ = <5F. .... (1) 

Let the mass mi strike the beam at the 

centre and let the equivalent mass of the 

beam concentrated at the centre be nm%. Let 

the velocity of the combined masses mi and nm^ at the centre of the beam 

during impact be Ve , and let the velocity of mi before impact be Uu Then 

we have from equation (8), page 145, 

mxUi 

and the work in foot-pounds necessary to bring the combined masses to 
rest is 

__ , . ^Vc* mx* tt,* mx^h 

3y mi + nm% 2g mi + nnh 

Ux* 

where hs= — \s the height of fall of mi. 

Let P be the pressure during impact and J the deflection at the centre. 
Then the work of deflection is ^^^y ^^^ ^^ have 

mx^h 1 
mi + nmi ""2 ^^ 

If the beam is strained up to the limit of elasticity J8e , we have, if 6 ia 
the distance of the most remote fibre from the neutral axis, tsom nace 326. 
YolU, Statics, *^* 

Sel PI ^ iSel 

_ = _ or P=-^, (4) 

where / is the moment of inertia of the cross-section of the beam, with 
reference to the neutral axis. 

From page 835, Vol. II, Statics, we have 

^^-fL ^J^ /irv 

~ 4SEI " 12€S' W 

where E is the coefficient of elasticity. 
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From (4) and (5) we have 

lpJ=?lB (6) 

We can subBtitute this value of —P^ in (3). It remains to find the 

equivalent mass nm% of the beam, considered as concentrated at the centre. 
Let the velocity of any point of the beam during impact be v and its 
deflection y. Then we have 

V y y 

The mass of an indefinitely small portion of the beam of length dx is 
^Adx^ and its energy is dAdaoj--. If then nm* is the equivalent mass at 
the centre, we have 

2g Jo 2g Jo ^* 2g' 

or 

dA 



From page 335, Vol. II, Statics^ we have 

P 



y 



^^ t/o 
we have 



12^/\ 



Hence we have 



nma = — =j- / ix^dx — -T^x^dx + — ZVcZa?). 

Performing the integration, we obtain 

17 17 17 

nm.^—6Al = —m., or n = ^. 

"We have then from (3) and (6) 

rrii^h Sell 



, 17 '^QEe^' 



(t) 



If, for instance, the cross-section of the beam is a rectangle of breadth 
b and depth d, we have (page 277, Vol. II, Statics) I = r^c?" and e = ^d. 
Hence for this case 



. 17 ~ 18^ ' 



or putting bdl =z V = the volume of the beam and VS = m^ , we have for 
the height of fall necessary to strain the beam to the limit of elasticity 



Se^mJmi + -gg^') 



^ im^ — ^^^ 
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EXAMPLES. 

(1) An inelastic body of mass mi = 60 pounds moving with a ve- 
locity o/ Ml = 7 feet per second impinges upon another of mass 
ma = 30 pounds moving in the same direction with a velocity of 
It, = Z feet per see. Find the velocity with which the two move on 
together after collision. 

Ana. 5^ ft. per sec. 

(2) In order to cause an inelastic body weighing 120 pounds to 
change its velocity from, li to 2 feet per sec., we let an inelastic body 
toeighing 50 pounds strike it. Pindthe velocity of the latter body, 

Ans. 8.3 ft. per sec. 

(3) Two inelastic m>asses of 3 and 5 tons impinge with velocities 
of 4 and 5.5 ft, per sec. respectively. Find their final velocity when 
they are moving in the same and in opposite directions. 

Ans. m feet per sec. ; 1|{ ft. per sec. in the direction of the larger 
velocity. 

(4) Two inelastic particles of 3 lbs. and 1 oz. are moving in op- 
posite directions ana impinge. The first has a velocity of 3i and 
the latter of 9 ft. per sec. In what direction do they move after im- 
pact f 

Ans. In the direction of the first with a velocity of 31/31 ft. per sec. 

(6) An inelastic particle whose mass is 16 lbs. moving with a ve- 
locity of 25 miles an hour impinges on another moving m the oppo- 
site direction. The two come to rest. If the mass of the latter were 
28 lbs., find its velocity. If the velocity of the latter were 66 ft. per 
sec,, find its mass. 

Ans. 14f miles per hour; 8f lb& 

(6) A number of inelastic balls of masses mi, m^, m», etc, mn, 
lie on a straight line at rest. If the first have a velocity of ui to- 
wards the others what will be the ultimate velocity of the balls f 

. rrtiUi 

Ans. Vn = 



Vrii -j- Wla -|- . . . Vfim 



(7) If in the preceding example the initial velocities are Ui, v^^ 
ns , . . Vm, find the ultimate velocity. 

. miUi + mtUi + ■ ■ ' ^^^n 

Ans. Vn = i i . 

nil -f- Wa ~r ' ' • ^» 

(8) A shot of 600 lbs. is fired from a 10-ton gunvnth a velocity of 
1000 feet per sec. If the mass of the powder be neglected, find the 
velocity of recoil. 

Ans. 26JJ ft. per sec. 

(9) An 1800-Z6. shot moving with a velocity of 2000 ft, per sec, 
strikes a 10-^on plate, passes through it and goes on with a velocity 
of 400 ft. per sec. If the plate be free to move, find its velocity, 

Ans. 128f ft. per sec. 

(10) Two perfectly elastic balls weighing 10 lbs. and 16 lbs. collide 
with the velocities 12 and 6 feet per sec. Find the loss and gain of 
velocity, and the velocities after collision^ if the velocities are in the 
sams and in opposite directions. 
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Ans. In the first case the final yelocities are t^i = -|- 4^ and v^ = -\- 10^ 
:ft. per sec. The first body loses then 7^ and the other gams 4/^ ft. per sec. 

In the second case the final velocities are «i = — 10^ and «j = + 7fJ ft. 
per sec. Ektch body then rebounds with these velocities. The first body loses 
i22^ and the other gains 13^ ft. per sec. 

(11) A number of perfectly elastic halls of masses mi , ma , ms . . . 
TTin lie on a straight fine at rest If the first have a velocity of Ui 
towards the others, find the velocities after impact. 

Asm. The velocity of the first is 

(«ii — fntyui 

«i = : • 

The velocity of any Intermediate ball is 

* ~" (wi + Wa)(wa +m») . . . (mn + nu+iY 
The velocity of the last ball is 



** (mi + WaX^a + Wa) . . . (m,»_i -f- W»)' 

(12) In the preceding example let there be four balls, the m<iss of 
the first mi , of the second ma = ami , of the third ma = ama = a'mi , 
of the fourth m* = ama = a'mi. 

1-a 2 4 8 

I + a 1 -\- a {1 -j- ay (1 4- a)' 

If, for example, the mass of each ball is one half that of the preoedmg, we 
have 

1 4 16 64 

(13) If in a machine 16 impa^cts per minute take place between 
the two inelastic masses mi = 1000 lbs, and ma = 1200 lbs. moving 
with velocities Wi = 5 and Ui = 2ft. per sec., find the loss of energy. 

16 (5 - 2)« 1000 X 1200 ^^o^ ^u 

(14) If two trains mi = 120000 lbs. and ma = 160000 lbs. come into 
collision with the opposite velocities ui = 20 and Wa = IS ft. per sec, 
find the loss of energy which is expended in the destruction of the 
cars, considering thmi as inelastic. 

(16) If an iron sledge of mass mi = 60 lbs., Zi = 6 inches long and 
-4.1 = 4 sq. inches area of face, strikes an immovable lead plate Za = 1 
inch thick and Az == 2 sq. inches area, with a velocity Ui = 60 ft. 
per sec., find the compression of the sledge and plate and the forc6 
of impact, taking Ex = 29000000, jE?a = 700000 lbs. per sq. in. 

Ans. We have for the hardness 

g=^ = ^^T^ =882000000 IbB. per ft; 
12 



Digitized by VjOOQIC 



164 Eunsncs of a sysirm— tbakslaxiok. [chap. z. 

The total oompiession is 



-k I 1 icA^/SO 388000000 + 16800000 -,^-«^ -,--,, ^ 
A, + A, = BO|/-. 38g7(K)0000000000 = 0.01g8 ft = 0.19 inch. 

The force of hnpect is 

and 

Ai = ^ = 0.00107 ft = 0.0128 in., 1, = ^ = 0.0147 ft. = 0.177 in. 

(16) Jn ^^ preceding example consider the sledge as petfecUff 
elastic and the plate as tneUistic, 

Ana. We have for the loes of velocity of the sledge 



Hence Vi = ~ 13 ft. per sec., or the sledge rebounds with this velocity. 

(17) What will he the velocities of tivo steel plates after impact 
if the velocities before impact are Ui = 10 and t«« = — 6/f. per see, 

and the masses mi = 30 Ibs^ ms = 40 Ibs.^ taking e = ^^ f 

Ana. ii,-i»i = (10 + 6)^(l + |) = 14.28a per sec 

Hence Vi = — 4.22 ft. per sec. , or the first plate rebounds with this velocity. 

e. - «, = (10 + 6)^(l + I) = 10.665 a per sec. 

Hence «« r= -|- 4.665 ft. per sec, or the second plate rebounds with this 
velocity. 

(18) Two halls mi = 30 lbs., mt = 50 lbs. strike each other toith 
the velocities Ui = 20 and ti% = 2B ft. per sec., making the angles 
with the line of impact a, = 21° 36' and or, = 66** 20'. Find the 
velocities after impact if the bodies are inelastic. 

Ans. til sin ai = 7.357 ft. per sec, it, sin a, = 22.710 ft. per sec; 

«, cos ai = 18.588 ** " " «, cos a, = 10.483 " " " 
Hence 

•, = 18.698 - (18.598 - 10.483)^ = 13.495 a per sec; 

oO 
«, = 10.433 + (18.598 - 10.433)^ = 13.495 " " " 
The resulting velocities are then 



«, = i/13.495« + 7.357» = 15.37 ft. per sec; 



to, = |/13.495« + 22.719» = 26.42 ** " " 
maWng the angles fii and /9, with the line of impact given lyy 

7 867 

^ 13.495 ^ 
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(19) A billiard-ball strikes the cushion with a velocity of Ui = 16 
ft, per sec,, the angle of incidence being «! = 45°. If e = 0.56 and 
the coefflcient of friction is m = 0.2, find the motion after impact. 

Ans. The velocity after impact along the line of impact is 

«, = — et*, cos a = - 0.55 X 15 cos 45" = — 5.838 ft. per sec. 
The velocity parallel to the cushion is 

«i sin «! — uui cos ai(l + e) = 7.319 ft. per sec. 
Hence the angle of reflection fii is given by 

**"'*• =S "' /»«=«•«', 

«iid the velocity after impact is 

6.883 « «. - 

The ball also acquires the velocity of rotation about a vertical through its 
•centre of mass of 

-/* X 1.55tti cos 45** = 8.22 ft. per sec. 
2 

If the ball rolls on the table without sliding, it has, besides its velocity t/i = 
15 ft. per sec. of translation, an equal velocity at the circumference, and this 
•cam be resolved into the components Ui sin ai = 10.607 ft. per sec. about an 
Axis normal to the cushion, and a component Ui cos cd = 10.607 ft. per sec. 
about an axis parallel to the cushion. The first component is unchanged by 
friction. The second component becomes changed by friction to 

Ui cos «! — -^{1 + e)Ui cos a, = 10.607 - 8.22 = 2.387 ft. per sec. 

(20) A matU whose tveight is 120 lbs. falls upon a mass of earth 
J^rom a height of 4 ft., and the earth is compressed one fourth of an 

inch by the last blow. The cross-section of the maul is 5/4 sq. ft. 
What weight will the earth sustain safely, taking a factor of safety 
o/lO? 

Ans. F- — = l?^><_t = 33040 lbs. The force per square foot is then 
48 

<QQ04/) 

^^—^ = 18432 lbs. per sq. ft. Taking 10 for a factor of safety, we have 1843.2 

T 

lbs. per sq. ft. 

(21) A pile whose cross-section is 1 sq. ft. and length 25 ft. and 
^mass 1200 lbs. is driven by the last tally of ten blows of a ram weigh- 
ing 2000 lbs. and falling Oft., 2 inches deeper. Taking the coefficient 
of elasticity of the pile E^ = 1560000 lbs. per sq. in., find the weight 
the pile can safely sustain for a factor of safety of 6. 

Ans. The hardness for the pile is 

g. = ^ = ^^X,^°«^ =8985600 lbs, per ft. 
1% 25 
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2 1 

The mean depth of penetration for one blow is -r^ inch = SR^' Hence 

^^« : = 8780001bB. 



eO + y 2(2 



2000 X 1200 X 6 



60^ r 2(2000 + 1200) X 8985600 

S78000 
For a factor of safety of 6 we have F= — - — = 68000 lbs. 

o 

(22) The two opposite suspension-rods of a suspension-bridge^ 
support a constant weight of 5000 pounds, which is increased by 600O 

pounds by a passing wagon. The coefficient of resilience ^ of 

wrought iron is 7 inch-lbs. per cubic inch (page 282, Voh II, Statics). 
The length of the rods is 200 inches and their cross-section 1. 6 sq. in. 
Find the height of fall to stretch the rods to the limit of elasticity, 

Ans. , ^ (8000 + ^)l^ X ^'^ X ^ = 1.28 inches. 

If, then, the wagon passes over an obstacle 1.3 inches high, the rods are in. 
danger of being stretched beyond the elastic limit. 

(23) Find the height from which a mass of 200 lbs. must fall in^ 
order that, striking the centre of a plate of cast iron 36 inches long, 
12 inches wide and 3 inches thick, supported at both ends, it may^ 
bend it to the elastic limit. 

Ans. If we take the coefficient of resilience (page 282, Vol. II, 8taties) 

8 ' 

^— = 1.2 inch-lbs. per cubic inch, 

we have, since d for cast iron is about 0.259 lb. per cubic inch and. 
F= 12 X 3 X 36 = 1296 cubic inches, 

mt=:VS = 335.7 pounds. 

We have then for the height of fall 



, = — ^ ^ ^^ I = 1.1 



-«^ «„ 57inches, 

185wi»j^ 
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KINETICS OF A RIGID BODY. 



OHAPTEE I. 
ROTATION ABOUT A FIXED AXIS. 

botation. plaitb op botation. impressed and effbctivb forces, 
d'alembert's principle, moment of effective forces, moment of 
inertia of a body. moment of momentum. moment of impulse, 
kinetic energy of rotation. analogy between equations for 
rotation and rectilinear motion. reduction of moment of in- 
ertia, reduction of mass. moment of inertia for rectangle, 
ellipse or ellipsoid. radius of gyration. centre of percus- 
sion, compound pendulum. impact of an oscillating body, 
ballistic pendulum. eccentric impact. torsion - pendulum, 
general formulas for rotation about a fixed axis. 

Botation. — ^We have proved (Vol. II, Statics, page 83) that when 

a body is acted upon by any forces, the motion of the centre of mass 

is the sams as if all the m^ass were collected at the centre of mass, 

. and all the forces were applied at that point parallel to their a^tiial 

directions. 

Thus far we have considered the motion of bodies without refer- 
ence to rotation. So far, then, as translation only is concerned, we 
have considered bodies as if they were particles and thus have 
treated of Kinetics of a Particle or Translation. 

But a body may have a motion of rotation only about a fixed 
c^is, and in the present Chapter we shall discuss such motion. 

Plane of Botation—Centre of Botation or Point of Suspension. — 
Let a rigid body rotate about a fixed axis, and let C be the centre of 
mass. 

If we pass a plane through C perpendicular to the axis, this plane 
is called the plane of rotation, and the intersection O of the axis 
with this plane is called the centre of rotation 
or point of suspension. All the external forces 
acting upon the body must reduce to a single 
resultant force in the plane of rotation. 

Impressed and Effective Forces. — ^The ex- 
ternal forces acting upon any body we call im- 
pressed forces. Thus any force acting upon 
the body due to the action of some other body 
is an impressed force, or force impressed upon the body. 

167 
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Every particle of a rigid body, since it must partake of the 
motion of the body, must be considered as acted upon by all the 
impressed forces, transferred to the particle without change in 
magnitude or direction. 

Every particle of a rigid body is also acted upon by all the other 
particles adjacent to it, that is, by the internal or molecular 
forces. 

If now we consider anv one particle by itself, uninfluenced there- 
fore by the impressed or by the molecular forces, there is a certain 
force which would make that particle move at any instant precisely 
as it did move at that instant when it formed a part of the rigid 
body. Thus, if its mass is m and its acceleration, when part of the 
rigid body, was/ in a certain direction, then this force is mf This 
we call the effective force on the particle. Each and every particle 
of the body considered as acted upon at any instant solelv hj its 
own effective force at that instant will move as part of the rigid 
body at that instant. 

D'Alembert's Principle. — We distinguish then external or im- 
pressed forces acting upon the rigid body, internal or molecular 
forces acting between the particles, and an effective force on each 
particle which, acting by itself, would make each particle move at 
any instant as part of the rigid body. 

Let us denote the resultant of the impressed forces by F and 
the resultant of the molecular forces by R, Then since a body 
cannot change its own motion, F is the cause of change of motion. 
Also F must be the resultant of R and all the effective forces. 

But since by Newton's third law (page 36) action and reaction 
between any two particles are equal and opposite, the internal or 
molecular forces between the particles form a system of forces in 
equilibrium and hence their resultant R is zero. 

Therefore F must be the resultant of all the effective forces. 
Hence if these effective forces are reversed in direction they will 
form with F a system of forces in equilibrium. 

We have then the following principle : 

The impressed forces acting upon a body and the reversed 
effective forces for all the particles of a body constitute a system 
of forces in equilibrium. 

This principle, stated by D^Alembert in 1742, is known as 
D'Alembert's Srinciple. It reduces any dynamic problem to one 
of static equilibrium between actual C impressed^') forces and 
fictitious {''reversed effective ^^) forces. 

Thus suppose the resultant of all the forces acting upon a body is a 
uniform force F, and that the body has a motion of translation in the 
direction of F, Then every particle of the body of mass m has the same 
acceleration / in the direction of F, The sum of the effective forces is 
then 2mf = f2m = Mf, where M is the mass of the body. Reversing 
the direction of these forces, we have for equilibrium 

F- M/==0 or F = Mf, 

which is the equation of force (page 2). 

Also F must act at the centre of the parallel forces mfor at the centre 
of mass. 

In order to apply D'Alembert's principle to a rotating body, we 
must evidently first be able to find the sum of the moments of the 
effective forces with reference to the axis of rotation. 

Moment of the Effective Forces — Rotation. — Let a rigid body 
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rotate about a fixed axis at O, perpendicular to the plane of the 
paper. Let C be the centre of mass. Pass a plane 
through the centre of mass C perpendicutar to 
the axis. 

Since the motion of the centre of mass is the 
same as if all the mass of the body were con- 
centrated at that point and all the impressed 
forces acted at that point (page 167), all t^ie com- 
ponents of the impressed forces which cause rota- 
tion must act in planes parallel to the plane through 
€ perpendicular to the axis. This plane (page J 67) 
is the plane of rotation, and its intersection O with 
the axis is the centre of rotation. 

Now consider any particle of the body at A, distant OA = r' 
from the axis, and let the mass of this particle be m and its linear 
acceleration be /. This particle moves in a circle whose radius 
is r' and whose plane is parallel to the plane of rotation. Its 
acceleration / can be resolved into the tangential acceleration 
Jt = r^ct^ where a is the angular acceleration of the body, and the 
normal acceleration fn = r'oo*, where go is the angular velocity of 
the body . The effective force is then mf and its tangential 
component is mft = mr^a and its normal component is mfn = 
mr'Go^, We have in like manner for each and every particle of 
the body a tangential effective force in the direction of motion 
mr'a^ and a deflecting effective force mr'ao^, where r' is the distance 
of the particle from the axis. 

Suppose these effective forces on each i)article reversed in direc- 
tion, so that fn acts away from the axis and ft opposite to the 
direction of motion. 

Then by D'Alembert's principle the im- 
pressed forces and all these reversed effec- 
tive forces must constitute a system of 
forces in equilibrium. 

Since the axis is fixed, the algebraic sum 
of the components of all the forces in each 
of any three rectangular directions must be 
zero. The first of the conditions for equi- 
librium for a system of forces acting upon 
a rigid body (Vol. II, Statics, page 85) is therefore necessarily 
fulfilled. 

In order that the second condition (Vol. II, Statics, page 85) 
may be fulfilled we must have the algebraic sum of the moments 
of all the forces about the axis equal to zero. 

Since the axis is fixed, the algebraic sum of the moments of the 
components of all the forces at right angles to the plane of rotation 
is zero. It remains to consider the components parallel to the 
plane of rotation. 

Let the components of the impressed forces parallel to the plane 
of rotation he Fi, F^, F», etc., and their lever-arms with reference 
to the axis be pi', pa', ps', etc. Then 2Fp' is the algebraic sum of 
the moments of the components of the impressed forces parallel 
to the plane of rotation. 

The moment of the effective force mf for a particle at A is equal 
to the algebraic sum of the moments of its components mft and 
rrrfn. But mfn passes through the axis and its moment is then zero. 
Hence the moment of mf about the axis is equal to the moment of 
mft = mr'a, or is equal to mr'a x r' = mr'Vr. The sum of the 
moments of all the effective forces about the axis is then Smr'^a, 
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Reversing them, we have for equilibrium by D'Alembert's principle 

2Fi>' — Smr'^a = 0, or ^mr'^a = SFp^, 
or, since for a rigid body a is the same for every particle, 

aSmr'^ = 2Fp'. 

Moment of Inertia of a Body. — The mass m of a particle mul- 
tiplied by the square of its distance r from a point, axis or plane is 
called the moment of inertia of the particle with respect to that point, 
axis or plane. 

The sum of the products wr** for all the particles of a body, or 
Smr'^, is called the moment of inertia of the Dody with reference to 
the axis at O.* The moment of inertia of a body with reference to 
any axis we denote in general by I\ and with reference to an axis 
through the centre of mass by I. 

We have then, n*om the preceding article, adopting this nota- 
tion, 

I'a^^Fp' (I) 

That is, when a body rotates about any axis, the algebraic sum 
of the moments of all the impressed forces vMh reference to thata^xis 
is equal to the moment of inertia^ of the body with reference to that 
axis, mtdtiplied by the angular acceleration of the body. 

The product la evidently gives the moment in poundal-feet 

For pound-feet we must divide by g. 



* If a is an elementary area^ 2ma* is the moment of inertia of the area. 
(Vol. II, Statics, page 272.) Hence, if ^ is the surface density, the values of 1 
given in Vol. II, multiplied by 6, will give the moments of inertia for material 
a/reas. 

f The term ** moment of inertia" is due to Euler. Euler used the term 
" inertia " as synonymous with mOfSS, The equation of force 

F-mf 

would then be read, in the terminology of Euler, 

Farce = **%7hertia " x linear acceUratian, 
In the equation 

2Fp = a^mr^, 

since 2Fp is the mamerit of the resultant force and a is the angular accelera- 
tion, Euler called the quantity Smr* *' moment of inertia," and thus obtained 
the analogous expression for rotation, 

'' moment af force = moment of inertia X angular acceleration" 

The term " moment of inertia " in modem scientific terminology is an im- 
proper expression. Inertia is a property of matter like color or hardness, and 
we cannot properly speak of ** moment of inertia " any more than of moment 
of color or hardness. The term ** second moment of mass " would more cor- 
rectly describe the product wr', and has been indeed used. The expression 
** moment of inertia," however, has become firmly established by long usage. 

The student, while using it, then, should consider it simply as a name for a 
quantity, mr^ or 2inr^, which occurs so frequently in dynamic problems that 
it is convenient to give it a special name. 
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Moment of Momentum. — ^We have called the product mv of the 
mass m of a body or particle by its linear velocity v the momentum 
of the body or particle (page 32), and we have illustrated by ex- 
amples, page 37, its signihcance and use. 

If the particle is moving in a circle of radius r' its velocity 
V = r'fij, where oo is the angular velocity. The momentum is then 
mv = mr'ao. If we multiply this by r' we have mvr' = the m<ym£nt 
of the momentum of the particle = mr'^oo. If we take the sum for 
fiill the particles of a rotating body we have 2mvr^ = moment of 
momentum = Smr^^oo, or, since oo is the same for all particles, 

2mvr' = mom^ent of m,omentum = oo2mr^^ = I'oo, . . (II> 

That is, when a body rotates about any aoda with the angular ve- 
locity c», the algebraic sum, of the m,oments of momentum for all the 
particles is equal to the m^oment of inertia of the body with reference 
to that axis^ multiplied by the angular velocity of the body. 

Moment of Impulse. — ^We have seen (page 31) that the product 
of a uniform force F by its time of action t, or Ft, is called the im- 
pulse of a force, and we have, denoting the impulse by +, 

^=zFt = m{v — i?i), 

where m is the mass of a particle and v and Vi its final and initial 
velocities. 

For a particle moving in a circle of radius r' we have v = rW 
and Vi = i^ooi , where oo and an are the final and initial angular ve- 
locities. If we multiply by r' we have then +r' = moment of imr 
pulse = mr"((»— GJi). It we take the sum for all the particles of 
a rotating body we have 

24yr' = moment of impulse = (od— ooi) 2mr" = T(go — cwi). (Ill) 

That is, when a body rotates about any axis and under the action 
of a tangential force of constant magnitude its angular velocity 
changes from ooi to ot>, the moment of the impulse is equal to the 
change of moment of momentimi ; or. 

Change of moment of momentum is equal to the moment of the 
impulse of the tangential forte of constant magnitude which causes 
it. (Compare page 34.) 

Kinetic Energy of a Rotating Body. — ^The kinetic energy of a 

particle of mass m and velocity v is -mv* (page 56). If the particle 
moves in a circle of radius r' we have v = r'a?, where go is the 
angular velocity, and hence the kinetic energy is « wr"(»^ If we 
take the sum for all the particles of a rotating body we have 

Kinetic energy = -oo^Smr^* = o ^'^'* • • • ^^^^ 

That is, the kinetic energy of a body rotating about any axis with 
the angular velocity go is equal to one half the moment of inertia of 
the body with reference to that axis multiplied by the square of the 
angular velocity. 

The product ^I'go* evidently gives the energy in foot-poundals. 

For foot-pounds we must divide by g. 
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Analogy between the Equations for Botation and Bectilinear 
Motion. — The student should not fail to note the analogy between 
the equations (I), (II), (III) and (IV) for rotation and the corre- 
sponding equations for rectilinear motion, and to recognize the 
part played by the quantity I' = Smr^, which we have called the 
*' moment of inertia'^ of the rotating body. 

llius for rectilinear motion 

F = mfy or Force in poimdals 

= (mass) X linear acceleration, (1) 

while for rotation 
^i^' = J'a, or mofnent of Force in poimdals 

(momentX 
of I X angular acceleration. ... (I) 
inertia / 

For rectilinear motion 

M = mv, or momentum 

= (mass) X Zmear velocity, (2) 

while for rotation 

2mvr' = I'cw, or moment of momentum 



Cn( 
ir 



oment\ 

of j X angular velocity (U) 

, inertia / 

For rectilinear motion 
<p = m(v — ri), or impulse 

= (mass) X change of linear velocity, ... (8) 
while for rotation 
Sipr' = I'{oo — (wi), or moment of impulse 

(momentX 
of ) X change of angular velocity. (Ill) 
inertia / 



For rectilinear motion 
1 
2 



E = ^mv^y or kinetic energy in foot-poundals 



= -(mass) X square of linear velocity, ... (4) 

while for rotation 

E = ^I'oD^y or kinetic energy in foot-poundals 

^ /momentX 
= 9 ( of ) X square of angular velocity. (IV) 
^ \ inertia / 
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We see then that in the equations for force, momentum and im- 
pulse for rectilinear motion, if we replace mass m bv moment of in- 
ertia T and linear acceleration and velocity / and Vi by angular 
acceleration or velocity a and <»i , we obtain moment of force, mo- 
mentum and impulse for rotation. Also in the equation for kinetic 
energy for rectilinear motion, if we replace mass oy moment of in- 
ertia and linear by angtUar velocity, we obtain kinetic energy for 
rotation. These formulas, together with D'Alembert's principle, 
reduce every problem of rotation to one of static equilibrium. 

Seduction of Moment of Inertia. — If lis the moment of inertia 
of a body with reference to an axis through the centre of mass, and 
r the moment of inertia with reference to any parallel axis at a 
distance d, then if if is the mass of the body, we can easily prove 
the relation 



That is, the moment of inertia of a body with reference to any 
axis is eqtuil to the moment of inertia with reference to a parallel 
axis through the centre of mass^ plus the product of the mass of the 
body by the square of the distance between the tivo a^es. 

This is called the theorem of moment of inertia for parallel axes. 
By means of it we can find J' for any axis, if I for a parallel axis 
through the centre of mass and the aistance d between these paral- 
lel axes are given. Or conversely, we can find J if J' and d are 
known. 

We can easily prove this theorem as follows : Let CZ be an axis 
through the centre of mass C, OZ' 
a parallel axis and d the perpen- 
dicular distance between these two 
axes. 

Let m be the mass of any par- 
ticle, r' its perpendicular distance 
mo from the axis 0Z\ r its perpen- 
dicular distance mc from the axis 
CZ, and B the angle of r with oc=d 
through the foot of these perpen- 
diculars. 

Then we have 



r = 2mr^ 
But 



and 1 = Smf*. 




Hence 



i^« ss: ^ + cP 4. 2rd cos e. 



2mr'^ = 2mr^ + d^^m + 2d2mr cos 0, 



But mr cos is the moment of m with reference to a plane TZ 
through the centre of mass. Hence 



We have then 



2mr cos 6 = 0. 

r = 1 + Md". 

Bednction of Mass. — Let a body rotate about a fixed axis 
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through the centre of rotation O perpendicular to the plane of the 
paper with an angular velocity on and an angular 
_JFL acceleration «, and let F be the resultant in the 

plane of rotation of all the external forces caus- 
ing rotation, and p its lever-arm. 
Then (page 170> we have 

Fp' = To: and 2mvr^ = Tw, 

where F is the moment of inertia of the body 
with reference to the axis at O, and 2mvr^ is tie 
moment of momentum of the body. 
tF Let A be any point of the bodv at a distance d 

from the axis at O. Its linear acceleration i&f = aa and its linear 
velocity is t? = doo. Suppose the entire body to be replaced by a 
single particle of mass Mx at A. Then the moment of the effective 
force of this particle Mxd^a must be equal to the sum of the 
moments Fa of the effective forces of all the particles of the body, 
and the moment of momentum of this particle Afid^c? must be equal 
to the moment of momentum I'gooI all the particles of the body. 
Hence we must have 




or in both cases 



Mxd^a = Ta and Mxd^oD = J'a), 



Mx = 



d«- 



That is, when a body rotates about any axis, we can reduce the 
body to an equivalent particle of mass Mx at any distance dfr<ym 
the axis, by dividing the moment of inertia of the body T with 
reference to this axis by the square of the distance. 

The moment of momentum and of the effective force of this 
single particle is the same as the moment of momentum and of the 
effective forces of all the particles of the body. 

The mass of this particle is called the reduced mass. 

Moment of Inertia for a Rectangle, Ellipse or Ellipsoid about an 
Axis of Symmetry through the Centre of Mass. — ^We shall show 
hereafter how to find the moment of inertia for any body. 

We give here without proof a simple rule which will enable the 
student to find at once the moment, of inertia with reference to an 
OMS of symmetry through the centre of mass, for a rectangle, ellipse 
or ellipsoid. This rule is as follows : 

/ 

about aais of sum of squ^ares of perpendicular semi-aoses 

symmetry > = JUass x — . 

through cen- rf, 4 or 5 
tre of mass 

The denominator 3, 4 or 5 is taken according as the body is 
rectangular, elliptical or ellipsoidal. 

(1) jRectangle and Right Parallelopipedon.— Thus for a rectan- 
gular area whose sides are 2a and 26, about the 
axis of symmetry -XX perpendicular to the side 
2a, we have, since a is the only perpendicular 
semi-axis, 

* 

Ix = mass . g-. 
For the axis of symmetry TY perpendicular 



Y 
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to 2b we have 



ly = mass . -TT- 



3" 



In both cases J is the same as for 1/3 of the mass concentrated at 
a comer. 

For the axis through the centre of mass C perpendicular to the 
plane we have the two perpendicular semi-axes a and 6, and hence 

a« + b' 
Iz = mass . — 5 — , 



or 1/3 of the mass concentrated at a corner. The same holds for a 
right parallelopipedon, since it is composed of an indefinitely large 
number of indefinitely thin rectangles. 

(2) Ellipse.— For an elliptical area let the semi-axes be a and 6. 

Then for axis XX, or major axis a, 

Ix = mass . ~r . 

4 



For axis FF, or minor axis 6, 
4* 



ly = mass . 




For axis through the centre of mass C 
perpendicular to the plane 

g^ + y 
Iz = mass . — -. . 

4 

This last holds for a right cylinder, since it is composed of an 
indefinitely lari^e number of indefinitely thin ellipses. 

For the special case of a circular area, a = b = r, and we have 
for any axis through the centre in the plane 

J = mass . —, 

and for axis through the centre at right angles to the plane 

Iz = mass . ~. 

This last holds for a right cylinder, since it is composed of an 
indefinitely large number of indefinitely thin circles. 

(3) Ellipsoid.—For an ellipsoid whose semi-axes are a, 6, c, we 
have for axis a 

Ix = mass . 

In the same way for axis b 

ly = mass . 
and for axis c 

Iz = mass . 





6 • 


a» 


+ c' 




6 ' 


a' 


+ 6' 
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For the special case of a sphere, a=:b = c = r^ and for any 
axis through the centre 

I = mass . -r*. 
o 

Moment of Inertia for a Hollow Disk. — Let the outer radius he 
ri and the inner radius n. 

Take the axis through the centre C at right 
angles to the plane of the disk. Let Mi he the 
mass of a sohd disk of radius ri, and M^ of a 
solid disk of radius n. Then from the preced- 
ing article we have for the moment of inertia 
of the hollow disk 

2 




Iz^Mx-ir-M^ -^. 



If d is the surface density We have Mi = *«ri*, M% = dnr^K 
Hence 

J« = ^(r.« - r.«) = -^(r.« - r.«)(r.» + r.«). 
But 6x{ri^ — r«*) = JIf = mass of the hollow disk. Hence 

This last holds for a hollow cylinder, since it is composed of an 
indefinitely large number of indefinitely thin disks. 
We have then 



Z, = Jy=^(r.« + r,«). 



Badius of (gyration. — We may conceive the mass of any body to 
be concentrated in a single point, so situated that the moment of 
inertia of this point with reference to any axis is the same as for 
the body itself with reference to the same axis. The distance of 
this pomt from the axis is called the radins of gjrration for that 
axis. 

The radius of gyration of a body for any axis, then, is the dis- 
tance from the axis to a point at which if the entire mass tvere con- 
centrated its mom^ent of inertia would he the same as that of the body 
itself with reference to the same axis. 

Let K* = the radius of gyration for any axis and k the radius of 
gyration for a parallel axis through the centre of mass, ilf the mass 
of the body and d the distance between the parallel axes. 

Then if F is the moment of inertia for any axis and I for a par- 
allel axis through the centre of mass at a distance d, we have r =■ 
Mk'^I^Mic'; and since r = I+ Md\ or F = MiC^ = Mk^ + Mf, we 
have 

K'^ = K^ + d\ 

from which we see that i^ is a minimtun for d = 0, in which case 
tC =z K. That is, the raditis of gyration for an aocis through the cen- 
tre of mass is less than for any other parallel cutis. 

F I 

We have also ic'^ = -jr^, ic« = — ; that is, 
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the square of the radius of gyration equals the moment of inertia 
divided hy tne mass. 

Thus from the results of page 174 we have for a rectilinear area 
or parallelopipedon with reference to axis XX 

Y 

a 

Kx=—-=z 
4/3' 

■^ and with reference to axis TY 



ft." 

c 



* 



b 
V3- 



With reference to axis through the centre of mass C perpen- 
dicular to the plane 



iCz 



V3 ' 



For an elliptical area with reference to axis XX 



b 



with reference to axis YY 



^1/ = TTs 



with reference to axis through the centre 
of mass C perpendicular to the plane 




Kz = 



4/a' + y 



This last holds for a right cylinder also. 

For the special case of a circular area, for axis in plane through 
the centre 



Kx= iCy = 



2' 



while for axis throagh centre perpendicular to the plane 

r 



Kg = 



V2 



This last holds for a right cylinder also. 
For an ellipsoid whose semi-axes are a, h and c we have, 
for axis a, 



for axis 6, 
for axis c, 



«a? — -p: , 



_ 4/a' + c' 



Kg = 



j/a' + b' 

V6 
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For the special case of a sphere 



S'or a hollow disk 



K = r. ^. 



K«= Ky = 5 , 




This last holds for a right cylinder also. 

Compoand Pendulum. — A material particle suspended from a 
fixed point by a string without mass and oscillating under the ac- 
tion of gravity is called a simple pendulum. 

Let the mass of the particle be m, the point of sus- 
pension O, the length of the string OC = Z, and the 
angle with the vertical B. Then the moment of inertia 
of the particle m, with reference to O, is ml* = /', the 
impressed force is mg = F^ the moment of the im- 
pressed force is — mg x I sin 6, and if a is the angular 
acceleration, we have (page 170) 

— mflf X Z sin e = mPa, or a = — ^^^ . . (1) 

A body of any form oscillating under the action of gravity about 
a fixed axis is called a compound pendulum. Let the axis of rotation 
be perpendicular to the plane of the paper. Let C 
be the centre of mass, also in the plane o£ the paper. 
Then the intersection O of the plane through C per- 
pendicular to the axis with the axis is the point or 
centre of raspension, or centre of rotation (page 167). 

Let OC = « be the distance between the centre of 
mass C and the point of suspension O, and B the 
angle of OC with the vertical. Then if -Wis the mass 
of the body, Mg is its weight acting at the centre of 
mass. The moment with reference to O of the im- 
pressed forces is then — Mg x a sin 6. Let /' be the moment of in- 
ertia of the bodj with reference to the axis at O. Then if k is the 
radius of gyration for a parallel line through the centre of mass, 
I' = M{k* + a*) (page 176), and we have 

-Afer« sin e = JW[ic» + «»)«, or a = -51551. . . (2) 

If we equate (1) and (2), we find the length I of the equivalent 
simple pendulum^ that is, the simple pendulum which has the same 
motion as the given compound pendmum, 

*- s -Ms ^^^ 

or, the lenqth of the equivalent simple pendulum is equal to the 
moment of inertia F with reference to the axis divided by the stati- 
cal moment Ms. 

The time of vibration of the simple pendulum (Vol. I, Kinema- 
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^tcd, page 154) is f=^y —. Hence the time of vibration of the 
<x)mpound pendulum is 

t=^A/!^L±-^^^l/j— (4) 

r gs ^ Mgs 

If we prolong OC^bXo A and make 

o^ = z = ^tJ! = ^ <« 

the point A thus obtained is called the centra of oscillation, because 
it is the point at which if the whole ma^s were concentrated the 
motion would be the same as for a simple pendulum. 
We have then 

or 

K* r 

'^^=p=T--k- <« 

That is, 

the centre of oscillation is the same as the centre of percussion 
181), and 

! radius of gyration tc isa mean proportional between OC and 
CA. 

Also, the distance CA is equal to the moment of inertia F divided 
by the statical moment Ms^ and the distance OA is equal to the mo- 
tnent of inertia J' divided by the statical moment Ms. 

Now suppose the point of suspension is at A instead of O. 

Then from (3) the length of the equivalent simple pendulum will 
be 

P 
If we insert in this the value of p from (6), we have 

ic» + «» r 



i=. 



Ms' 



which is just the same as equation (3). 

Hence, the centre of suspension and oscillation can be inter- 
changed without changing the time of oscillation. 

Experimental Determination of Moment of Inertia. — From these 
principles we can determine experimentally the moment of inertia 
of a body with reference to any axis. 

1st. Thus first determine the mass ilf of a body by wei^hingit. 
Then suspend it from an axis and note the time t of vibration. The 
length of the equivalent simple pendulum is then 

l = S^ 

Now balance the body on a knife-edge parallel to the axis of 
suspension and thus find the distance s = 0(7 from the point of sus- 
pension O to to the centre of mass C. Then the moment of inertia 
with reference to the axis of suspension is 

J' = Msl 
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We have alaop = 1^8 and k' ^ps = ls — g^. Hence the moment 
of inertia with reference to a line through the centre of mass paral- 
lel to the axis of suspension is 

^. First determine the mass M of the body bv wei^hin^ it. 
Then suspend it from an axis and note the time f of vibration. 
Then turn it over and find b^ trial another parallel axis from which, 
when, it is suspended, the tune of vibration is the same. The dis- 
tance between these axes is the length I of the equiviQent sinople 
pendulum. Then balance the body on a knife-edge and thus find 
the distances a and pof the centreof mass from the two axes. Then 
we have k* = «p and 

Also if we have thus measured I and t^ we have the value of Of at 
the place of observation 

We may also determine the moment of inertia experimentally 
as follows : 

3d. First determine the mass M of the body by weighing it. 
Then suspend it from an axis and note the time t of vibration. 
Then attach a spring-balance to the lower end and raise the lower end 
until the centre of mass is in a horizontal through the axis, and 
note the reading F of the balance. This position is reached when 
the reading i^ is a maximum. 

If X is the distance in feet from the axis to the x>oint of attach- 
ment of the balance, and F is the reading of the balance in po\mds» 
we have 

Ma = FL, 



Hence, since 
we have 



I'^Mal and ^ = ^, 



J, FLgt' 



For the parallel axis through the centre of mass 
I=r - Ma\ 

Centre of Percussion. — Let C be the centre of mass of a body of 
mass ilf rotating about a fixed axis, and O the centre of rotation, so 
that the distance OC = a. Suppose the body 
is struck so that the force of impact -P is in 
the plane of rotation and at right angles to OC^ 
intersecting OC at A. Let CA = p. 

Then if /c is the radius of gyration of the 
body with reference to the line through C 
p€trallel to the axis of rotation through O, we 
have for the moment of inertia for the axis 
through O (page 176) P == M{t<^ + ««). The 
moment of the impressed force is F{a + p), and (page 170) 

ra=: F(a + p), or M{k^ + «»)« = J^« + p); 
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hence 

"* "■ M{^^ + ««)' ^ ^ 

where a is the angular acceleration about the axis at O. 

Now the pressure on the fixed axis is R p€trallel to F. Since 
the centre of ma^s moves as if all the mass and all the impressed 
forces were collected at the centre of mass, if / is the acceleration 
of the centre of mass, we have 

Mf=F + R. 

But/ = Ba, Hence 

F + It 
Msa = F + R, or a = j^^ (2) 

Equating (1) and (2), we obtain for the reaction of the axis at O 

^'^^^^' » 

The centre of mass has then the linear acceleration 

- F + R 

•'" M ' 

while at the same time the body rotates about the centre of mass 
with the angular acceleration a. 

If jps > ^ we see from (3) that R is positive or in the same 
direction as F, 

If p8 < K^ we have R negative or opposite in direction to F. 

Ifpa = ic«, or 

^^=-p = T=i (*) 

the reaction R of the axis at O is zero. In this latter case we have 
then 

OA=p + , = -^=^. (6) 

The point A given bv (5) is called the centre of percnssion, because 
if a body is struck at this point so that the impidse is vq, the plane 
of rotation and at right angles to OC^ there will he no reaction of 
the axis. 

Hence, the centre of percussion is the same as the centre of 
oscillation (page 179), and 

the radius of gyration k is a mean proportional between 00 
Kind OA. 

Also, the distance OA is equal to the moment of inertia I divided 
by the statical moment Ms, and the distance OA is equal to the 
moment of inertia F divided by the statical moment Ms, 

We may obtain the same result as follows : 

The mass of the body reduced to the point A (page 174) is 

r 

(P + sy 

The acceleration of the point Ais (p + s)a. The force on the 
reduced mass is then 

p + s' 
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and this force must equal the algebraic sum of all the impressed 
forces -P + iJ = Jfc5f = Msa. Hence 

p + « Mb ^ 

Lnpaet of Reyolving Bodies. — Let two bodies of mass fiti and m» 
revolve about fixed axes at Oi and 0% and impinge, and let AB be 
the line of iznpact. Let the normala 
OiA = ax and O^B = a«. 

Let K-,' and k-,' be the radii of gyration 
of the bodies with reference to the axes at 
Oi and Os. Then (page 174) we can re- 
duce the masses mi and nu to the equiv- 
"■^ alent masses 




ax' 



and 



a.* 



at A and -B. If then we substitute these 
masses in the place of mi and ma in the 

equations for central impact (page 149) we have for bodies of the 

same material 



Vx = Ml 



t^ = u, + («i - u,)(l + e) ^^^.a.^^m.K.W ^ J 



(1> 



where Ux and ri are the velocities of A and B before and Vx , r» 
after impact, and e is the modulus of elasticity. 

If €i and 69 are the angular velocities before and <»i, a>i the 
angular velocities after impact, we have, taking counter-clockwise 
rotation as positive, the origins at Ox and O2 , and ai , aa as coincid- 
ing with the axes of Y for each origin, 



ti, = — ai^i, 
Hence 



Hi = — aaea, Vx 



ai<Wi, t?t = •— Cta<»a 



ma/Ca' 



«. = •.- a.(a.,. - a,e.)(l + e) ^.^.<.„,. + ^.^...a.^ . 



mi/Ci'' 



C09 = ea + a9(aie, — aaeaXl + c) n — 5—; to — 9, 



(2> 



Impact of an Oscillating Body. — If the 
body of mass mi has a motion of transla- 
tion only and impinges upon ma, which is 
suspended from an axis at Oa, the equa- 
tions of the preceding article apply if we 

put in equations (1) ma in place of -~t"» 

and — ai6i in place of tia and — aao'a in 
place of Vi. We have then for the velocity 
of the mass mi after impact, taking counter- 
clockwise rotation as positive, and OaCa as 
coinciding with the axis of Y and origin 
atOa, 



F' 


Os 










s 








" 


Ct 


I 


t 


mi 










0, . 




3 







Vx =Ux — (Ux + tta^jXl + e) 



mitta* + maK-j'*' 



(1> 
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and for the angular velocity of the mass nu after impact 

00, = e, -. ai(t«i + a«e,Xl + e) r^ 1¥. . . (2) 

If the mass m, were at rest before impact we have ^t = 0, and 
tJi = w, - M,{1 + e) r^^'* .,. (3) 

OH = - w,(l + e) ^' ;5 (4) 

If mi were at rest and the oscillating mass rtix impinges on it, we 
liave Ui = 0, and hence 

«>. = -..(l + e) ^^^.^^^^,. . (6) 

^ = ..ri-(l + e) _rT'' 1 (6) 



The velocity ooa of ms in the fii'st case, equations (4), or the 
velocity Vx of mi in the second case, equation (5), is a maximum 
when 

aa 



is a maximum, or when 



mia, + 



is a minimum. Putting the first differential coefficient equal to 
zero, we have for the value of a% when the maximum velocity is 
imparted 



=/c.y!?^. (7) 

y mi 



at . ^ 

m, 



Hence the maximum velocity imparted to the oscillating body 
m% when at rest and struck by mi is given by 



001 



=-"*•>!?/£— «+'>S' ••••») 



and the maximimi velocity imparted to the free body mi when at 
rest and struck by the oscillating body is 

t;i = -iiC6,(l + e)l/^ = -(l + c)^. ... (9) 
z 'mi z 

Reaction of the Axis. — Let the force o^ impact be F, and the 
reaction of the axis be F\ Then, from page 181, we have 
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If we give to aa its value from (7), we have for the reaction of 
the axis when the maximum velocity is impctrted 

F' = F(^i/^-l\ (11) 

The centre of percussion (page 181) is at the distance 



at = 



B 



Mb 



from the axis. If the impact takes place at this distance there is 

no reaction of the axis. 

Ballistio PendolmiL — The ballistic pendulum consists of a large 

mass mi which is hung from a horizontal axis O. It is set in oscilla- 
tion by a cannon-ball shot against 
it, and is used to determine the 
velocity of the ball. In order to 
render the impact inelastic the 
mass ms consists of a box filled 
with sand or clay, so that the ball 
enters the mass and oscillates 
with it. 

In order to determine the ve- 

a,u 40 y locity of the ball the angle of Os- 

lo y/B ciUation is measured by a pointer 

directly below the centre of mass 
which moves on a graduated arc 
AB, 

Let mi be the mass of the ball. 
Then from equation (4) of the pre- 
ceding article, making e = 0, we have for the angular velocity alter 
impact 

(1) 




ruiCitUx 



mitta" + nitKi*^ 



where mi/c/^ is the moment of inertia of the pendulum with refer- 
ence to the axis O, or k* is its radius of gyration with reference to 
this axis, and aa is the distance of the point of impact below the 
axis. 

Let I be the length of the equivalent simple pendulum which os- 
cillates in the same time as the ballistic pendulum, and let the angle 
of displacement be 6, as measured on the arc AB. 

We have then for the simple pendulum (page 178) the angular 
acceleration 

If OC = 8 is the distance of the centre of mass of the compound 
pendulum from the axis, we have (page 170) 

(mi + mt)g8 sin = J'a = (mitta* -f- mi/<'t'*)a, 



or 



__ (mi -f- mQflfasin Q 
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Equating these two values of a, we obtaji 



1 = 



mitta' + mtKt* 



(2) 



The height of displacement is 

h:=l — i cos B =21 sin* -. 

Hence the velocity at the lowest point of the path is 
v=i^2gh = 2Vgr>Bial, 
and the corresponding angular velocity is 

« = -2. = -2i/^.sint. 

IkjuatinR this to (1) and inserting the value of I from (2), we 
obt€dn for the velocity of the ball 



V nil / a» 2 



(3) 



If the pendulum makes n vibrations per minute, the duration of 
a vibration is 

t = 7il/l=^, andtherefore ^5?=^. 



n 



nn: 



Hence the required velocity of the ball is 



Mi = 



mi 4- m« 120flw . 



9?li 



nnaQ 



. sm TT. 



(4) 



Eccentric Impact. — Let the two masses mi and m% be perfectly 
free. Let the mass mi strike the mass ma in such a manner that the 
direction NN' of the line of impact 
passes through the centre of mass d of 
mi , but not through the centre of mass 
C of ma. The impact is then central for 
mi and eccentric for m». 

Let mi have a motion of translation 
only, and let its initial and final veloci- 
ties be til and Vi in the line of impact 
NN'. Through the centre of mass C of 
ma take the origin at C and the axis of 
X parallel to NN', and let the direction 
of ui be positive. Take the axis of F 
through U at right angles to NN', and 
let B be its intersection with NN'. De- 
note the distance CB by », positive 
when above and negative when below the axis of X. Let the initial 
and final velocities of translation of ma parallel to NN' be u^ and t^a, 
end its initial and final angular velocities about the axis ZZ through 
C at ri^ht angles to the juane XY be €% and gos , and let counter- 
clockwise rotation be positive. 
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Let Kt be the radius of gyration of m% with reference to the 
i'xis ZZ, Then the moment of inertia with reference to this axis 
is / = miKz*. 

Now from equation (I)» page 146, we have for the impact, so far 
as translation is concerned, 

mitti + wiWa = miVi + mat?. (1) 

The mass of m. reduced to the point B is (page 174) 

and the linear velocities of the point B before and after impact, 
due to rotation, €tro — pet and - pcos, or opposite in direction to Ui 
when p, 6« and (ui are positive. 

We have then for impact, so far as rotation is concerned, 

niiKz* nuKz* 

^»^> ^8" • P^* = ^»^» — pi • P<»«- ... (2) 

If the bodice ai^e inelastic, mi and the point B move together 
after impact, and we have 

ri = t?f — po9 (3) 

Eliminating t;. and oot from (1) and (2) by means of (8), we obtain 
for the loss of velocity of nii 

_^ iniKz*(Ui — ut-^ p€i) 

^' ^' "" (m« + mt)Kz* + m^p* ' 

for the gain of velocity of translation of nu 

_ __ miKz\Ui — Ui + pga) 
' * "■ (nil + mi)Kz* 4- mip* • 

and for the gain of angular velocity of m% 

__ — m»p(ni — ti« + p€t) 
*"' ^"^ "* (mi + mO/c,* + m,p" * 

If the bodies are perfectly elastic these values are twice as great 
(page 151). If the bodies are imperfectly elastic and of the same 
material, so that e is the common modulus of elasticity, these values 
are (1 + e) times as great (page 149). 

We have then in general for imperfectly elastic bodies of the 
same material 

/ \ (1 + e)m,/c«* 



4- e)miKz^ 



mi)Kz* + m]p* ' 



Vt==u+ {u.^ut+pe.)~^ 

Oij, = €» — I til — «, + p€t]z ; r — i-v 

\ ^ J (mi + mi)Kz* + 



e) m\p 
mip* 



(5) 

(6) 
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These equations are genei^al. If the impact is central, p = 0, and 
oot in (6) is unchanged and equal to e^ , while (4) and (5) reduce to 
equations (VII), page 149. 

If the bodies are perfectly elastic, e=l. If non-elastic, e = 0. 
If ma moves towards mi , ti is negative. If mi is initially at rest, Ui 
= 0. If ma is initially at rest, ti^^O and e* s= 0. If mi is fixed we 
can take mi = oo = mi + ma, and Ui = 0. 

i Torsion-pendulum. — Let an elastic bar CD of uniform cross-section 
xed at one end D, and at the other end C have two equal masses, m, m, 
rigidly fixed to it by a cross-bar AiBi 
of uniform cross-section. Let the 
cross-bar be of equal arms, so that the 
distance AiC^BiC^r, Ax and Bx 
being the centres of mass of the masses 
m, m, and C the centre of mass of the 
end cross section of the bar CD, 

If now the cross-bar be turned into 
the position A^B^ , making the angle 
AxCAi = B with its original position, 
and then released, it wUl vibrate back 
and forth. Such an arrangement is 
called a tm^sion-pendulum. 

\st. To find the force necessary 
to twist t?ie bar CD through a given 
angle. 

Let B = AxCAihe the angle of twist, and AxBx be the neutral position 
of the cross-bar. 

Let the forces + F^ - Faxit upon the cross-bar at A^ and Bn , at right 
angles to the cross-bar. Then, if the limit of elasticity of CD is not ex- 
celled, we have (Vol. n, StcUicSy page 310) for equilibrium 




m'^^B, 



(1) 



where j^ is the coefficient of elasticity for the material of the bar CD, I is 
the length of the bar CD, B is the angle of twist AxCA^ , and Iz is the polar 
moment of inertia of tJie cross^ection of the bar CD (Vol. II, Statics, page 
271). 

We have then 



F = 



'2rl 



or if the angle B is measured from some fixed line with which the neutral 
position of AxBi makes the angle 0, the angle of twist is 6 — and 



^=^(«-<^). 



(2) 



2d, To find tJie time of an oscillation. 

Now let the forces + F, — F he remoyed. The cross-bar will vibrate 
back and forth. 

Let 7 be the moment of inertia of the cross-bar and masses m, m with 
reference to CD as an axis. 
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The angular acceleration at any instant for which the angle of twist ia 
flia 

and the moment of the elastic forces is, from (1), 



i-fi- 



We have then (page 170) 



Multiplying by d/3 and integrating, we have 

d/P InE^ ^ ^ 

^ = --^^4- Const. 

dfi 
When /9 s= 0, the angular velocity a> = ^ is zero. Hence 

at 



Const. = ^e« 



and 



or 



df? _I^ 



.fTT dfi 
Integrating again, we obtain, if ^ = when /? = 0, 

which between the limits of /5 = + 6 and )5 = — gives for the time of 
an oscillation 

^='V^ («> 

If we substitute the value of E from (2), we have 

^=-/^'. (« 



from which we obtain 



ic" 



2rF=I{B-<p)— (5) 

Equation (5) gives the moment 2rF if the time of oscillation T and the 
angle of twist (9 — <p) are observed. The force F is of course in poundals. 

All these formulas of course hold good only provided the limit ofelds- 
ticUy of CD is not exceeded. 
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3d. To find t?ie density of the earth by the torsion-pendulum. 

The plan of determining the density of the earth by means of the 
torsion-pendulum was first suggested by the Rev. John Mitchel and 
executed by Mr. Cavendish in 1798. At the 
request of the Astronomical Society of Eng- 
land Mr. Bailey made a new determination 
and published the results of upwards of 2000 
experiments with balls of different weights 
and sizes suspended in a variety of ways, in 
the Memoirs of the Astronomical Society, 
Vol. XIV. 

The torsion-rod was very slight, so that it 
could be easily twisted. Two small balls Ax , 
Bi of mass m, m were suspended from the 
torsion-rod by a light cross-bar. Two large 
balls E, F of mass Jf, M were placed on a 
platform which turned about a pivot directly under C, so arranged that 
the centres of mass of the four balls were in the same horizontal plane. 

The masses at E, F were first placed at right angles to the cross-bar in 
its neutral position A\Bi , which was noted. Then the masses at E, F 
were brought quite near to the small masses at Ax, Bx, so that their 
mutual attraction caused an oscillation back and forth on each side of 
the neutral position, and the time of oscillation Tand angle 6 — =AxCA9 
noted. 

We have then from (5) 

arJ?'^ 7(0-0)^,. 

But (Vol. II, Statics, page 48) the force of attraction between the 
masses m and Jf is 



F- 



gB} mM 
E "5^' 



where R is the radius of the earth and E its mass, and d the distance A%E 
between the centres of mass of the balls at E and A%, 

Substituting this value of F, we obtain for the mass of the earth 



E'. 



2grB?T^mM 



If a is the radius of the small balls of mass m at Ai and ^i , and b is 
the mass of the cross-bar, the moment of inertia 



and we have 



J? = 



grB^T^M 



-a* + r* -h 



<p)n!^d^ 



If e is the specific mass of the earth and y is the mass of a unit 

4 
volume of water, we have E = ^^E^ . e^, and hence 



e = 



ZgrT^M 



iyBi^' + f^ + ^r«)(0 ~ 0);r«d« 
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The experiments of Bailey gaye e = 5.6747, or the mean density of the 
«arth is 5.6747 times that of distilled water at its maximum density. 

General Formulas for fiotation about a Fixed Axis. — Let a 
rigid body of mass M rotate about a fixed axis OZ^ with the angular 

velocity ooz and the angular acceleration a« = — -. 

at 
Let C be the centre of mass. Pass a plane through perpendicular to 
the fixed axis. Then this plane is the plane of rotation and its intersection 
O with the fixed axis is the centre of rotation (page 167). 






Y 


1 jo, 


y/ 


V 


Vz 
-X' 



Take as the origin, the fixed axis as the co-ordinate axis of Z\ and 
the other two co-ordinate axes X\ Y' in the plane of rotation. 

Let positive rotation be counter-clockwise. Through the centre of mass 
O take the co-ordinate axes (TX, C7F, CZ parallel at any instant to 0X\ 
0Y\ 0Z\ 

Let the co-ordinates of C with reference to O be a;, y, and the co- 
ordinates of any point P of the body in general with reference to be a?', 
y\ z\ and with reference to (7 be a?, y, 2r. 

In the same way let the components of the velocity of C with reference 
to be Va; , t?y , % = 0, and the components of the velocity of any point P 
of the body m general with reference to be vjj t>y\ •«' = 0, and with 
reference to (7 be Vx, Vy, Vz = 0. 

So also let the components of the acceleration of G with reference to 
^/xifyyfz = 0, and the components of the acceleration of any point P 
of the lx)dy in general with reference to O be /p', fy', fz = 0, and with 
reference to (7 be /«, fy, fz = 0. 

Then we have by reason of our rotation 

aj' = ^ + rp, y' = y -I- jr, ^ — z. 

For the components at any instant of the velocity of any point P of the 
body, due to rotation about the fixed axis 0Z\ we have then 



doi^ — 

— = t?a;' = — y'^z = — y^z 



d^ 
dt 



=: Vy ^ X'OOz — XfOz ■\- XOOz] 






. . (1) 



If in (1) we make a? and y zero we have the components Vx^Vy^ Vztor 
rotation about GZ. If we make x and y zero we have the components 
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vx, vyy Vzot the Telocity of the centre of mass due to rotation about 
0Z\ Hence 



dx dp dz ^ 



dx — -- 



dt 
dy — - dJ — 



. (la) 



The components at any instant of the tangential acceleration of any 
point P of the body due to rotation about the fixed axis OZ' are in like 
manner with (1) 

ftx = — y'<xz = — yaz — yoiz ; 

ftp = xfaz = xaz + xaz ; 

f'tz = 0. 

The components at any instant of the normal acceleration of any point 
Pof the body due to rotation about the fixed axis OZ' are 

fnx = — ifsfooz^ = — xooz^ — xoog*; 

fny = — y'W = — yoi>z* — yooz^; 

Hence the components at any instant of the total acceleration of any 
point P due to rotation about the fixed axis OZ' are 



dt* 



= f'x —fix 4- fnx = -y'ctz - i»'<»«* 

= — yaz — y<x-z — a?<»«' — i»<»«'; 



-^ ^A ^fiy + fny = odaz - y'««« 






= xocz + ajaa - yeai — ytOz*', 
= fz=ftz+fnz=0. 



J 



(2) 



If in (2) we make ^ and y zero we have the components /a?, fy,A f^J 
rotation about CZ. If we make a;, y zero, we have the components /r, /y, 
j^ of the centre of mass C due to rotation about 0Z\ Hence 



d^x d^y 



^^-f-0- 

!?—/»-»' 



d^x — — — d^v ' — - — d^z -3— 



(2a) 



smce 



We can obtain (2) and (2a) directly from (1) and (la) by differentiating, 
dooz 



dt 



= a«. 



Since CZ passes through the centre of mass, we have 
2mx = 0, 2my = 0, 2mz = 0. 



(8) 
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Also, if m is the mass of a particle, 

2m = Jf, (4) 

and 

2in(x* = y*) = Iz X moment of inertia for axis GZ\ 
2m(x'^ = y'*) = ii' X " " " *< " 0Z\ 



(6) 



Motion of Centre of Mass.— From (2) and (2a) we have for the sum of 
the components of all the effective forces (page 168) after reduction hy 
(3) and (4) ' 



2m/x' = - My as - Mxiog^ = M/x ; 

2n\fy' = Mxocg — Ifyoog = J(/^; 
2fnfg = 0. 



(6) 



But by D'Alembert's principle (page 168) the sum of the components of 
the impressed forces in any direction is equal to the sum of the com- 
ponents of the effective forces in that direction. 

Hence, the centre of mass moves at any instant as if all the mass and 
impressed forces were collected at the centre of mass. 

Momentum. — ^From (1) and (la) we have for the sum of the components 
of momentum of all the particles, after reduction by (3) and (4), 



2mvx = — Myoog = Mvx ; 

2mvy = Mxoog = Mvy ; 
2mvz = 0. 



(7) 



Hence, the momentum of tJie body is the same as for all t?u mass 
collected at the centre of mass. 

Moment of Momentum.— Let Ss'mxy A'my^ A'm«be the sum of the 
moments of momentum of all the particles about the co-ordinate axes 
OiT, OF, OZ' for any fixed axis of rotation 0Z\ and Ama;, Amy, Ams 
for the co-ordinate axes CZj OY^ OZ, Then we have from (1), after 
reduction by (3) and (5), 

AW = 2m{vty' — Vy^) = — oaj^mafs^ = — a)z2mxz = Am* ; ^ 

Amy = 2m{vxS^ — Vz'af) = — ooz2my'z' = — ooz2myz = Amy ; \ (8) 

AW = 2m{vy'x'— vx'y") = Iz(Oz- J 

The last of these equations is equation (II), page 171. 
We shall see in the next chapter that at any point of a body there are 
at least three rectangular axes for which we have 

2mx'y' = 0, 2mx';^ = 0, 2my'7f = 0. 

These axes are called principal axes for that point. Hence if the 
fixed axis OZ' is a princip^d axis, we have, taking the other two principal 
axes as co-ordinate axes, 

Bb'mx = 0, lis my = 0, Hs'mz = Iz'^n* 

The resultant moment of momentum is in general 



Am = VA'W + A"my + A'W, (9) 
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and the direotion-oosines of the resultant axis of moment of momentum 
are then 



JMS'mx ItS'my JMS'mg 



(10) 



If the fixed axis OZ' then is a principal aans^ the resultant axis of 
moment of momentum coincides with tJie fixed axis. 

Kinetic Energy. — Let i>' be the velocity of any particle and v the ve- 
locity of the centre of mass C with reference to (figure, pa^e 190), so 
that 

Then we have, from (1), 

-mW = -my^QOz* — rrvyyoa^f + -my^oo^-, 

-^mvy^ = --mx^oog^ + nucxQOz* + j-ma?Qi>j?, 

Adding these, we have for the sum of the kinetic energy of all the 
particles 

2 

or, reducing by (3), (4) and (5), 

£!'=^Im(x' +y')oo^ + ^lzco^=:~lz'a,,^. . . . (11) 

This is equation (IV), page lYl. 

Moment of the EfTective Foi^s.— Let AS'/r, it'fy^ it'/ghe the sums 
of the moments of the effective forces (page 168) about the co-ordinate axes 
OX', 0Y\ OZ', Then we have from (2), after reduction by (3), (4) and (5), 

ns'fx = ^mifx'y' —fy^) = — azSmxz + ooz^Smyz \ 

it'fy = ^m(fxsf —fzX') = — a,^my3 — oa^^mxz\ \ . (12) 

Cb'fz = 2m{fy'x' -fx'y') = Iz'az. 

The last of these equations is equation (I), page 170. 
We have (page 191), reducing by (3) and (5), 

^mif'tzV — f'iyZ) = — az^mMZ\ 
:Sm(f'txZ —f'izPi^) = — a:^myz\ 
^m{ftyx —f'txV) = Izccz- 

These terms in equations (12) therefore give the moments about CLT, 
OF, CZ of the effective tangential forces. We have also from (la), reduc- 
ing by (3), 

Smif'nzy —f'nyz) = + OQz^myz, 2m{f'nxz —fne^) = — GOz^^mxz. 
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These terms in exqnations (12) therefore give the moments about OX^ CY 
of the effective deflecting forces. 

If the fixed axis OZ' is a principal axis we have (page 192) 

A /« = 0, A'fy = 0, A'/, = IzOLz. 

Eztemal Forces. — ^If any two points of the body sitoated npon the 
axis of rotation are fixed the axis is fixed. Conceive then the befdy to be 
fixed to the axis at two points distant a' and a" from the origin O, and let 
the reactions of these points on the body resolved parallel to the co-ordinate 
axes be respectively i^', Ry\ Rz' and Rx', Ry", Rz' (see figure, page 190). 

These forces are impressed forces {i^dugiQ 168); but since they are internal 
to the system, consisting of the body and some other befdy upon which the 
axis rests or to which it is fastened, we call them internal farces. 

All other impressed forces acting upon the body we may then call ex- 
ternal forces. 

Let these other impressed external forces be Fi^ Ft^ F%, etc., making 
the angles (cti , fix , yx\ {a% , fit , ^s), etc., with the co-oidinate axes. Then 
we have for the resultant components of these external forces 



Fx = Fi cos ax + Ft cos a, + etc. = SFcos a; 
Fy=iFiCO&Px + Ft cos fit + etc. = ^i^cos /5; 
-Pi = -Pi cos ri + -Pt cos yt + etc. = ^Feo&y, 



(13) 



Moment of the External Forces. — Let A'ea;, It'e^, it'ez be the 
sums of the moments of the external forces about the co-ordinate axes OX'y 
0Y\ 0Z\ and let (Xx\ y/, Zx), (a5»', yj', Zt\ etc., be the co-ordinates of 
the points of application of the external forces Fx^ Ft^ etc. Then we have 



its' ex = ^Fy' cos y — ^F^ cos P\ 
A'ey = Si^ COS a — 2Fxf COS y; 
Utez = ^Fx' COS /5 — ^FyT cos a. 



(14) 



Pressures on the Fixed Axi8.--We have by D^Alembert's principle 
(page 168) the resultant of the impressed forces equal to the resultant of 
the effective forces, or, from (6), 



Fx+Rnl -k- Roil' = ^mf^ = - Myaz - Mxgdz^ = M^; 
Fy + Ry' + Ry" = Stufy' = Mxag — MyoDg* = J(/^; 
Fz + Rz''hRz"=^2mfz'=:0. 



(15) 



Also taking moments about the co-ordinate axes, we have by D'Alem- 
berths principle, from (12) and (14), 

2Fy' cos r - 2^^ cos /J - Ry'a' — Ry''a" 

= US'fx = — ocgSmxz + QOz^Smyz; 
SFz' cos a — 2Fx^ cos y + Rxo! + R^*a" > (16) 

= A'/y = — azSmyz — tog^Smxz; 
2Fx' cos )5 — 2FV cos a = flS'/g = /«'««. 

From the last of these equations we can find az , and then from the first 
two and the first two of (15) we can find Rx\ Rx", Ity\ Ry". Then 
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Rz and Rz" are indeterminate, bat their sum is given by the last of equa- 
tions (15). 

If there are no external forces, or if all the impressed forces pass 
through the centre of mass, we have from the last of equations (16) in 
either case ocz = 0, and all terms containing a^ in (15) and (16) disappear. 
Now — Mxanz and — Myooz^ are the sums of the components parallel to Z' 
and Y' of the deflecting forces of the particles and + ooz^^my's^ and 
— G0z^2rnx^2f are the moments about X' and Y' of the deflecting forces of 
the particles. 

If OZ' and hence CZ is a principal axiSj we have, taking the other two 
principal axes as the co-ordinate axes X' and Y' (page 192), 2myz = 0, 
2mxz = 0, or the moments of the deflecting forces are zero. 
_ If the fixed axis passes through the centre of mass, we have in (15) 
^ = 0, y = 0,_or the sums of the components of the deflecting forces 
Mxooz* and Myoa^ are zero. 

Hence, if a body rotates about a principal fixed axis through the centre 
<3f mass^ there will he no stress on that a^cis due to the deflecting forces. 

Permanent Axis.— If, then, there are no external forces, or if all the 
impressed forces pass through the centre of mass and a free body rotates 
about a principal axis through the centre of mass, that axis remains un- 
changed in direction in space and the body will always rotate about it with 
uniform angular velocity. For this reason it is called an axis of permanent 
rotation, or the permanent axis. 

If there are no external forces, or if all the impressed forces pass through 
the centre of mass, and a free body rotates about some other axis than the 
principal axis through the centre of mass, the deflecting forces of the par- 
ticles will cause the axis of rotation to change its direction and the body 
will never rotate about the permanent axis. If, therefore, we observe a 
body to rotate a short time about an unchanging axis with uniform angular 
velocity, we infer that it rotated about it from the beginning of the motion, 
that the axis is a principal axis through the centre of mass and that all 
the impressed forces are either zero or pass through the centre of mass. 

Centre of Percussion. — Suppose a single force acting in the plane of 
rotation at right angles to 00. Take OG as the axis of JT', and let Fy be 
the force, and the distance CA =jp. _Then 

i^x = 0, 2?;_=0, 22/ = 0, 22/' = 0, y = 0, k^' f' 

«' = 0, af=:x -|-p,y' = 0,cosa = 0, cos)5 = l, I ?' -^ I 

cos;^ = 0. Hence, from (15) and (16), o c j) a 

Rx = Rx + Rx" = - -ftfofi)/; 
Ry=:Ry' -\' Ry" = — i^J, + Mxag', 

it'fx-^y as'fy:=0, A'fz = Fy{x+p)=:Iz'az = M(K^ + x)ag, 

If toz is zero, Rx is zero. If we eliminate az from the second and last 
of these equations we obain 

Fyi^^K') 
Uy = =5 • 

: ic' + a? 

This is the same as equation (8), page 181. For i^t^ = 0, then, we have 
for the centre of percussion, Just as on page 181, 

k' Iz . - K^ + x^ Iz 

p = rr = -^ or p + a? = r: = — =. 

X Mx*' X Mx 
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EZAHPLES. 

(The stadent shoald carefully check these examples.) 

(1) A prismatic bar AB faMs through a heiaht h, retaining Us 
horizontal position until one end strikes a fixed obstacle D. Find 
the motion after impact, considering the bodies naiv-elastic, 

Ans. Let m, be the mass of the bar, I its length, and u^ the velocity of the 
centre of mass C at the instant of impact. 

Then in equations (4), (5), (6), page 180, we 
have 

« = 0, e, = 0, fAj =00 = m, -|- mt , tt| = 0. 

B Hence we have for the velocity of translation 
of AB after impact 



Dl 



+V 



fl, = u« — «, 



if.' 



««p* 



^.• + P» " ^z^+J^ 



(1) 



and for the angalar velocity about after im> 
pact 



In the present case we have (page 177) ^«* = -To- > ^^^ ^o' ^^^ ®i^d A strike 

ingp = -|- •-•, for the end B striking P » ~ n* » ^^^ Vt = — V^^> the minus 
sign denoting motion towards D, Hence in both cases of ^ or J9 striking 

or the motion of (7 is towards D, Also If A strikes 



or if B strikes 



<»t=-2; i^?^A. 



^> = +2^V^' 



the (+) sign denoting counter-clockwise and the(— ) sign clockwise rotation 
about a 

We can obtain (1) and (2) directly as follows ; From page 171 we have 



__ moment of momentum __ m^Utp __ 



Also at the instant of impact 



Hence 
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The momentum after impact is tkea 

«.*.=;5^=-|«.v^ (3> 

The impolse is 

«.(i'.-«.) = -g^ = ^V^ (4) 



The velocity at any point distant y from C, after impact, is 



(6) 



where p and y ue positive towards A and negative towards B. Hence for ^ 
striking 

•.-*«.= — a-u-4 

juid for i? striking 

After impact the centre moves in the same vertical with a uniform accelera- 
tion g, while the angular velocity 09 remains unchanged. 

(2) An inextensible string is wound around a eiMnder and has its 
free end attached to a fixed point. The cylinder falls 
throtigh a height h, and at the instant of impact the 
string is vertical and tangent to the eylinaer. ^ind the 
motion after impa^st 

. ur* 2 ur 2u 

(3) An iron ball of mass mi = 65 pounds moving 
with a velocity of 36 ft, per sec, strikes a pine beam of 
uniform rectangular cross-section in the centre line of a 
sidCy at right angles, at a distance p = li ft, above the centre of 
mass. The mass of the beam is m^ = 842.4 pounds, its length 5 ft. 
and breadth 2 ft. If the beam is at rest, find the 
motion after impact, considering the impact as nonr *iir 
elastic, 

Ans. The moment of inertia (page 175) is the same as for 
g- concentrated at a comer. We have then 







Hence, from page 186, the velocity of the ball after impact is 



J. 



aa 



«i = ttt • 



• (m> + mO/r.»+^,p« = ^\ " 2192.8+65X1.75J = ^'^ ^' "^^ ^' 



The velocity of the centre of mass of the beam after impact is 
<>« = 7- — ; V — ?-, ? = 2.864 ft. per sec. 
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The angular velocity of the beam after impact is 



<»a = - 



ffhpui 



' (mi + mt)Kz^ + mip* 



— 1.712 radians per sec. 



♦»+F 



(4) Suppose a wheel and axle composed of hollow disks for the 

wheel and axle and a solid cyl- 
inder for the journal. The radius 
of the wheel is a = S ft^ of the 
axle h = 2 ft, of the journal 
r = 1 inch. Let the mass of the 
wheel he W = 6 lbs., of the axle 
A = 3 lbs., of the journal «/ = 2 
lbs. Let the moving mass be P 
= 10 lbs, and the mass lifted 
9 = 6 lbs. Let the string be per- 
fectly fleocible and disregard its 
mass. Let P start from rest and 
fall for a time t = h sec. Discuss 
the motion of the apparatus, tak- 
ing into a^ccount the mass of the 
wheel, axle and journal, ana the 
friction, the coefficient of kinetic 
friction being m = 0.07. Take 
g = S2i ft.'per-sec, per sec, (Com- 
pare example (7), page 79.) 
Ans. From page 176 we have for axis through the centre of mass C of 
wheel, axle and journal, at right angles to the plane of the wheel, 

Moment of inertia of wheel = y (a« + ^') = 32.51b.-ft.«; 




<< « t< <« 



««le =A(p^ + r-) = 6^ 



*' .* .. journal = -^r« 



144 



Hence the moment of inertia of wheel, axle and journal is 

1= Y<''* +'^y+ Y^'^ + ^) + i^ = 38Wi ib.-ft.» 

Let /be the linear acceleration at the circumference of the wheel, and a its 
angular velocity. Then we have 

f 
aazzf or « = -^, 

and the linear acceleration at the circumference of the axle is 

a"' 

Now, by D'Alembert's principle, page 168, the impressed forces and the 
reversed effective forces constitute a system of forces in equilibrium. That is, 
the algebraic sum of the horizontal and vertical components must be zero, -and 
the algebraic sum of the moments of the forces about any point must be zero. 

The impressed forces are the upward reaction R at the centre C, the down- 
ward weights Pg, Qg, Wg, Ag, Jg of the masses P, Q, and the wheel, axle 
and journal, the friction j^at the circumference of the journal, and the equal 
opposite and parallel reaction -- Fof the bearing. The moment of the f ric- 
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tion is then the moment of a conple -{-F, — J^, or is i^ at any point (page 72, 
Vol. II, 8tati68), 

The effective forces are ijf acting down, Q-/ acting up and the effective 

forces of the particles of the wheel, axle and journal. All these effective 
forces are to be reversed in direction. Since G is the centre of mass of the 
wheel, axle and joomal, the effective forces of the particles occur in couples, 
and their algebraic sum is zero, and hence the algebraic sum of their com- 
ponents in any direction is zero. The algebraic sum of their moments about 
C is, from page 170, given by 

Ioc = I^= [2(«' + V) + ^(6' + r") + ^r-J/ = 12}tt/P0»ndal-ft, 

We have then for equilibrium of the impressed forces and the reversed 
effective forces, taking forces to the right and upwards positive and forces to 
the left and downwards negative, 

+ F'--F=0; (1) 

+ B-'Pg-Qg-Wg'-Ag-Jg + Pf'-Q2f=0; . . (3) 

and taking moments about C and counter-clockwise rotation positive, 

-Pga+Qgh + Fr + Ia + Pfa + Q^f=0. ... (3) 

From (2) we have for the pressure upon the bearing 

B = {P+Q + W+A + J)g^(p-' ^y poundals. 

We can also find ^ as we have in Ex. (7), page 79. Thus, 
Tension on left = gig -\- --/ j poundals. 

'* right = P(flf -/) 
Hencd pressure on bearing is 

or 

B = {P+Q + W+A + J)g -(P- cM/poundalB. 
The friction for n«w bearing (page 79) is then 

where fi is the coefficient of kinetic friction and fS is the angle of bearing. 

Inserting this value of F and the value of la in (3), we obtain K)r the 
acceleration /at the circumference of the wheel (compare Ex. (7), page 79) 

f— ^ L H ^ (4) 
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UfliB anall, tin fl s: fi, mad we haTe for the giTen nnmertcal yalnes 

/ = 0.40186^ sr ia.Old a-per4wc. per aea 
The Aooelenlioii of <) is then 

-/ =s 8.606 ft.-per-0ec per eeo. 

The velooltjr of P at the end of the time t s 5aea. it 
e szjt s 64.56 ft. per sec, 
and the *« gni^y velocity of the wheel is 

00 s: - = 81.68 ndiaas per sea 
a 

The Telodtjr of Q at the end of ^ = # sec is 

•^ = 48.04 ft. per sea 

The presBore E on the bearing is 

B = 22.8848(^ poondals = 28.88486 pounds. 
The friction is 

F=: fiB =: 1.6687^ poundals = 1.6687 pounds. 

The moment of the friction is 

Fr = 0.1808!^ poondal-ft. = 0.18088 ponnd-ft. 

The moment of the effective forces of the particles of the wheel, axle and 
Journal is 

la sz 5.1581^ poondal-ft = 6.1581 pound-ft. 

The distance a described by P is 

f = ^ = 161.4 ft 

The distance described by ^ is 

^ = 107.6 ft. 
a 

Tension on right ^Piff—f) = 6.8864^ poondals s 6.8664 pounds. 
« " left = Q (5^+5/) = 6.887%r «' = 6.3378 " 

Moment of tension on right = 17.9598 pound-ft. 
«' " " " left = 12.6756 

Difference = 5.2886 = Fr + Icu 
Work of P = 5.9864 X 161.4 = 966.205 ft-lbs. = A - :^. 

- on C = 6.8878 X 107.6 = 681.947 " = g|f + ^. 

Work of friction and on wheel = 284.258 " 
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Walk of friction and on wh/eel = 284.268 ft. -lbs. 

Work of friction = F-h = 7.006 " 

a 



Work on wheel = 277.258 = ^ -otf* (page 171). 

The p^¥)&r of P (page 40) = ??^25 = 108.241 ft.-lbB. per sec., or 

108.241 ^ ^^ ^ 
ggQ = 0.86 horse-pow«r. 

The efficiency of the machine (page 52) is 

681.047 



066.205 



= 0.70. 



From equation (8) we see that la -|- If a + Q—fiB the som of the mcHnents 

of the reversed effective forces. From page 174 this is equal to Mfa, where 
Jf is the reduced mass of P, Q, Wy A hxii J, reduced to the eireumferenee of the 
toheel. This reduced mass (page 174) is 

We can then write, instead of (3), 

-Pga+Qgb + Fr + ]tffa=zO, 
or 



(p-<^),-i^ 



W 



If we substitute the values of Jf and JP'we obtain (4). 

Now Pg is the weight of P, and Q-g is the weight of Q reduced to the evr- 

cumfereTice of the wheel, that is, is the weight which acting at the dicumf »ence 

would have the same moment as Qg acting where it does. In the same way 

r 

-j-Fis the friction reduced to the clrcumferonee of the wheel. 
A. 

h r 
Hence Pg — ^^ F is the reduced moving force. We have thwn the 

equation of force (page 2) 

Mf = reduced moving force, 
or 

_ reduced moving force 
•^ ~ reduced mass ^ ' 

(5) Suppose a wheel and dxU composed of hoUow disks for the 
rim or otder circumference C, th^ hub H and the axle A, of a solid 
cylinder for the journal J, and of four spokes, each spoke S being a 
Jxir of uniform cross-section. Let the outer radius of C be a = 20 
inches and the inner radius r* = 10 inches j the outer radius of H be 
ri = 8 inches and the inner radius 6 = 6 inches, the radius of the 
journal J be r = 1 inch. Let the mass of the rim or outer circum- 
ference beC = 40 lbs., of the hub H = 12 lbs., of the axle A = 10 
lbs., of the journal J =2 lbs,, and of each spoke S = 15/4 lbs. Let 
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the Tnamng mass be P = 60 lbs. and the mass lifted Q = 160 lbs. Let 
the stringoe perfectly flexible and disregard its mass. Let P start 
from rest and fall far a time f = 3 sec. Discuss the motion of the 
apparatus^ taking into account the mass of the wheels axle^ journal 
and spokes, and the friction, the coefficient of kinetic friction being 
n = 0.07. Take g = 2&^ ft.-per-sec. per sec. 

Ans. The moment of inertia of a 
spoke with reference to an axis through 
its centre of mass at right angles to the 
plane of the wheel is (page 175) 




8 ( r, - r A * 

A 2 y- 



With reference to a parallel axis 
through the centre (7 it is then (page 
173) 

For four spokes we have then the 
moment of inertia for the axis through G 
at right angles to the plane of the wheel 

p The reduced mass of the spokes, re- 
duced to the circumference, is then (page 
174) 



s('-?r+"(H^T="-- 



8a< 
The moment of inertia of the rim is (page 176) 

and the reduced mass of the rim is then 
G 



2a> 



y + r**) = 38.05 Ibfl. 



The moment of inertia ot the hub is 



f(n' + n 



and the redaced maas of the hab is 



^(r.« + &») = 1.51bB. 



The moment of inertia of the axle is 



^6' + **). 



and the reduced mass of the axle is 



^6« + r«) = 0.4626 lbs. 
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The moment of inertia of the journal is (page 175) 

and the reduced mass of the journal is 

^ = 0.00125 lbs. 
2a* 



The reduced mass of Q is 



^-U.41bs. 



ft.* 



a" 

The reduced mass of P is P =60 pounds. 
Hence the total reduced mass is 
Jf = 60 + 14.4 + 0.00125 + 0.4626 + 1.5 + 38.05 + 7.2125 = 121.62625 lbs. 
Froni \ihe preceding example we have for the acceleration /of P 



{"-oiyi" 



/= 



f=- ± • <i> 

For the pressure B upon the journal we have, just as in the preceding- 
example, 

B = (P+Q+ o+A8+H+A + J)g - (-P - ^V Ponndals. 

The friction for new bearing (page 79) is then 

^= ^^ = ^[iP+Q+O+48+H+A+jy - {P- C^y^ pndls.. 

where jn is the coeifficient of kinetic friction and fi is the angle of bearing. 
Inserting this value of ^in (1), we obtain 

asm fi\ ^ a) 
If fi is small, Binfi^/S and we have for the given numerical values 

/ = 0.09^ = 2.896 f t.-per-sec. per sec. 
The acceleration of Q U then 

— / = 0.8685 ft.-per-sec. per sec. 
a 

The velocity of P at the end of the time ^ = 3 sec. is 
t) =zft = 8.685 ft. per sec., 

and the angular velocity of the wheel is 

(o = -=5.211 radians per sec. 

a ^ 
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The Telocity of Q at the end of ^ = 8 sec. is 

-« = 2.6055 ft. per seo. 

The piessoie B on the bearing is 

i2 = 207.9^ ponndals = 297.93 Iba 
The friction is 

F=: fiB = 20.8544^ ponndals = 20.8544 Iba 

The moment of the friction is 

Fr = 1.78787(^ ponndalfl. = 1.787875 lb. A 

The angolar acceleration is 



t=>:= 



a^ ^ = 1.787 radians-per-sec. per sec 

The moment of inertia for rim, spokes, hub, axle and joumai is 

J = 181.184 lb..ft.*. 

The moment of the effective forces of the particles of rim, spokes, hnb^ 
«xle and joomal is 

Ia= 227.8666 poundal.ft. = 7.0829 Ib.-ft 

The distance # described by Pis 

f = ^« = 18.0275 ft. 

The distance described by Q is 

-f = 3.90825 ft. 
a 

Tension on right = jR[^—/) = 54.(lt0' poundals = 54.6 lbs, 
" " left = qU + M = 164.3%r " = 164.82 " 

Moment of tension on right = 91.00 lb. -ft. 
•' «* " left = 82.16 " " 



Difference = 8,84 =: JPh' + Ia. 
Work of P = 54.6 X 13.0275 = 711.3015 ft.-lbs. = P« - ~. 

" on C = 164.32 X 3,90825 = 642.2036 " =^«+.^'^ 



** of friction and on wheel = 69.0979 *' 

« of friction = P~« = 13.5841 " 

a 



Work on wheel = 55,5188 " = -^ ^* (page 171). 

a g 
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The power of P (page 40) = '^^^'^^^ = 287.1006 ft.-lb8. per sec., or 



237.1005 
650 



= 0.43 horse-power. 



The efficiency of the machine (page 52) is 

_ 642.2036 
^ "" 711.3015 



= 0.fl 



(6) A hollow circular dish whose outer radium ia ai , inner radius 
hi and thickness ti revolves about an aocts perpendicular to its plane. 
Find the thickness t^ of an equivalent disk whose outer radius is a% 
and inner radius h%, 

Ans. For any angular velocity 00 or acceleration a we must have 

/iGoor Iia^I^Qo or I^a. 
That is, /, = /,. But (page 176) 

/, = Jf,(ai« + 6i«) = ditt,(ai^ - h,%ai* + &,«) = dxtxiflx^ - V), 
where 6 is the density or mass of a unit of volume. In the same way 



Hence 



<H^ - &,* 



^1. 



(70 -4. sphere of radius r rotates about the axis YTat a distance 
a. Pind the height d of an equivalent cylinder of radius of base r 
whose axis is parallel to YY at a distance b. 

Ans. The moment of inertia of a sphere whose mass is Mi about any diam- 
2 
eter is (page 176) L = <r Jfir*. The moment of inertia of a cylinder of mass M9 



about its axis is (page 175) M% - 
to the axis TT we have then 



With reference y 



Hence we have 

But if 6 is the density, 

Ml = — ^ and M9 = STir^d. 



€) 



Hence 



-_^ 2r« 4- 5a« 



(1) 



If the cylinder and sphere rotate about the axis TT without turning on 
their own axes, they can be treated as particles, and we have 

// = Mia\ J,' = MJ)*, 
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If the cylinder and sphere have the angular velocity or acceleration oa or a: 
about their own axes and the angular velocity or acceleration oa' or a' about 
TY, either in the same or opposite directions, then we have 

a 



or 



o A 



Hence 



"=&♦• 






8 2r»a ± 5a*a ' 
or o _ j^r . ^,^ _^ 2^^, . 



(3) 



If the bodies are rigidly connected with the axis TT we have a? = fi/ or 
a.'=za' in the same direction, and obtain equation (1). If the bodies do not 
turn on their own axes on and a are zero, and we have 



15 



5a^ 
26« 






If the bodies turn about their axes with the same angular velocity or accel- 
eration, as about TT^ but in the opposite direction, we have 



8 

Is' 



- 5a« 



r«- 26« 



(8) Upon a vertical hollow axle whose outer radius is ri and 
inner radivs ra, and length I, there is fixed a circular disk of radius 
a, at right angles to the axle. Under the action of a force the 
angular velocity oox is attained. If now the force ceases to act, find 
(a) the time of coming to rest ; (6) the number of revolutions in that 
time. 

Ans. Let the mass of the axle be A, and of the disk D, Then the moment 
of inertia of the axle is (page 176) 

and the moment of inertia of the disk is 

The total moment of inertia is then 

The pressure on the axle is (2> + A)g poundals. The moment of the 
friction for hollow flat pivot is then (Vol. II, Statics, page 198) 

where /i is the coefficient of kinetic friction. 
If a is the angular retardation, we have then 




la z= M, or a = 



/• 
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The angular velocitj at the end of any time t is then 

00 =: OOi — at. 

The time of coming to rest is then 

t — ^ — -^^' 
a ^ M ' 

The number of radians described in the time t is 

B = oo,t-^a{^ = ^^^ 
2 2M' 

The number of revolutions is then 
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(9) Find the mass of a fly-wheel for a given angular velocity y 
length of crank and applied force, 

Ans. Let the greatest angular velocity be oo%j the least o^i, and let go be the 



p«ft»e 



mean angular velocity, and let the difference of a>t 



and a 1 be — . Then we have 
a 

<»» + <»i J <» 

09 = 5 and —=<»,— flo,, 

a a 



and hence 




09 , 00 



Let the length of crank be r = OB, and the connecting-rod be very long 
compared to r, so that the constant force P exerted by the connecting-rod may 
be considered as practically acting always in the same vertical direction. Let 
Q be the resistance at the end B of the crank. 

When the crank has turned through the anc^le AOB = e from the dead 
point A, the work of P is Pr{\ — cos e), and the work of the resistance is 
Qre. If then the angular velocity at A is ooi and at B, a>s* and /is the 
moment of inertia of the fly-wheel» we have for P and Q in pounds 



^/(tt>,« - <»,«) = Pr{l - cos €) - Qre. 



(2) 



In every complete revolution the work of P and Q must be equal. We 
have then for a complete revolution, 
(a) for single-acting engine 



3rP=2;rrC. or Q = -P= 0.3183P; 



(b) for double-acting engine 



4rP = 27trQ, or Q = -P = 0.6366P. 

It 



(8) 



(4) 



(a) Single-acting Engine. — At any point B we can resolve Pinto a normal 
component along OB and a tangential component P sin e, which causes change 
of motion. At the dead point A this component is zero and increases up to a 
point B for which it is equal to Q, We find the corresponding value of the 
angle AOB = €i then from 

P sin ei = C = 0.3188P, or e, = 0.103 n = 18' 33' 36.5". 
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From Bt P sin e increases up to the point C, and from this point again 
decreases to the point ^, where it is again equal to Q, and we have th^ 
corresponding value of the angle AGS' = €% from 

Psin 6, = C = 0.8183P. or e, = 0.897 n = 161* 26' 38.5". 

From ^, P sin 6 decreases to the dead point D, whero it is again zevo. 
The motion is then accelerated from B to R^ since between these points 
P sin e is greater than Q. Between A and B and B^ and D it is rotarded. 
The an^ar velocity is then least at B and greatest at B^^ and then decreases 
to its minimum value at B again. 

If the crank moves a fly-wheel the moment of inertia of which is I, we 
have then the increase of kinetic energy from BtoB equal to the work done, 
or for the distance BCB* and P and Q in pounds and r in feet 



—/(«,• - Ml') = 2rP cos e, - Qr(ie - 2ei). 



(5> 



If we substitute in (5), Q = — P from (3), we have 

!-/((»,• - «,») = ivf2 cos 6» - 1 + —-). 



(6> 



Substituting €i = 0.108 tc, cos 6i = |/1 — sin* €i = 0.048 and the values- 
of a?! and oot from (1), we obtain 



7 = 



1.102iVa^ 



or 



j^ 2.204Pr^ 
~ Ml* — Ml*' 



(7> 



From (7) for a given force P in pounds, length of crank r in feet and range 



of angular velocity coi and Mg, or ratio a = 



<»a + <»i 



', we can find the mo- 



ment of inertia lot the fly-wheel and can then design it. 

{b) Double-acting Engine. — At the point B we have> 
as before, from (4) 



«r^N 




Hence 



Psinei = Q = 0.6866P. 

e, = 0.2196 n = 89** 32' 19.5". 



From J? to P* then the motion is accelerated aa 
beforo, and the angular velocity is oqx at P and a?, at B. 
From B' to B" the motion is retarded to <»i , from B" to- 
B"' accelerated to 003, and from B'*' to B rotarded to ooi. 
We have then as before, for P and Q in pounds and r in feet, 



2ff 



i(a>,* - Ml*) = 2Pr cos 61 - Qr{7C - 2ei). 



Substituting as before, we obtain 



/ = 



0.4210Pray 

M* ' 

0.842P r^ 

««' — Ml*' 



(8> 
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We can call 

_ 00^ -\- OOf 00 



2(09s — flOi) 009 — 09| 

the coefficient of steadiness. The greater a is taken, the less the difference 
a>« — 001 of the limiting velocities, and the steadier iJie action. Ordinarily a 
is taken at from 80 to 100, according to the steadiness desired. 

li H\r the horse-power of the engine and n the number of revolutions per 
minute, we have for single-acting engine 

2iVn „ _ leSOOfi" 

38000=-^' or iV = — ^^. 

For double-acting engine 

4tPm „ _ 83505^ 

SOOO = ^' or Pr = -jj-. 

Thus for a double-acting engine of 25 horse-power making 32 revolutions 

per minute, and a = 64, we have a? = — ^^r — radians per sec. From (8), 

taking ^ = 32 ft.-per-sec. per sec. 

J = 494900 lb.-ft.« 

If the outside radius of the fly-wheel is ri = 6 ft. and the inside radius is 
Tt = 5.5 ft., we have, if we disregard the spokes, 

I = J/(ri» + r,*) = 494900, or Jf = 7470 lbs. 

If we take the density of iron, 480 lbs. per cubic foot, the thickness of the 
rim t, we have 

Jf = 480 X %nTATi - Tt) = 7470, or t = 0.8 ft. 

(10) A homogeneous prismatic bar AB constrained to rotate 
about aflxed axis at A receives a direct impact from 
a sphere whose m^iss is mi and velocity Ui. Find the 



c 



angular velocity oot of the bar and the velocity Vi of 
the sphere after impact if the bodies are perfectly 
elastic, 

Ans. Let the mass of the bar be mt and k^^ the square of 
its radius of gyration with reference to the axis at A. Also 
let a% be the distance AB, 

Then from equations (4) and (3), page 183, 

(11) In the preceding example let there be no f,xed axis. Find 
where the impact must take place in order that trie initial velocity^ 
at the end A m>ay be zero, 

Ans. At the centre of percussion (page 180). Hence if G is the centre of 
mass, Kt the radius of gyration with reference to the axis through A^ GA =^ » 

AC* 
and GB = o, we have p = — . 
s 
We obtain the same result from equations (5), (0), page 186. 
Thus from (5), since u^ = 0, et = 0, 

9 = (1 + eym^Kt'^Uy 

(Wi + Wa)iCs'» + mip» ' 
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and from (0) 

tt), - _ (1 + e)mipui 



(mi + «i«)K'i'» + mip* ' 

Now since for origin at A and AC coinciding with axis of T,v%:= ^ «flOt » 
we have 

9p = Kt'*, or p = — . 

We see then that the position of the point of impact is independent of the 
magnitude of the impulse and whatever the value of e, that is, whether the 
bodies are elastic or inelastic. 

If the point of no initial velocity is at a distance d from C, we have 

iC* * 

«i — rf« = 0, or dp = — ic*, or p = — -J. 

(12) A horizontal uniform disk is free to revolve abottt a vertical 
cutis through its centre. A man walks around on the outer edge. 
Find the angular distance passed over by the man and disk when 
he has walked once round the circumference. 

Ans. Let if be the mass of the man and D the mass of the disk, and r its 

radius. Then/= ^r». 

Let a be the angular acceleration of the disk and F the force exerted on 
the circumference. Then (page 170) 

— :?^ — ?^ _?^ 
^~ / "Dr^ ~Dr' 

If ai is the angular acceleration of the mass, we have J«*= Mrau and hence 

2Jf 

The angular distance of the disk is -^^ and of the mass ^ ai^, and when 
the mass arises at the Initial point we have 

Inserting the value of ai, we have for the angular distance of the mass 

1 ,, _ 2icD 
'2'^'^ "i) + 2Jf' 

and for the angular distance of the disk 

1 ,, ^hM 



3 ""i) + 3Jf 

(13) Let a body of mass M on the horizontal arm AB be free to 
rotate about the vertical oms ED. Let the body be acted upon by a 
horizontal force F of constant magnitude always at right angles to 
AB at the distance AB = r. Let the distance AC of the centre of 
nuiss C from the axis be d. Find the number of turns which the 
body will make about the axis DE in the time t. 
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Ans. Let K be the principal radius of gyration of the body with reference 
to the axis through C parallel to DE, and k* the 
Tadius of gyration with reference to the axis DE. 
Then (page 176) 

K"'* = ica + d". 

Then (pagd 170) we have for the angular s^icel- 
«ration 

Fr 

^~ Jf(K« + d«)* 

If 6 is the angular distance, we have B = -^a^, or 




e = 



Fri} 



2M{K^ + d«) • 
The number of complete rotations will then be 



^ = 51^ = 



Frt^ 



27t " ^nM{K^ + cPy 

If the body is a sphere 2 feet in diameter, weighing 100 lbs., the 
centre 5 ft. from the axis, ana Fisa force of 25 lbs. at the end of a 
lever 8 feet long, find the number of turns in 5 minutes, (g = S2ft.- 
per-sec. per sec.) 



Ans. n = 



25gr X 8 X 800* 



4^X100^1 +25^ 
The time necessary to make one turn is 



7200000 ,^.. 45 ^ 



_^/4.X 100 (1 + 25)^ 
- ^ 25flr X 8 



2.28 sec. 



(14) A sphere whose mass is m rests upon the rim of a horizontal 
disk of mass D. A perfectly fleocible string passes round the disk 
and over a pulley and has a mass P attached to its lower end. Dis- 
regarding friction and the mass of the pulley and string, find the 
distance described by P in the time t. 

Ans. Let B be the radius of the disk and r the radius of the sphere. 

If the sphere moves with the disk as if it 
were povrt of it, i.e., rotates about the axis 
ab in the same time that it rotates about the 
parallel axis AB, we have the moment of 
inertia of the sphere with reference to the 
axis AB, pages 173 and 176, 

2 

In this case we have for the angular ac- 
celeration about AB 

PgB 




' '2 
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Hence the acceleration / of P is 

f^Ba^-,—^-^-^ (1> 






The distance described by P is then 



*»('+&)+*' 



If the sphere doti not ToUUe about the axis ab, as when, for instance, it is 
hunfffrom the rim, we may consider it as a particle, and its moment of inertia 
is wlp. We have then 

« = ^— » 

mE^ + ^B' 

or 

/=-^ (8) 



and 



'+? 



Pgt* 



2m + D' 
In either case, if we take the reduced mass (page 174), we have 
Reduced mass X / = moving force. 

If the sphere has an angular acceleration ai not equal to a about ab in the 
I)ositive direction (counter-clockwise), we have for the moment of the force 

2 
causing this rotation, -gn/t^ai. Hence, by D'Alembert's principle (page 168), 

2 D 

PgR — —fM^ai — mB?a - -^1(^0:= 0, 

or 

PgR-^mf^ai 
a = — — . 

(15) A disk of mass D is free to rotate dbovt a horizontal aans 
AB. A perfectly flexible string passes round the dish and has a 
mass P attached to its lower end. Find the distance described by B 

in t seconds, neglecting friction and the mass 

of the string. 



rj 




'^^- « n ' ■' n' 



8 



•" 2^ " 2P + D' '^ •" r "■ 2Pr + i>r' 



. = :^- ^^ 



2;r"" 2«r(2P+i))r* 
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(16) A disk of mass D has a motion of translation u and of rota- 
tion € in its own plane, when suddenly any point of the disk becomes 
fixed. Find the angular velocity oo about the fixed point, 

Ans. Let p be the perpendicular distance between the fixed point P and the 
direction of motion of translation u at the instant when P becomes fixed, and d 
the distance between P and C. 

Then the moment of inertia of the disk with 
reference to the axis through P, if K is the prin- 
cipal radius of gyration, is 

jtnd the moment of momentum is 

We have then (page 171) 

__ Dk*€ + Bup __ K*€ -i- up 

velocity 00, 

Ans. By the principle of conservation of areas (page 142) the moment of 
momentum is constant Hence 

2 2 1 

--w»r*6 = -rwnVoi), or a> = ~s-^*. 
6 6 n* 

The initial kinetic energy of rotation is (page 171) 

o 

jmd the final kinetic miergy of rotation is 

1 1 r* 

6 5 n* 

The gain of kinetic energy of rotation is then 

This gain of kinetic energy must be at the expense of potential energy 
<page 87). 

[(18) In the preceding example find tJie loss of potential energy due to 
contraction, 

Ans. Let m' be the mass of a particle on the surface of the sphere. The 
Attraction between the> sphere and this particle is (Vol. II, Statics, page 47) 

m'm _ m'mP^g 
"^ r» "" Jfr« ' 

where PL is the radius and M tne mass of the earth, and g the acceleration of 
gravity at the earth's surface. 

The attraction for any point within the sphere varies directly as the distance 
from the centre. Hence at a distance p from the centre the attraction is 

m'mB^g p 
Mr^ ' r' 
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Daring contraction the attraction is inversely as the square of the distance 
from the centre. Hence the attraction at a distance of a particle originallj^ 
atpis 

Mr* V • 
The loss of potential energy of the particle is then 



Mr* 






The mass of a nnit of volame of the sphere is j . The Tolome of a. 

8 
^herical shell of radios p is 4igp*dp. Hence the mass of an elementary^ 



spheric 
shell is 



J'" 

Substituting this, we have for the loss of potential energy of an elementaiy^ 
shell 

The total loss of potential energy is then 



(^)y3= wM "> 



Mr* 



This loss of potential energy must be converted into kinetic energy (pag& 
87). 

We have just seen in the preceding example that the gain of kinetic 
energy of rotation is 

M'-^)- • • <»> 

Hence if (1) is greater than (2), the difference must be converted into heat 
energy. The energy converted into heat is then 

t!i^0>[9mBfgn-M,*e>(X+n)] (8> 

If we divide by g, we have this energy in ft. -lbs. If we then divide by J, 
the mechanical equivalent of heat, we obtain the number of heat units. We 
have then for the number of heat units generated 

6JMn*r L ff J 

lid ia the density of the sphere and y is the density of water, the mass of 
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a volume of water equal to the sphere is --m. If cr is the specific heat of the 
sphere and 2* the number of degrees rise of temperature, we have 

No. of heat units = — mT, 

r 



^bnoo 



y_, r(i" 



bdJSMn'^ 







(19) The moment of inertia of the shaft OiB with reference to its 
axis of rotation is mxK^ = 40000 i6.-/^.» and that of the trip-hammsr 
BOi with reference to its axis 
of rotation is m^K^ = 150000 Z6.- 
j^.* The arm OiB of the shaft 
is at = 2 ft and that BO9 of the 
hammer is as = 6 ft The an- 
gular velocity 'of the shaft he- 
fore impact IS €i = 1.05 radians 
^)er sec. Find the velocity after 
impact and the loss of energy at each impact, supposing both 
boaies inelastic. 

Ans. (page 182). The angular velocity of the shaft after impact is 

'^ = ^-<>»- 400oixr+lS^x4 = 0.741 ntdi^ per .ec 

The angular velocity of the hammer after impact is 

oDn = zz — '■ — = 0.247 radians per sec 

01 

The loss of energy at each impact is (page 171) in foot-poundals 

In foot-pounds we have then 

^e,. -!!^co,* - ^00,^ = 201.63 foot-pounds. 
' 2g ^ 2g *^ 

(20) A ballistic pendulum weighing 30000 lbs. is set in oscillation 
by a 6-lb. ball, ana the angular displacement is 15°. If the distance 
s of the centre of mass from the axis is 6 ft. and the distance a% 
of the point of impact below the aocisis 5.5 ft., and the number of 
oscillations per minute is n = 40, find the velocity of the ball. 

A / ^oRx 3006 120 X 32.2 X 5 . „,« ^ooo ^ 

Ans. (page 185). u^ = -^ . ^ ^ 3^^^^ ^ ^^ sm 1^ = 1828 ft. per sec. 

(21) An iron ball of mass mi = 66 lbs. strikes with a velocity of 
Ui = 36 ft. per sec. a beam of wood of rectangular cross-section 
whose mass is ma = 842.4 lbs. at a distance p = lift above the 
centre of mass C. The length of the beam is 6 ft and the thickness 
2 ft. Find the velocity of the ball after impact, also the velocity of 
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the centre of mcuaCand the angular veloeity of the beam, regarding 
the bodies ae inelastic. 

Ana. (page 185). The square of the semi-diagonal is 

— • G-)'+(i)"='- 



G 



Hence the moment of inertia of the beam (page 175) is 



and 



%tu 



fn'K* r= ~! X 7.35 = 9085.8 



If « = i X 7.25 = 3.41«. 



Hence the velocity of the ball after impact is 

„ _^ 86X2085.2 

* ~ 907.4 X 2.416 + 65 X IW 

The velocity of the centre of mass is 



= 6.864 ft per sec 



_ 86 X 65 X 2.416 

* " 907.4 X 2.416 + 65 X 1.76« 

The angular velocity is 



= 2.864 ft. peraec. 



«0 = — 



86 X 65 X 1.75 



907.4 X 2.416 + 65 X 1.7B^ 



= — 1.712 radians per seo. 
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BBTERMINATION OF MOMENT OF INBBTIA. RADIUS OF GTKATION. SEDUC- 
TION OF MOMENT OF INERTIA. MOMENT OF INERTIA FOR A LINE. FOR 
A PLANE AREA. FOR A POINT. ELLIPSOID OF INERTIA. PRINCIPAL 
AXES. MINIMUM MOMENT OF INERTIA. EQUIMOMENTAL CONES. REDUC- 
TION OF PRODUCT OF INERTIA. EQUIMOMENTAL BODIES OR SYSTEMS. 
MOMENTS AND PRODUCTS OF INERTIA OF BODIES. 

Moment of Inertia of a Body.— We have already seen in the 
preceding chapter (page 172) the part played by the moment of 
mertia in rotary motion. In the present chapter we shall show how 
to determine the moment of inertia. 

We may define the moment of inertia of a body with reference 
to any point, line or plane as the sum of the products obtained by 
multiplying the mass of eaxih element of the body by the square of 
its distance frcym that point, line or plane. 

If m is the mass of an element and r its distance from any point, 
line or plane, then the moment of inertia is 



-/ 



mr^. 



The determination of the moment of inertia of a body is then a 
mere problem of integration. 

We denote the moment of inertia with reference to the centre 
of mass, or a line or plane through the centre of mass, by J; with 
reference to any other point, line or plane by J'. 

Radius of Gyration.— The radius of gyration of a body with ref- 
erence to any point, line or plane is that distance at which, if the 
entire mass m of the body were concentrated in a single particle, 
the moment of inertia would be the same as for the body itself. 

We denote the radius of gyration with reference to the centre of 
mass, or a line or plane through the centre of mass, by k*. For any 
other point, line or plane we denote it by k' 

We have then 

or 

I 



M' M' 
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Beduotion of Moment of Inertia.~We have already found (page 
173) the theorem of moment of inertia for parallel axes, viz., 

r = I+ Md\ 

or, the moment of inertia of a body with reference to anv line is 
equfid to the moment of inertia with reference to a parallel line 
through the centre of mass, plus the product of the mass of the 
body by the square of the distance between the two lines. 

If therefore we know I and d, we can iind /', or conversely, if 
we know I' and d, we can find J. 

We have then also 

#f'» = K« + d\ 

Evidently the moment of inertia with reference to any line through 
the ceutre of mass is less than for any parallel line, and the radius 
of gyration with reference to any line through the centre of mass is 
less than with reference to anv parallel line. 

Moment of Inertia with Reference to a Line.— Let OZbe any line 
and ZOY^ ZOX, any two rectangular planes passing through that 

line. Then for any particle of a body 
of mass m whose co-ordinates are x, 
Y y, Zj we have the moment of inertia 

with reference to OZ 

mr* = wiaj* + my\ 

Summing the moments of inertia 

for all the particles of the entire 

X body, we have for the moment of 

inertia of the body with reference to 

the line OZ 

2mr^ = Smaf + 2m^. 

But Smr* is the moment of inertia of 
the body, r«, with reference to the line OZ, and 2mx^ = J«y', Smy* 
=^ Tzx , are the moments of inertia of the body with reference to the 
planes ZO Y and ZOX. Hence 

I'z = I'ev H- I'zx , 

or, the moment of inertia of any body with reference to a Une is 
equal to the sum of the momenta of inertia for any two rectangular 
planee passing through that line. 

CoR. For any plane area as VOX, we have 

I'z ^= I X + /y, 

or, the moment of inertia of any plane area with reference to a line 
perpendicular to the plane is equal to the sum of the m^oments of in- 
ertia for any two rectangular tines in the plane through the foot of 
the perpendicular. 

Moment of Inertia with Reference to a Point.— Let O be any point, 
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OZ any line through that point, and YOX a plane through the 
point perpendicular to the line. 

Then for any particle of a body 
of mass m whose co-ordinates €u*e 
0?, y, 2?, we have for the moment of 
inertia with reference to O 

mr^ = wiic' + my^ + mz^. 

Summing the moments of iner- 
tia for all the particles of'.the entire 
body, we have for the moment of 
inertia of the body with reference 
too 

Smr* = ^moj* + ^my^ + ^mz^. X 

But ^mr^ = Jo' is the moment 
of inertia of the body with reference to the point O, and :Smx^ = 
I'zjh 2my^ = I'zxj 2mz^ = Ixy, are the moments of inertia of the 
body witii reference to the co-ordinate planes. Hence 



-y 



/o' = I'zy + /'aw + /'«y. 

But we have just seen that Fzy + Pzx = /'«. Hence 
/•' = Jz' +rxy. 

That is, the moment of inertia with reference to any point is eqiml 
to the sum of the moments of inertia for any three rectangvlar 
planes through that point; 

Or, is equal to the sum of the moments of inertia for any line 
through the point and a plane through the point at rtght angles to 
this line. 

Ellipsoid of Inertia.— The ellipsoid of inertia gives the relations 

existing between the moments 
of inertia of a body with refer- 
ence to all lines passing through 
any given point. 

Let this point be the origin 
O, let m be the mass of any 
particle of a body whose co-or- 
dinates are a;, y, z, with refer- 
ence to any assumed system of 
rectangular axes through O, 
and let OR be any line through 
the origin, making the angles 
a, (i, r with the axes. Let r be 
the perpendicular from m on 
this line, then we have 

r* = 03* 4- y' 4- 2J* — (a? cos a -^ y cos p '\- z cos yy. 

We have then for the moment of inertia of m with reference to 
the line OR 

mr^ = m[ix? + y^ + z^ — (x cos a + y cos (3 + z cos yY], 





A 


m 






/ 


L?-- 


a/ 


/ i 


>^ 


V 


%(rtc' 


X 




X' 


> 




l^ 


V' 
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Summing the moments of inertia for all the particles of the en- 
tire body, we have, since 

cos* a + cos* fi + cos* r = If 

for the moment of inertia of the body with reference to the line 
OR 

Smr" = 2m[(aj* + y* + 2f*)(cos*a + cosV+ oos*r) 

-(opcosa + ycos/^ + zcos rf]. 
Multiplying and reducing, 

2mr^ = Smiy" + z*) cos* a+ 2nnaf + z%) cos* fi 

+ Smia^ + y*) cos* r — 22myz co&ficoBr 

— 22mxz cos a cos y — 22fnxy cos a cos fi. 
But (page 218) 

:sw(y» + «•) = Ix\ 2fnia^ + z*) = Iy\ Sm{a^ + y*) = J* , 

are the moments of inertia of the body with reference to the axes 
of Xj Y, and Z, and 2mr^ = J' is the moment of inertia of the body 
with reference to the line OR. 

Using this notation we have then 

J' = Ix cos' a + ly cos' fi + Iz cos' y — 22myz cos fi cosy 

— 22mxz cos a cos X — 22mxy coacc coBfi. (1) 

Let ilf be the mass of the body and ic', kx\ tcy' kz be the radii of 
ation of the body with reference to the line OR and the axes of 
\ F, Z, respectively. Then 

/'=:Afic", Ix^MKx'\ Iy==MKy'\ Iz ^ M Kz'\ 

and equation (1) can be written 

2 
i<-'« = Kx* cos' a + #fy " cos' fi + if*" COS* r — jfSmyz co& fico^y 

2 2 

— -^Smxz cos a cos r — -i7 2iiMcy COS « COS y5. (2) 

in M 

Now suppose we lay off a distance OP = I from O along the line 
OR and make 

^^=^ = ^' 

where /o is any arbitrary length we please, and let x\ y\ z! be the 
co-ordinates of the point P. Then whatever the assumed value of 
p, we have 



9 



% > 



X' — I cos a = —7- cos a, or cos a = 

P* ^'1/' 

7^ = I COS fi = --r cos A or cos )5 = - , - ; 
ic p 

z' = I cos y = — cos ;', or cos ^^ = - ,-. 



(3) 
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Substituting these values in (2), we obtain 

2 2 

- -]^ (2mxz)afz' - -^ {2moDy)x't/ = 1. (4) 

This is the equation of an ellipsoid. If we multiply by M, then 
since Mp* = Mr'K^ = Z*/', we have 

Pr = IxxT^ + ly]/^ + Izz'' - 2{2myz)y'z^ 

— 2(2mi»2J)a;'2J' — 2{2mxy)x'j/, (5) 

That is, if we lay off on every line OR through the origin a distance 

Z = A-, where the distance p may have any arbitrary value, all the 

points P thus determined toill lie in the surface of an ellipsoid. 

This ellipsoid is called the ellipsoid of inertia of the point O, be- 
cause the squxire of the reciprocal of any one of its semi-diameters 

(1 K* \ 
p = — J- 1 multiplied by the mass Mof the body, is proportional to 

the moment of inertia {Mk'^) of the body with reference to the coin- 
cident line through the point O. 

Expressions of the form 2mrirtt , where ri, n are the distances 
of an elementary mass m from two planes, are called moments of 
deviation or products of inertia. We adopt the latter term and de- 
note them by D. Thus 2macy = Dxy is the product of inertia with 
reference to the XYaxes, In like manner 2myz = Dyz and Smzx 
= Dzx are the products of inertia with reference to the yz and zx 
axes respectively. 

The equation of the ellipsoid of inertia for any point O can then 
be written 

^^ ^ p^y ^ p*^ Mp'^^ Mp*^^ Mp'^^ • ^^^ 

When the point O is the origin for any assumed set of rectangular 
co-ordinate axes, a?', j^, z' are the co-ordinates of any point of the 
ellipsoid for these axes; Kx Ky\ Kz are the radii of gyration of the 
body with reference to the axes of X, F, Z respectively; Dxy, Dyz^ 
Dzx are the respective products of inertia with reference to the xy, 
yz, and zx axes; M is the mass of the body, and p is any assumed 
constant length. 

Principal Axes.— The point O is the centre of the ellipsoid. The 
axes of figure OA, OB, OC of the 
ellipsoid are called the principal axes 
at the point O, and the moments of 
inertia of the body with reference to 
these principal axes are called the 
principal moments of inertia at the 
point O. 

These principal moments of iner- 
tia must evidently include the great- 
est and least of all the moments of 
inertia at the point O, the least corre- 
sponding to the longest semi-diameter OA, and the greatest to the 
snortest semi-diameter OC. 

For any point O, then, there must evidently be at least one set 
of rectangular axes, OA, OB, OC, which are principal axes. 
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Now the equation of an ellipsoid referred to its centre and axes 
has the form 

Ax'^ + BjT + C'«'* = 1. 

Comparing with equation (6), we see that the equation of the 
ellipsoid of inertia takes this form when 

Dxy = ^mxy = 0, Dys = 2myz = 0, Dgg = 2mzx = 0, (7) 

in which case it becomes 

K-a:'V« +iCy'Y« +K«'*Z'« = P*, (8) 

where kx\ icy\ kz are the principal radii of gsrration with reference 
to the principal axes. Equations (7) are therefore the equations of 
condition for principal cures. 

If any two of these conditions, as for instance 

Dxy = 2mxy = 0. D^z = 2myz = 0, 

are fulfilled, the equation of the ellipsoid of inertia at any point O 
becomes 

2D 

We see from this equation that for any given values of z\ ocf, we 
have two equal values of j^ with opposite signs. Hence the surface 
of the ellipsoid is symmetrical with respect to the zx plane, and 
hence the axis of Y is a principal axis at the origin. 

Conversely , if a line is a principal axis at one of its points, 
then taking this point as origin and the line as axis of V, the 
conditions 

Dxy = 2mocy = 0, Dyz = Smyz = 

must be satisfied. 

We see, moreover, that if a line is a principal axis at one of its 
points as O, it will not in general be a principal axis at any other 
of its points. For, taking the line as axis of F and O as origin, we 
must have Smacy = and 2myz = 0. If now we take some other 
point on the line at a distance a from O as origin, if the line is a 
principal axis for this point also we must have 

2mx(y — a) = 0, 2mz(y - a) = 0, 

which can only be the case when 2mx = and 2mz = 0, that is, 
when the line passes through the centre of mass. 

Hence, a line cannot be a principal axis at more than one of its 
points, unless it passes through the centre of mass ; in the latter 
case it is a principal aads at every one of its points. 

The ellipsoid for the centre of mass is called the central ellipsoid 
of inertia. 

From equations (1) and (2) we have also for the equation of the 
ellipsoid of inertia at a point O, referred to its principal axes, 

T = Ix cos^ a + ly' cos' p + Iz cos* y (9) 

K'^ = Kx'* COS' (X + Ky*^ COS* P + fiz^ COS* y. . . . (10) 
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That is, the moment of inertia of a body with reference to any 
line is equal to the sum of the products obtained by multiplying the 
principal mom^ents of inertia for any point of the line, respectively , 
by the squares of the cosines of the angles which the line makes vnth 
the principal aaces at that point. 

In finding the ellipsoia of inertia for a body at any x>oint, con- 
siderations of symmetry are often of assistance. 

Thus if a body has a plane of symmetry, then taking this plane 
as the yZ'plane and a perpendicular to it at any point as the axis of 
X, we have for any given values of y, z, two equal values of a? with 
contrary si^s. Hence 2mxz = and ^mocy = 0, whatever the 
position of me other two co-ordinate planes. 

Therefore, any perpendicular to a plane of symmetry is a prin- 
cipal axis at its poiri of intersection with the plane ; and a per- 
pendicular to a plane of syrfvmetry at the centre of mass is a prin- 
cipal QMS at every one of its points. 

If the body has two planes of symmetry at right angles to each 
other, then taking one as the ^2r-plane and the other as tne 2;a?-plane 
and their intersection as the axis of z, it is evident that all three 
products of inertia vanish, and 

Dxy = 2mxy = 0, Dyz = 2myz = 0, Dzx = 2mzx = 0, 

no matter where the oriain be taken on the axis of z. 

Hence, the principal axes at any point on the line of intersection 
of two rectangular planes of symmetry are this line of inter- 
section and the two perpendiculars drawn to it at the point, in 
each plane. 

If there are three planes of symmetry at right angles to each 
other, their point of intersection is the centre of mass, and their 
lines of intersection are the principal axes at the centre of mass. 

Minimum Moment of Inertia. — Let /be the moment of inertia 
of a body with reference ^to any line through the centre of mass, 
T the moment of inertia with reference to any parallel line at a 
distance d from the first, and M the mass of the body. Then we 
have seen (page 218) that 

r = /+ JMa»; 

that is, the moment of inertia of a body with reference to any line 
is equal to its moment of inertia with reference to a parallel line 
through the centre of mass, plus the product of the mass of the 
body by the square of the distance between the two lines. 

We see, then, that the moment of inertia of a body with refer- 
ence to any line through the centre of mass is less than the mo- 
ment of inertia with reference to any other parallel line. 

Hence, the least principal moment of inertia at the centre of 
m.ass is the least of all the moments of inertia of the body, and is 
equal to the mass M multiplied by the square of the reciprocal of 
the longest semi-diameter of the central eflipsoid. 

Discussion of the Ellipsoid of Inertia.-— Let Ix,Iy,Izhe the prin- 
cipal moments of inertia at the centre of mass. 

(1) Let Zr = iy = ii = Mk', where M is the mass of the body 
and K is the principal rfitdius of gyration for each principal axis. 
In this case we see from (9) that the central ellipsoid is a sphere, 
and therefore all moments of inertia at the centre of mass are 
equal to Mk* and all axes through it are principal axes. The radius 

of the sphere is then — , so that the mass M multiplied by the square 
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of the reciprocal of any radius gives the moment of inertia for the 
coincident line. 




Let O be any other point at a distance CO = d from the centre 
of mass C. Let OR be any line making the an^le d with CO. 
Then the moment of inertia with reference to this Ime is 

I' = JfK* + Jfd* sin* e. 

For all lines through O perpendicular to CO the moment of in- 
ertia is then M(k^ + (r), while for the line CO the moment of inertia 
is J(fK'^ The ellipsoid of inertia becomes then a prolate spheroid 

whose greatest principal axis is OA = — , or the same as the radius 

of the sphere, while all axes through O perpendicular to OA are 

principal axes, and equal to - 



In this ccuse we have 



(2) Let Ix > ly and ly = /, = MKy\ 
MtCx^ > Mtcy^ or ifx> Ky,OT --> zr-. The semi-diameters of the 

lyy l^x 

central ellipsoid along the axes of Fand Z are then both equal to 
--, and along the axis of X the semi-diameter is — . The central 

Ky Kx 

B ellipsoid is then an ohlaie spheroid whose 

greatest principal axis is CB = — , con- 
stant for all lines through C perpendicu- 
lar to the least principal axis CA = — . 
There are two points on the axis CA 
at which the ellipsoid is a sphere of radius — . At these points all 

moments of inertia must be e^ual to Ze, since Ix is unchanged by 
the change of point. These pomts can be found as follows: 

Let a? be the distance from C to any point O on the axis of X or 
on CA prolonged. If all moments are equal at this point, we must 
have 

Ix^Iy\-m^ = Iz-\-M3i^. 
Hence 




0?= ± V^^^ = ± ^Kx^-Ky\ 



It is evident the ellipsoid can become a sphere at no other points. 
(3) Let /» = Jy = mKg? and ly > Iz. In this case we have 



Ky> Kg, or 



ICz 



1 
> — . 
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The semi-diameters of the central ellipsoid along the axes of X 
and Fai*e then both equal to ~ and along 

*"' 1 

the axis of Z the semi-diameter is — . The 

central ellipsoid is then a prolate spheroid 
whose axis is that of Z, Tnere is no point 
in this axis at which the ellipsoid becomes a 
sphere, because we find as before 



= ±|/^^ = ±i/;?7=i?;;. 




M 

Since tcy > Kz we have the square root of a minus quantity. 

(4) Let Ix> Iy> Ig. Then the central ellipsoid is one of three 
unequal axes at the centre of mass and cannot be a sphere at any 
point. 

Eqnimomental Cones. — From equation (8) we have for the equa- 
tion of the ellipsoid of inertia at any point O, referred to its centre 
and principal axes 

The equation of a sphere of radius — described about O is 

The intersections of this sphere with the ellipsoid give curves on 
the surface of the ellipsoid. 

The radius vectors from O to every point of these curves form 
cones which are called the eqnimomental cones. Every straight line 
in the surface of these cones passing through O to the ellipsoid is a 
semi-diameter of the ellipsoid for which the moment of inertia is 
constant. 

Combining the two equations above, we have for the equation of 
these cones 

{kx'' - K-' V + (i^y" - 02^" + i^z' - i<'' V = 0; 

or multiplying hj M^ j- • • (11) 

{Ix' - Dod^ + {ly' - r)y" + {Iz - I'K* = 0. 

Let Ix > ly > Iz\ Then — -> — ; > — r, or the semi-axis OZ of 

Kz tCy Kx 

the ellipsoid is greater than the semi-axis OY^ and the semi-axis 

OF is greater than the semi-axis CX 

If, then, —7 is less than — ; and greater 

K Kz 

than — ;, the intersections of the sphere 

Ky 

and eUipsoid give two tangent cones, the 
axis of one coincident with OZ and of 

the other coincident with OY, If -:t = 

K* 

-—7, the first of these cones becomes a 
straight line coincident with OZ and the other becomes a plane co- 
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incident with ZX. U --ia greater than — ;, there is no intersec- 
tion. 

If -7 is less than — -, and greater than —-„ the intersections of the 
sphere and ellipsoidgive two tangent cones, the axisof one coincident 
withOFand of the other with OX If -- =—7, the first of these becomes 

K Ky 

a plane coincident with ZX^ and the other a straight line coincident 
with OX. If —7 is less than — ?, there is no intersection. 

K Kx 

If -j^ = — >, the cones reduce to two planes given by 

{Kai^ - ic'*)aj" + M^ - ic")2'* = 0. 

These are the central circular sections or cyclic sections of the 
ellipsoid. They intersect in the axis OF and divide the ellipsoid 
into four wedges, whose centre lines for one pair are OZ and for the 
other pair O^. The first pair contains all the equimomental cones 
whose axes coincide with OZ or the greatest axis of the ellipsoid, 
the other pair contains all those whose axes coincide with uX or 
the least axis of the ellipsoid. 

Reduction of Products of Inertia. — We have already proved 
([)age 173) the 'theorem of moment of inertia for parallel axes," 
viz., 

1=7+ Md"', 

that is, the moment of inertia /' of a body with reference to any 
line is equal to the moment of inertia / with reference to a parallel 
line through the centre of mass, plus the moment of inertia Md^ of 
the entire mass, concentrated at the centre of mass, with reference 
to the original line. 

We can easily prove a similar theorem for products of inertia. 

Thus let Dxy be the product of inertia of a body with reference 
to any two axes JT, F through the centre of mass, J7av_the product 
of inertia with reference to any two parallel axes, x and y the 
co-ordinates of the centre of mass, and M the mass of the body. 
Then we have the relation 

D'xy = Dxy + Mxy, 

that is, the product of inertia D'xy of a body with reference to any 
two axes is equal to the product of inertia Dxy with reference to 
two parallel^ axes through the centre of mass, plus the product of 
inertia Mxy of the entire mass, concentrated at the centre of mxisSy 
with reference to the original axes. 

This we can call the ** theorem of product of inertia for parallel 
axes.^^ Bv means of it we can find L/ for any two axes, if D for 
two parallel axes through the centre of mass and the co-ordinates 
of the centre of mass are known. Or, conversely, we can find D if 
D' and the co-ordinates are known. 

We can easily prove this theorem as follows : 

Let a?', y' be tnedistances of any particle m from the Y'Z and 
Z'X planes, let x, y \)e the distances of the centre of mass from 
the same planes and x, y the distances of the particle from the 
parallel planes YZ and ZX through the centre of mass. 
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Then we have of = x + x, y' = y + y, and hence 
Smaf]/ = 2m(x + x)^ + y) =xy2m + Smocy + x2my + ySmx, 

Since the planes YZ and ZX pass through the centre of mass, 
we have 2my = 0, 2mx = 0. Hence 

Snuxfy' = 2mocy + H^^m. 

But ^mxfy' = J7«y , ^wxj/ = Dxy and 2m = M. Therefore 

Uxy^Dxy + Mxy, 

Eqnimomental Bodies or Sylriiems. — Two bodies or systems of 
l)odies are said to be equimomental when their moments of inertia 
about all straight lines are equal each to eaxjh. 

If two bodies or sjrstemshave the same centre of mass, the same 
mass, the same principal axes and principal moments of inertia at 
the centre of mass, they are equimomental. 

Determination of Moments and Products of Inertia.— To determine 
the moment of inertia of a body with reference to any line, we have sim- 
ply to perform the summation 2mr^j where m is the mass of an element 
and r its distance from the line. 

To determine the product of inertia we have to perform the summation 
2mrir9, where ri, ra are the distances of an element of mass m from two 
rectangular planes. 

[(1) Moment of Inertia of a Homogeneous Material Line.— Let the 
length AB be I, and the linear density S, Then the 
mass is 

M=dl, 

and the centre of mass is at the middle point 0. 

Let the line coincide with the axis of F. and take 
the axes of JT and Z through the centre of mass 0. 
The planes XT, YZ, ZX are planes of symmetry. 
Hence (page 223) any three rectangular axes OX^ 
OY, OZ through the centre of mass, of which any 
one, as OY, coincides with the line, are principal 
axes at the centre of mass. 

We have then for the moment of inertia with reference to the axis of 
Y through the centre of mass, coinciding with the line, 

^y = (1) 

The mass of any element of the rod \& m = Sdy. Hence the moment 
of inertia with reference to 0-^or OZ through the centre of mass is 

Ix = Iz= I my^ = J dy^dy:=— = M-. . . (2) 

For any line OR through the centre of mass in the plane JT, making 
the angle a with OX, we have from equation (9), page 222, 

/= iicos'a + Jysin' a = if:T^ cos'a .... (8) 
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For any parallel line at a distance d from OE we have by the theorem 
of parallel axes, page 173, 

/' = /+J£tf* (4) 

Eqnimomental System.— Let the line AB be replaced by three 
particles of mass mi at the ends A and B and f»t at the centre of mass O. 
Then we have 

2mi + f»s = if, 
and for a line through B parallel to OJT^ since in this case d == -z^ 

«..?+«., (I)' = if ^3 + if (I)'. 

From these two equations we obtain 

mi = g Jf, m, = jjf. 

Hence, the moment of inertia of a homogeneous material line with 
reference to any line whateoer is the same as for a system consisting of a 
particle of one-sixth the mass at each end and a particle of ttoo thirds the 
mass at t?ie centre of mass. 

Product of Inertia. — Take the axes of X and F through the centre of 
mass Oj and let the line ^1^ be in the plane JHT 
and make the angle a with the axis of X Let 
p be the distance of any element from 0, and d 
the linear density. Then the mass of an ele- 
ment is m = Sdp and its co-ordinates are a; = 
p cos a:, ^ = p sin a. The mass of the line ia 
M=dl 

We have then for the product of inertia for 
two rectangular axes X, Y through the centre 
of mass, the line being in the plane XF and 
making the angle a with the axis of Zj 




I 
JDxy = / ^nxy =: j S sin a cos ap^dp 



Tnxy = I S i 



= ?|.sinacosa = ifj^sinacosa .... (5) 

For any pair of parallel axes X', Y' we have by the theorem of 
parallel axes (page 173) 

iyxy^Bxy + Mwy, (6) 

where x, yaxe the co-ordinates of the centre of mass with reference to 
X', F'. 

If the line coincides with the axis of X or F we have 

Djcy = 0, D'xy = ^^y (7) 
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We see, then, that the product of inertia of a homogerieous material 
line with reference to any pair of rectangular axes is, like the moment of 
inertia, the same as for a system consisting of a particle of one sixth 
the mass at each end and a particle of two thirds the mass at th£ centre 
of mass. 

[(2) Moment of Inertia of a Homogeneous Material Triangle. — 
Let A, B, C represent the angles of a triangle; a, h c the sides opposite 
respectively; h the altitude for any side 5, and 
^ the surface density. Then the mass of the 
triangle is 

Take an elementary strip parallel to the side a b — c" 

5 at a distance y from the vertex B, and let x 
be the length of this strip and dy its thickness. Then we have 

xiy :io:h, or x = —y. 

The area of the strip is xdy = —y dy, and its mass is m = rrVdy, We 

n h 

a&n consider this strip as a material line. Its moment of inertia with ref- 
erence to the coincident line is then zero. With reference to the parallel 
line through the vertex 5 it is then wy*. The moment of inertia of the 
triangle th reference to this line is then 

For the parallel axis through the centre of mass we have by the 
theorem of parallel axes (page 178) 

76 = /6'-ifg.Ay=if5^ (2) 

Por the axis coinciding with the base b we have 

76" = 76+2fgy=if^ (3) 

Now take any axis AD through the vertex A in the plane of the tri- 
angle. Let pi, Pa be the perpendiculars from B 
and on AD. Produce the side DC to intersec- 
tion D with AD, and let the distance AD = Z. 
Let Ml be the mass of the triangle ADB, so that 

Ml = -~ . The moment of inertia of this tri- 
2 

angle with reference to the line AD coinciding 

with the base is, from (3), 

Let Jfi be the area of the triangle ADO, so that 

M% = -^. The moment of inertia of this tri- 
2 
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angle with referenoe to AD ooindding with its base is, from (8), 

/, ^Jf.— = ^^. 

Hence the moment of inertia of the given triangle ABO with reference 
toulDis 

/' = /,' - J,' = j^(p,» -p.*) = ^(p, -i>.). g(Pi' +l>il>. +ihV 

61 
But — (pi — i>a) is the mass if of the triangle ABC^ and 

i(p...„^..-,=i[(f)%(^)-.f-^)-]. 



Hence 



^=f[(f)^(f)"-(^^)"] (« 



That is, ^Ae moment of inertia of a homogeneous triangle about any line 
is the same as for a system consisting of a particle of one third the mass 
of the triangle placed at the middle point of eaoh side. 

If the axis through ^1 is at right angles to the side & we have thea 





^ 


1 


<; 


'1 


h 


'/ 


c 





Ih'== 



M 

3 I \2, 



or 



2) +\3tanJ ■*"V2"*"atanJ'' 

-., if/., ^ bh ^ h^ \ 

6 \ tan ^ tan' A) ^ 



tan^ tan' 

The distance from this axis to the centre of masa 
Ois 

Therefore by the theorem of parallel axes (page 173) the moment of 
inertia with reference to a line in the plane of the triangle at right anglea 
to the side b through the centre of mass is 

Now the plane of the triangle is a plane of symmetry, and therefore 
(page 223) the line through the centre of mass at right angles to this 
plane is a principal axis at the centre of mass. 

We have then for the moment of inertia with reference to a line 
through the centre of mass at right angles to the plane of the triangle^ 

J. = A + 7. = f(A' + 6.-^-^4.^-5^)=3^(a. + 6. + o., (7> 
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Draw the line BD from the apex B to the middle point D of the base 6, 
and let this line make the angle <» with the base. This line is a line of 
symmetry, passes through the centre of mass 0, and bisects every line 
parallel to the base. Then if E^ F are the 
middle points of the other sides, we have EF = ^ 

-|- and EN = FN = — . Taking hf concen- 
trated at 2), E and Fy we have for the moment 
of inertia with reference to the line BB 



Ir=lM(^smojJ=. 



Mb" 
24 



sin' 00. 



(8) 




Now suppose an ellipse inscribed in the tri- 
angle ABU touching two of the sides AB^ BC 
in their middle points ^, ^. Then it touches 
the third side AC in its middle point 2>. Since 
EF is parallel to AC, the tangent at D, the 
straight line BD is a line of symmetry and 

passes through the middle point iVof J^jPand the centre of mass 0, which 
IS also the centre of the ellipse. 

Let OD = r, and let Oe = r* be the semi-conjugate diameter, parallel 
to AG^ and oo the angle between r and r'. Then, since the area of an 
ellipse is equal to n x rectangle of the semi-axes, we have for the area 
^' of the ellipse 

A' = jrrr' sin <o. 

1 8 

Now ON = — r, and hence from the equation to the ellipse EN* = jf^\ 

If then we take -^M concentrated at 2>, E and F, we have for the 
3 
moment of inertia of the triangle with reference to the line BD 



Ir = -^M . -rr'* sin« <» = =^ 



M J'* 



8 



2 ^V* 



W 



We see then that the moments of inertia with reference to OD, OE, OF 
are inversely proportional to OD^, OE*, OF*. This is also the case for the 
ellipse of inertia. The ellipse of inertia coincides then with the inscribed 
ellipse at the points 2>, E, F, and also at the opposite ends of the diameters 
^ through these points. But two conies cannot cut each other in six points 
' unless they are identical. Hence the inscribed ellipse is an ellipse of 
inertia. Let 

K 

^ any send-diameter of this ellipse, where p is any arbitrary distance and 
K is the radius of gyration for the axis coinciding with I. 

Then the square of the reciprocal of any semi-dameter f -=^ = — J mul- 
tiplied by the mass M is proportional to the moment of inertia Mid^ with 
reference to the coincident line through the centre of mass 0. 

We can take p any arbitrary length. Thus in the present case we have 

M It a* 

- = -,orfrom(9)^--. 
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For this yalae of p the ellipse of inertia is tangent at the middle points 
D, E, ^ of the sides. 

M Ir 2^'* 

If we take r^^, = tt we have p* = -j^. 

For this value of p the ellipse circumscribing the triangle and having 
its centre at the centre of mass is the ellipse of inertia. 

Let Kr^ Kr* be the radii of gyration for the axes r and /, and ic», Ky be 
the radii of gyration for the principal axes of the ellipse. From (8) we 

have Kr = :=-, and from (2) kt* = — :f"- ^® ^^^ ^^^^ 

^^P^^3jk^* ^_ p* _ Bj/y 

Kr b sin m Kr* h ' 

o' p' 
The lengths of the principal semi-axes are — , — . Now the parallelo- 
gram upon two conjugate semi-diameters is equal to the rectangle of the 
principal semi-axes. Hence 

P* 1 6f^ 
rr' sm <» = -^ — , or = ,, ■. 

ICxi<y KxKy oh 

We have also from (7) 

Kx^ + Ky^ = i^a* -I- 6* -I- A. 

Solving these two equations, we obtain for the principal axes at the 
centre of mass, if J = -r- = the area of the triangle, 

'^*' == AL^^' "*■ ^' ■*■ '''^ ■*■ t^(«' + «»' -KJ»)«-48^'J; . (10) 
*^y^ = 4l^^' "*" ^' ■*■ '''^ "■ i^(«' + ^" + «")' - ^^^'J • • (11) 

We have then for the angle % which the principal axis of X makes 
with the base h 

h' 

h^ IS " '^^ 
Kx' cm' Bx + Ky^ sin' Bx = r^, or cos* Bx = — i 5. (12) 

lo Kx — ^y 

Equation (12) locates the principal axis of X with reference to the 
base b. 

For any axis in the plane of the triangle through the centre of mass, 
making the angle a with the axis of X, we have then 

iCx^ cos' a + Ky^ sin* a = k-' (18) 

Cor. 1. For an isosceles triangle we have a = c, and A' = c* — -j^. 
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Hence from (10), (11) and (12), Kx^ = j-, k-/ = ^, and cos» Qa? = 1 or 

Bx = 0. Hence the principal axes at the 
centre of mass in the plane of the triangle are 
parallel and perpendicular to the base 6, and 
we have for the moment of inertia I with ref- 
erence to any line OR in the plane of the 
triangle through the centre of mass 0, making 
the angle a with the base 6, 

^ / = -jg- cos* a + -gj sm* a. 

For the moment of inertia with reference to ^^ 
a line OZ through the centre of mass at right angles to the plane of the 
triangle, we have from (7) 

/. = ^(a' + |&') (15) 

For any line through the centre of mass making the angles a, /?, y 
with the principal axes, we have 

j/Tia A/7)' JT/ 3 \ 

Cob. 2. For an equilateral triangle we have for any line in the plane of 
the triangle through the centre of mass 



/ = 






no matter what the angle with the base 6. 
For the polar moment of inertia 

Jf6« 



Iz = 



12 



For any line through the centre of mass 

Cob. 3. For a right-angled triangle we have a = A, 
a* + 6» = c^ 

Hence from (10), (11) and (12) 





h 




-c 



Kx^ = ^6 » ^^ 



c'-4/c*- Sh^b^ 



cos* 0a? = 



Also, we have 



Jfc» 






MW 



1= Mkx^ cos' a. -1- MkCy^ sin* a, Iz = -7^, ■& = -7^, A = 



18 



18 



Jf6* 
18 ' 
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FlrodQet of Ihartia.—Take aa before an elementary strip parallel to the 

side 6 at a distance y from the yer- 
tex B. Then we have as before the 

mass of this strip m = -j-ydy^ and 



V 


A 


/n 



ma? 



its length xss --y. 
h 

From page 228 we have for 

the product of inertia of this strip 

for two rectangular axes X, Y 

through its centre of mass, the 

slice being in the plane JHT and 

making an angle a with the axis 

ofX, 



dxff = --^ sin a cos a =5 --— sin a cos a,^dy. 



12 



12^« 



Let BB be a line of symmetry passing through the vertex B and the 
middle D of the side 6, and therefore passing through the centre of mass 
N of the slice. Let p be the distance BN^ and let the line BN make the 
angle oo with the side 6. 

Then we have p sin oo = y, or p = ^ , and the co-ordinates of the 

sm GO 

centre of mass N for two parallel rectangular axes X', Y' through the 

vertex B are 

« = /5C08(o(i + a) = - ^^ cos (o + a); 



y = p sin (o9 + a) = — 



sm 09 



sin (01 + a). 



The product of inertia of the slice with reference to these axes is then 



^xy = dxy + inxy 

= j^ sin a cos a y*dy + j-^^-^ sm (oo + a) cos (w + a}y*dy. 

The product of inertia of the triangle with reference to the two rectan- 
gular axes X', Y' through the vertex B in the plane of the triangle, if 
the side 6 makes the angle a with the axis of X', is then 

/^ 8b* Sb 

B'xy = I jg^ sin a cos a y*dy + ^^7jr^sin((» + a) cos (« + a) y*dy 



8b* 
4 sipa a, sm (oo + a) cos (« + a) 



8b*h . 
= -7^ sm a cos a + 

MTh* , ... 



« + «)]. 



(17) 



The co-ordinates of the centre of mass of the triangle are 
2h 



a? = 



3 sin GO 



cos (00 + a), 



2A 

y 



8 sin 60 



sin {to 4* a). 



Digitized by VjOOQIC 



CHAP. II.] PRODUCT OP INBBTIA OF A TBI ANGLE. 



235 



The product of inertia of the triangle with reference to two rectangular 
axes X, Y through the centre of mass in the plane of the triangle, if the 
side 6 makes the angle a with the axis of X, is then 

Djcy- = I/xy — Mx y = — -J sin a cos a 



+ 3lE^ ^'"^ (^+ ""^ "^ ^""^ ^)]- 



(18) 



This is the same as for a particle of one third the mass M at the middle 
point of each side. • y" 

We see, then, that theprodiuit of inertia of a homo- 
geneous triangle tvith reference to any pair of rectangu- 
lar axes iSy like t?ie moment of inertia, the same as for 
a system consisting of one third the mass of the triangle 
placed at the middle point of each side. 

We have then for the two axes X", Y" through the 
vertex A in the plane of the triangle, if the side b makes 
the angle a with the axis of X", 




^'^ = "ft 



■6* c" 

-7- sina cos «+ — sin (A + oc) cos {A + a) 



[b sin « + c sin {A + a)] [6 cos a + c cos (A + a)] 

4 



or reducing, 

jy'gfy = -- b^ ^ a coBct + <^ Bia(A + a) 00s (A + a) + —Bin (2a-\-A) L 

The co-ordinates of the centre of mass are 

— ft cos a + c cos (A + a) — 6 sin « + c sin {A + a) 



X = 
Hence we have also 



y = 



8 



(19) 



jf r 

I>ggy = I/'xy — ifa?y = jg- y sin a cos a 

be n 

+ c' sin (A + a) cos (^ + a) — - sin (2a + A) . 

OoR. If a = 0, we have, from (18) and (19), 

Mh^ Mhr h 6"| 

-^^■^ IStana?" 18 Ltauil 2j- 

For an isosceles triangle 00=90 and therefore sin (a> x a) = cos a and 
cos (00+ a) = — sin a, and we have from (18) 

If in this a = 0, we have Dxy = 0. 

Q 

Por an equilateral triangle <» = 90 and V = j6', hence Dxy = 0. 
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(3) Koment of Inertia of a Homogeneous Material Parallelogram. 

— Since a parallelogram is compoeed of two 

equal triangles ABC and BDC, and since 

the moment of inertia of a triangle with 

reference to any line is the same as for one 

third the mass at the middle of each side, ^^ ^ 

it is evident that t?ie moment of inertia of 

a parallelogram with reference to any line is the same as for a particle of 

one sixth the mass of tJie parallelogram at the middle point of each side, 

and a particle of one third the mass 
of the parallelogram at its centre of 
mass. 

If ^ is the acute angle and the 
adjacent sides are -4C = 6 and AB = 
c, we have then for the line EG 
through the centre of mass in the 
plane of the parallelogram, parallel 
to the side 6, 




h^\Mi^^«i^A^^ ^-^c^f^m^A, (1) 



where c sin ^ is the altitude h of the parallelogram for the bas3 b. 

The moment of inertia with reference to the line through the centre of 
mass in the plane of the parallelogram, at right angles to the side h, is 

3 



- = 4(>^)'^t(I)'=4('-^— )•• 



(2) 



The plane of the parallelogram is a plane of symmetry, and therefore 
(page 223) the line through the centre of mass at right angles to the plane 
is a principal axis at the centre of mass. 

We have then for the moment of inertia with reference to a line 
through the centre of mass at right angles to the plane of the parallelo- 
gram 



n^Ib + Ih = ^{b' +C-V 



(3) 



For the moment of inertia with reference to any line in the plane of 
the parallelogram through the centre of mass 0, making the angle with 
the side 6, we have 



= -(-sm(A-e)) + _^-sme) 
= K Vc^ sin» (^ - 0) + 6« sin' o"l . . 



(4) 



The moment of inertia with reference to a line HF in the plane of the 
parallelogram through the centre of mass 0, parallel to the side c, is 

Mlh V M 
Jo = -(-sia^)=^'8m-4 ^^^ 

Now suppose an ellipse inscribed in the parallelogram touching the 
sides at the middle points E, F, G, H, The area J of the parallelo- 
gram is 

^ = 6c sin A\ hence, c sin il = — . 
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We have then, from (1), 

M A'^ M A^ 
lb 



We see then that the moments of inertia with reference to OEy OF are 
inversely proportional to 0-^', OF^, The inscribed ellipse is therefore an 
ellipse of inertia. Let 

z = £! 

K 

be any semi-diameter, where p is any arbitrary distance and k- is the 
radios of gyration for the coincident line. Then the square of the 

reciprocal of any semi-diameter ( ^ = -^1 multiplied by the mass M is 

proportional to the moment of inertia ifK*' with reference to the coincident 
line through the centre of mass 0. 
We have then in the present case 

M Ih . ^' 

Let Kb, Ke be the radii of gyration for the axes EG and HF, parallel 
respectively to the sides a and c, and let kx and Ky be the radii of gyration 
for the principal axes of the ellipse. From (1) and (5) we have 

c sin A h sin A 

tcb = 7-, Kc = o /- ' 

34/3 ^Vs 

We have then 



Kb c sin A' Kc h sin A' 

p« pa 
The lengths of the principal semi-axes are — -, — . Now the parallelo- 

tCx Ky 

gram upon two conjugate semi-diameters is equal to the rectangle of the 
principal semi-axes. Hence 

p* 1 12 12 

O^.O^sinA= -A-, or — 1- = ^ ^ = -7* 

We have also, from (8), 

6« -Hc» 



^x^ + Ky^ =■ 



12 



Solving these two equations, we obtain for the principal axes, if J is 
the area of the parallelogram = be sin A^ 



Kx' = ^p -I- c» - |/(5« +c»)«~4J«1; 
iCy' = ^[b' + c» -h 4/(6« +CT-4JJ. 
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We have then for the angle Ox which the principal axis of X makes 
with the side b 

& sin* A 



Kx^ COS* Bx + Ky^ sin' ©a? = 



c* sin* A 
12 ' 



or cos* Ox = 



12 



Kx* — Ky* 



-. (8) 



Equation (8) locates the principal axis of X with reference to the side h. 

For any line in the plane of the p^arallelogram through the centre of 
mass, making the angle a with the axis of X, we have 



Kx cos* a. + Ky^ sin* a = t^. 



(9) 

Cob. For a rectangle c = 7i, c sin ^ = /i, -4 = 90* and jd = hh. 
h^ 6* 

Hence Kx^ = -— -, K-y* = — -, Ox = 0, and therefore the principal axes 
12 12 

at the centre of mass are parallel to h and K 

We have then for any line OR in the plane of the rectangle through 
the centre of mass, making the angle a with the base, 



j=__cos*a+ ^^sm*a. 
Hence 

^*- 13 ' ^«'"~ 12 ' • • • 
and for the polar moment of inertia 
if(7i* + 5*) 



/« = 



12 



(10) 



(11) 



(12) 



For any line through the centre of mass making the angles a^ fi^y^ 
with the principal axes 

^ Mh^ ^ Jfft* , ^ if(7i* + V) . 

/ = — - cos* a + -— cos* P + — — - cos* y- • • (18) 

1^ 12 12 

[Product of Inertia. --Take an elementary strip parallel to the side 
^ at a distance y from the centre of 
mass 0, 

The mass of this strip is m = 5My, 
and its length is h. 

From page 228 we have for the 
product of inertia of this strip for two 
rectangular axes X, F, through its 
centre of mass, the strip being in the 
plane XY and making an angle a with 
the axis of X, 

fn6* . 5ft* . 

dxy = -rr- Sin a COS a = — - sin a cos tt. dy. 
12 12 

Let j^JP'be a line of symmetry passing through the middle points ^and 
F of the two opposite sides A C, BD^ and therefore passing through the 
centre of mass N of the strip. Let p be the distance ON, making the 

y 

angle A with the side &. Then p sin ^4 =r y, or p = -r-, — 7, and the co- 

sm A 
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ordinates of the centre of mass N for two parallel rectangolar axes 
through the centre of mass are 

x = pcoR(A + a) = -^^ coQ{A + a), 

y = psm(A-fa)=p -^j sin {A + a). 

The product of inertia of the strip with reference to these axes is then 

ctxy =axy + mxy=i—miaQiQ&a.dy+ -:-^mi(,A +0)00% {A ■{-a)y^dy. 

The product of inertia of the parallelogram with reference to two rect- 
angular axes X, F, through the centre of mass O in the plane of the 
parallelogram, if the side h makes the angle a with the axis of X, is 

-^ Sin a cos a. dy + ^ a^ sin {A + a) cos (^i + a)y^dy, 



or, since 5&^ = if = the mass of the parallelogram, 

Mr h^ n 

I>^ = ^ &• sin a cos a + -^T^ ^^^ (^ + ^) ^^ (^ + ^) • (1^) 

Cor. 1 . For a rectangle ^=90*, sin {A + a)=cos a, cos W + a) = — sin a, 
and hence 



Dxy = -Tr(&' — h^) sin a cos a. 



12 



(15) 



For a square 5 = 7i and Dxy = 0. 

Cor. 2. We see from (14) that the product of inertia of a parallelogYam 
for any pair of rectangular oices is, like the moment of inertia, the same 

«5 for a particle of -Mat the middle point of each side and -Mat the 
o 

centre of mass, 

[(4) Moment of Inertia of a Homogeneous Circular Disk. — Let 
r be the radius and p the radius of any elementary circular strip of thick- 
ness dp. Then the area of this element is 
^TtpdPy and if ^ is the surface density, its 
mass is ^nSpdp, 

The moment of inertia of this strip with 
reference to the axis OZ through the centre 
of mass at right angles to the plane of the 
disk is then 

27tdp*dpj * 

and the moment of inertia of the disk with 
reference to this axis is therefore 
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or, since the masB of the disk is If = xdr^y we haye 



^2' 



The moment of inertia with reference to any line OX or OF through 
the centre of mass in the plane of the disk is evidently the same for all 
lines. We have then 



Hence 



Ig =: ly and Ix + ly = Iz- 



Ix^Iy^-^^M^ 



The moment of inertia of a homogeneous circular disk is then the same 
as for a particle of one eighth the mass of the 
Y disk at the extremities of any two rectangular 

diameters and a particle of one half the mass of 
the disk at its centre. 

For a hollow disk let ri be the outside and r% 
the inside radius. Then we have 







or the moment of inertia of the whole disk minus 
2 that of the hollow space. But 

ri* - r,* = (r,« + /•.•)(r,« - r,') and n8(ri* - r,») = M. 
Hence we have 

/, = |jf(r,« + ra») and /a. = /y = ^lf(n« + r,«). 

For a circular ring we have ri = n = r, and hence 

7^=Jfr», Ia: = Iy = ^Mf*. 

Product of Inertia. — ^Every diameter through the centre of mass is a 
line of symmetry. If then we take any pair of rectangular axes X, F, 
through the centre of mass in the plane of 
the circle, we have for any value of x two equal 
particles m, m, with equal and opposite ordi- 
nates + y, —y. The product of inertia :Smxy 
for these two particles is then zero. The same 
holds for every pair of particles. Hence the 
product of inertia for a homogeneous circular 
disk for any pair of rectangular axes through 
the centre of mass in the plane of the disk is 
zero. We have then 

lYxy = Mxy, 

Hence, the prodtust of inertia of a homoge- 
neous circular disk for any pair of rectangular axes is, like the moment 
of inertia, the same as for a particle of one eighth the mass cfthe disk 
at the extremities of any two rectangular diameters and a particle of one 
half the mass of the disk at its centre of mass. 




— ^x 
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(6) Momest of Inertia of a Homogeneous EUipie. — Let the 

semi-transverse axis be a and the semi-coDJugate axis be b. Let a circle 
be described about the ellipse, so that its 
radios Oa is equal to the semi-trausv^se 
axis a. 

Then we have for the ratio of the mass 
of any element oc of the ellipse to that of 
the corresponding element COot the circle 

cc lb h 

Hence the moment of inertia of the 
ellipse with reference to the principal axis 

h 
OF is — times that of the circle. In the 

a 

same way the moment of inertia of the 

ellipse with reference to the principal axis OX is v times that of the circle. 

We have then from the preceding article, since 6ita* is the mass of the 
circle and StcoJ) = If is the mass of the ellipse, 




4a 
and for the principal axis OZ 



Iz=: M 



a^ + V 



For a hollow elliptical disk the moment of inertia is equal to that for 
the whole disk minus that for the hollow space. 

The moment of inertia of a homogeneous ellipse is then the same as 
for a particle of one eighth the mass of the ellipse at the extremities of 
the ttoo principal axes and a particle of one half t;he mass of the ellipse 
at its centre of mass. 

Product of Inertia.— The same holds for product of inertia also. 
Hence the product of inertia of a homogeneous ellipse with reference to 
two rectangular axes JT, F, through the centre of mass in the plane of the 
ellipse is 



Dxy=^ 



M 



(a* — 5") sin a cos a. 



and for any two rectangular axes is the same as for a particle of one eighth 
the mass at the extremities of the two principal axes and a particle of one 
half the mass at the centre of mass. 

[(6) Moment of Inertia of a Homogeneous Parabola. — Let c be 
the chord AB^ and h the height Ci>, and d the 
surface density. 

Then the mass of the parabola is 

M=^^dch, 

and the distance DO of the centre of mass from 
the vertex is 

DO = %h. 







r 
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Let y be che length of an elementary strip ab parallel to the chord c at a 
distance x from 2>. Then we have 

« : y' :: /i : c*, or y = ca/^. 

The area of this strip is then ydx = cdxy £ and its mass is 

m = dcdx.^^, 
^ h 

We have then for the moment of inertia with reference to the line DT' 
/y' = / 6cx^dx\l ^ = -^ = — ^. 
For the principal axis OY through the centre of mass we have then 
/.=— -Jf(y) =^,MA'. 

The moment of inertia of the strip ah with reference to the principal 
axis OX is (page 228) ~t^. Hence 

la 

* Vo 1^ "^o i2AV?r - 30 - ao 

Therefore the moment of inertia with reference to OZ\a 

Product of Inertia. — The product of inertia of the elementary strip 
for two rectangular axes X, Y through its centre of mass, the strip being 
in the plane Xr and making an angle a with the axis of X, is, from page 
228, 

, my* . ^c* . I 

dxtt = -;f-8in a cos a: = r sm a: cos a. x^dx. 

The co-ordinates of the centre of mass for two parallel rectangular axes 
through the centre of mass are 

X = l^h — irjcos Of, y = — l-^h — ajjsin a 

The product of inertia of the strip with reference to these axes is 

-- 5c* . f , 5csinacosa/3^ \« i^ 

dxv + mxy = r sm a: cos a. x dx — t (-=-/> — x\ xdx, 

12;^* A* \^ I 

Integrating between the limits a; = and a; = ^, we have for the prod- 
uct of inertia of the parabola with reference to two rectangular axes X, 
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F, through the centre of mass in the plane of the parabola, if the prin- 
cipal axis DO makes the angle a with the axis of X, 






cos a. 



Equimomental System. — We can easily prove that the moment and 
product of inertia with reference to any line or pair of rectangular axes is 

the same as for a system consisting of a particle of ^M at the extremities 

4 

E and F of the axis OF, a particle of —M at the vertex i>, a particle of 

oo 

o Q 

— if at the middle of the chord AB at (7, and a particle of — Jf at the cen- 

tre of mass 0, 

[(7) Moment of Inertia of a Regular Homogeneous Bight Prism 
in General. — Let the constant area of cross- 
section of a right prism be A, Take the end 
planes horizontal and let <i = oo be the depth 
of the prism or length of the axis oo through 
the centres of mass of the end planes. 

Take an elementary slice parallel to the 
end planes, of depth d^. The mass of this 
element, if d is the density, is 




m = 8Ady, 

Let Ka be the radius of gyration of the 
element for any line oa in its plane through 
the centre of mass o. Then the moment of 
inertia of the element with reference to this 
axis is 

mKa = SAKa^dy, 

Take a parallel line OA through the centre of mass of the prism at a 
distance y from oa. Then the moment of inertia of the element with ref- 
erence to OA is, by the theorem of parallel axes (page 218), 

MKa^ + my^ = SAKa^dy + SAy^dy. 

d d 

If we integrate between the limits of y = + — and y = — — , we have 

for the moment of inertia of the prism with reference to any line OA 
through the centre of mass of the prism at right angles to the axis 



Ia^dAKa'd + 8A—, 

or, since SAd = if = the mass of the prism^ 



Ia=:MiCa' + Mj^, 



(1) 



Let Kv be the radius of gyration of an elementary slice with reference 
to a vertical line o V through the centre of mass o. Then the moment of 
inertia of every element with reference to this axis is 

mKv^ = dAKvdy, 
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d d 

Integrating between the limits y= + -,y=— -, we have for the 

moment of inertia of the prism with reference to the vertical line OV 
through the centre of mass of the prism 



Iv = Mkv*. 



(2) 



These equations are general for any regular homogeneous right prism, 
whatever the shape of the bases. 

(8) Moment of Inertiaof a Regnlar Homogeneous Sight Triangular 
Prism. — Let h be the altitude of the triangular bases for any side b. Then 
we have for the line ob through the centre of mass o of an end parallel 
to the side &, from page 239, 

Hence from equation (1), page 248, for the parallel line OB through 
the centre of mass 0, if if is the mass of the prism, 

I, = M^+M^. . . . (1) 

For the vertical line OV through the 
c^tre of mass we have, from page 
230, 

where a, &, c are the sides respectively- 
opposite A, B^ C, 

Hence, from equation (2), above. 




it; = 3j(a» + y + c«). 



(2> 



For the line through perpendicular to the plane of 5 F we have,, 
page 280, 

^^^ ^ 18 V " tan ^ ■*■ tan=» AJ' 



Hence 



^^ = 18l^-t^ + Wl)-^^12- • • • (^> 

We see then that the moment of inertia of a regular homogeneous right 
triangular prism with reference to any line through the centre of mass is 

the same as far a particle of z^Mat t?ie middle points of each triangiUar 

lo 

2 

side of each base, and a particle of - Jf at the centre of mass of eachface^ 

OoB. 1. If the bases are isosceles triangles we have 



a« = c'=ft' + ;j, and ^^^=3. 
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€k)B. 2. If the bases are equilateral triangtos we hare 
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4 h h c a 

a^ = h^z=:c^=:^h\ and t — j = - = ^=^, 
8 ' tan^ 2 2 2 



Hence 



€0B. 8. If the bases are right-angled triangles we have 

h 



ar=h, <j» = A« + &«, 



tan^ 



= h. 



Hence 



A» eP h^ (P M & 



(9) Moment of Inertia of a Homogeneous Sight Parallelopip- 
«don. — Let h be the altitude of the base for any side h. Then we have 
for the line 6b through the centre of 
mass of an end parallel to the side 5, 
from page 238, 

Hence from equation (1), page 248, 
for the parallel line OB through the 
centre of mass 0, if M is the mass of 
the prism, 

A=^(^' + cr). . . (1) 

For the vertical line OF through the 
centre of mass we have, from page 288 




Kv' 



.•=r8(^ + <*^. 



Hence from equation (2), page 244, 



/t;=^(ft»+c«). 



(2) 



For the line through perpendicular to the plane of BY we have, 
page 286, 



Hence 



iCp" 



12 



(ft» + c*cosM). 



-5>= Y3(^"+^ + c«cosM). 



(3) 
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We see then that the moment of inertia of a homogeneous right paral- 

lelopipedon m t?ie aarM as for a particle of-^M at the centre of mass of 

eachface, 

OoB. If the bases are rectangular, -1 = 90% c = a, and we have 



Md^ 



Iv = 



McP 



Let 



For a cube, ;i = 6 = ef , and 

(10) Moment of Inertia of a Homogeneons Sight Cylinder. — 

r be the radius of the circular base and d the depth or length. 

Then for any line ob through the centre of masa 
of an end we have, from page 240, 

..« = -. 

Hence from equation (1), page 243, for a par* 
allel line through the centre of mass 0, if Jf is- 
the mass of the cylinder, 




r« d* 



(1) 



For the geometrical axis OF we have, page 
240, 



Hence from equation (2), page 244, 






(2) 



For a hollow circular cylinder, if ri is the outside and r« the inside 
radius, we have, page 240, k-&» = j(ri« + r^) and kJ' = -(n* + r,*). 



Hence 



Jft = -^(n« + r,«) + Jf -jg-, ii = -yCrx* + r.«). ; 



(3> 



If the bases are ellipses, let the semi-transverse axis be a and the semi- 

, , a* , ft' , a^+V 

conjugate axis 6. Then (page 241) we have Kb^ = j, Kef = j, *cv» = — j~. 



Hence 



u = m\.uI, * = ir^*S, i.^^t±^.. . «> 
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For a hollow elliptical cylinder the moment of inertia is equal to that 
for the whole cylinder minus that for the hollow space. 

If the bases are parabolas, let c be the chord AB, and h the height CD 
of the parabolic bases (page 241). Then we have for the lines at right 
angles to the axis through the centre of mass parallel to h and c, and for 
the vertical line through the centre of mass, 



c» 



12 



12, 



'^^ -~ or\ » '^c* -~ i7K^'» ^<^' ■" OA + i^k'^* 



20' 



175 



20 ^ 17^ ' 



. (5) 



Hence 



^'^ = ^l+^f2' ^<' = i^5^' + ^r2' ^^ = ^(S + ^> 



(6) 



[(11) Moment of Inertia of a Homogeneous Sphere — Let r be 
the radius, and take a circular slice at a distance y from OX The radius 
X of this slice is given by 

a?* = r* — y*. 

The area of the slice is then «aJ*= jr(r*— y*). 
Its volume is ndyit^ — y'), and its mass, if 6 
the density, is 

m = 8iedy{t^ — y*). 

The moment of inertia of the slice about 
oris then, page 240, 

-3-=-3-(^-y*Ny. ... (1) 




Integrating (1) between the limits y = + r and y = 0, we have for the 
moment of inertia of a hemisphere with reference to the line OF perpen- 
dicular to its base at the centre, since the mass of the hemisphere is 



ly^^Mf*. 



(3) 



The moment of inertia of the slice about OX is 

— + wy" = -j-if* - yydy + Mr* - y^y^dy. 



(8) 



Integrating (3) between the limits y = + r and y = 0, we have for the 
moment of inertia of a Jiemisphere with reference to any line OX in its 
base through the centre 



Ix = %I^f^, 



(4) 



Integrating (1) or (3) between the limits y = + r, y = — r, we have, 
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ainoe M s= ^Sftf* is the mam of tlie sphexe, for the noment of inertia of 



J„ = 4 = -Mf. 



the entire sphere with reference to any line through the centre 

2 

6^ 




2 
OoB. The formula J = -Mt^ evidently holds good also for any spheroid 

of revolution whose equatorial radius is r, 

(12) Moment of Inertia of a Homogeneous Sight Cone or Pyr- 
amid. — Let A be the area of the base, d the depth or idtitude. Take any 
slice parallel to the base at a distance y from 

-^ ■- the vertex. Then the area of this slice is z^A. 

A%fidy 
its volume is ' , and if d ii the density its 

is 

^Ay'^d/y 

Let ici, be the radius of gyration of the base for any line in the plane of 
the base. Then the radius of gyration of the slice for any parallel line in 

y 

its plane is ^Kb. The moment of inertia of the slice with reference to a 
parallel line through the vertex A is then 

^^y*^' dAKbYdy ^ SAy*dy 

-55- + ^y = — ^i — + -^-' 

Integrating between the limits y = d and y = 0, we have, since 
—3— = Jf is the mass of the cone or pyramid, for the moment of inertia 
for a line Ah at right angles to the axis 

It' = l^(^b'' + d^ (1) 

For a parallel axis through the centre of mass 



It = /6' - if (f ^)' = |ifi^6' + ^ifa*. 



(2) 



Let Kv be the radius of gyration of the base for the axis AC. Then the 

y 

radius of gyration of the slice for this axis is ^tc^. The moment of inertia 

of any slice with reference to "the axis AG\a then 

myVt?' dAKv^dy 
d^ " d" ' 

Integrating between the limits y =s d and ^ = 0, we have for the 
moment of inertia for the axis AC 

I^ = \mkv^ (3) 
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These eqaatioDB bold good for any base ; we have only to sabstitnte for 
Kb and Kv their values in any case. 

1. Right Pyramid with Triangular Base.— Thus for a right pyr- 
amid with triangular base we have (page 229) 
for a line through the centre of mass o of the 
tNise parallel to^ 



where h is the altitude of the triangular base 
for the side 5. Hence for a parallel line Gb 
through the centre of mass we have, from (2), 






(4) 



For a line through o at right angles to 6 we have (page 




Hence for a parallel line through 0, from (2), 

hh h* 



tan A 
For the axis Bo we have (page 230) 



ML, hh h* \ Q 



(5) 



icv^ = |j(a* + 6» + c^. 



Hence for the axis Do 



M^ 



it, = g^(a« + 6' + c«). 



(6) 



6* h h 

For an isosceles triangle for base, a* = ci* = 7i' + -j and t — -j = -z. 

4 
For an equilateral triangle for base, a* = 6* = c* = g^' *°d 

h h c a 



UluA 2 2 2' 

For a right-angled triangle for base, a=:h,(^ = h^ 4- ^j 



tan A 



= &. 



2. Bight Pyramid with Parallelogram Base.— For a right pyramid 
with parallelogram base we have (page 
229) for a line through the centre of mass 
o of the base parallel to h 




Kb^ = 



7^ 
12' 



where h is the altitude of the base for the 
side h. Hence for a parallel line Oh through 
the centre of mass we have, from (2), 
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For a line throngh o at right angles to ft we haye (page 286) 



V-f3(^+c*oos«il). 



Hence for a parallel line through 



^'' = S(** + ^~**^> + Fo^^- 



(6) 



For the axis Do we haye (page 



^v^ = 12^^* + cO- 



Hence for the axis 



/. = g(»« + c«). 



(9) 



For a rectangular base ^ = 90** and cos ^ = 0. 

For a square base c = 5 and 6 = c = /i. 

3. Bi^ht Gone with Circular Base.— For a right cone with circular 
base we have (page 289) fpr any line in the 
plane of the base through its centre of mass 

Hence for a parallel line Ob through the cen- 
tre of mass 




For the axis OF we haye 



(10) 



Hence for the axis OV 



/. = j5ift-. 



(11) 



4. Bight Gone with Elliptic Base.— If the semi-axes of the base are 
a and &, we haye (page 241) 



ifo'=- 



8^ 



Kb^ = -y , K-W* = 



a« + »• 



Hence 



8 



J„ = ^(ifo« + 6'). 



• (18) 
. (18) 
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5. Right Cone with Parabolic Base. — If c is the chord AB, and h the 
height CD of the base, then for the line oC we 
have (page 341) 



*^^ -30- 



For the line oF 



'^^ ""176 • 



For the axis OV 



,_^ 12^ 
'^'^ "■ 20 ■*■ 176 • 




Hence 



8 



8 



86 



/6 = .-Trn^c* + --Md^ jp = —m^ + .-.(T jf, 



100 ^ 80 ' *^ " 875'' 



100 



876 



(14) 
(16) 
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MiXnON OF A BODY IN GBKIERAL. MOTION IN A FLAKB. GENBBAL FOB- 
MULA8 FCm MOTION IN TWO DIMBN8I0NB. 

Motion of a Body in General — ^We have already dificussed (Chap. 
I, page 167) the rotation of a body about a fixed axis. 

Now we have seen (Vol. II, Statics, page 83) that the motion of 
the centre of mass of a body is the same as if all the mass and all 
the forces were collected at the centre of mass. 

The motion of a body in general consists then of rotation about 
an axis through the centre of mass and of translation of the centre 
of mass. . , _ ^^ 

The rotation about the centre of mass is the same as if the cen- 
tre of mass were fixed. So far, then, as motion of translation is con- 
cerned we can treat the body as a particle at the centre of mass 
and consider all forces acting upon the body as acting upon this 
particle without change in magnitude or direction. 

So far as motion of rotation is concerned we may consider the 
centre of mass as fixed. 

Motion in a Plane. — Let all the forces acting upon a body be co- 
planar and the initial velocity of the centre of mass be in the same 
plane. Then the centre of mass will move always in this plane and 
can be treated as a particle, and the rotation about the centre of 
mass will take place in the same plane about an axis perpendicular 
to the plane through the centre of mass, the same as if the axis 
were fixed. 

We have then motion in two dimensions only. 

If M is the mass of the bodv, / the acceleration of the centre of 
mass in any direction, and F tne resultant force in that direction, 
we have 

Mf=F== force (1) 

If 17 is the velocity of the centre of mass in any direction, we 
have for the momentum in that direction 

3ft; = momentum (2) 
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If <f> is the impulse and Vi , v the initial and final velocitieg of 
the centre of mass in any direction, we have 

M{v — v7) = = impulse (3> 

The kinetic energy of translation in any direction is 

E=^^Mo (4) 

Let F be any force, p its lever-arm with reference to the axis 
through the centre of mass at right angles to the plane of motion, 
and /the moment of inertia oi the body with reference to this axis. 
Then if a is the angular acceleration about this axis, we have (page 
170), since, so far aa rotation is concerned, we can consider the 
centre of mass as fixed, 

la = 2Fp = moment of forces causing rotation. . . (I) 

Let m be the mass of a particle and v its velocity and r the lever- 
arm of the velocity with reference to the axis through the centre^ 
of mass at right angles to the velocity. Then we have (page 171) 

Igo = 2mvr = moment of momentum of rotation. . . (II)' 

Also if Goi is the initial and a? the final angular velocity, 

J(co — coi) = ^0r = vMyment of the impulse of rotation. . . (Ill)- 

The kinetic energy of rotation (page 171) is 

E = ^Iqo^ (IV> 

We again call the attention of the student to the analogy be- 
tween equations (1), (2), (3) and (4) for rectilinear motion, and the 
corresponding equations (I), (II), (III) and (IV) for rotation, and to 
the part played by the quantity I = 2mr^, which we have called 
the moment of inertia. 

We see that in the equations (1), (2) and (3) for force, momentum 
and imjjulse for rectilinear motion, if we replace mass ilf by moment^ 
of inertia J, and linear acceleration and velocity/ and v by angular 
acceleration and velocity a and co, we obtain moment of force, 
momentum and impulse for rotation. 

Also, if in the equation for kinetic energy for rectilinear motion 
we replace Mhy moment of inertia /and linear velocity v by angu- 
lar velocity c», we obtain kinetic energy of rotation. 

General Pormnlas for Motion in Two Dimensions. — Let a rigid 
body of mass M rotate about an axis CZ through the centre of mass C with 

donz 
the angular velocity qdz and the angular acceleration az = "737- > positive 

direction of rotation being counter-clockwise as in the figure. 

Pass a plane through G at right angles to the axis €Z, and take the 
other two co-ordinate axes X, T in this plane. Then the plane of XY i& 
the plane of rotation. Let the body be so constrained that the centre of 
mass G moves always in this plane and the axis GZ is^ always at right 
angles to it. We have then motion in two dimensions only, and the centre 
of mass (7 is a moving origin fixed in the body and moving with it. 
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♦a. 



1 y ■? a 






nz" 



Take a fixed origin in space, in the plane of XF, and take the co- 
ordinate axes 0X\ 0Y\ OZ' par- 
aUel to (7X, CY, CZ. 

Let the co-ordinates of C with 
reference to be 5^^ yj and the co- 
ordinates of any point P of the 
body in general with reference to 
be x\ y', sf^ and with reference 
to (7, X, y, z. 

In the same way let the compo- 
nents of the velocity of G with 
reference to be ^, tij), ^ = 
and the components of the velocity 
of any point P of the body in gen- 
eral with reference to be Vx, vy\ 
Vz = 0, and with reference to (7, t?x , i?y , % = 0. 

So also let the components of the acceleration of C with reference to 
be fx , Jy^y fz=^ 0, and the components of the acceleration of any point P 
of the body in general with reference to be A', fy\ fz = 0, and with 
reference to (7, fxyfyyfz = 0. 

Then we have by reason of our notation 

x'^x + x, f/='y + y, 2^ = 2. 

For the components Vx, Vy^Vz of P due to rotation about CZ we have 



dx 



di -"^ 



•XOOZf 



dz 



=:Vz = 0. 



(la) 



At the centre of mass C there is no velocity due to rotation, but only 
velocity of translation. Every point of the body not in the axis GZ has 
this velocity of translation and also a velocity due to rotation about GZ, 
We have then for the combined velocity of any point P of the body with 
reference to 



d^ 
dt 



= Vx =Vx + Vx = Vx'' yooz ; 



dy' , ^ 

— =zVy =Vy + Vy = Vy + XODz \ 



d^ 
dt 



= Vz = t?a + t?a = 0. 



. . (1) 



If in (1) we make t^^j = 0, t?y = 0, y = y', x = x\ we have equations (1), 
page 190, for rotation only about a fixed axis 0Z\ 

We have for the components of the tangential acceleration of P with 
reference to C, due to rotation only about GZ, 

fix = — yo^zy fly = + xazy ftz = 0, 

and for the components of the normal acceleration of P with reference to 
Gy due to rotation only about GZy 

Aix = — iX><Oz\ fny = - yooz^y fnz = 0. 

At the centre of mass there is no acceleration due to rotation, but only 
acceleration of translation. Every point of the body not in the axis CZ 
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has this acceleration of translation and also the accelerations due to rota- 
tion. We have then for the combined acceleration with reference to of 
any point P 



-^ = A' =/y + fty +fny =fy + xa^ - yooz^\ 
^ =/,' =^ +/tz +fnz = 0. 



(3) 



If in (2) we make fx = 0, fy=z 0, and y = y', x = x\ we have 
-equations (2), page 191, for rotation only about a fixed axis 0Z\ 

We can evidently obtain (2) directly from (1) by differentiating, since 

da)z dvx zr ^y A 

-^ = *'• -W ='^" -d^ = """' = *»' «*''• 

Since CZ passes through the centre of mass, we have, if w is the mass 
of a particle, 

2mx = 0, 27ny = 0, Srm = • (3) 

Also 

2m = M, (4) 

And 

Smix!^ + y') =.i = moment of inertia for CZ; 



for CZ; ) 
*' OZ'. ) 



(5) 
2m(x'^ + y'«) = /»' = " " " '' ^-. I V ^ 

Motion of Centre of Mass.— From (2) we have for the sum of the com- 
ponents of all the effective forces, after reduction by (3) and (4), 

2tnfx' = Mfx, 2rnfy' = H^y, 2mfz = (6) 

But by D'Alembert's principle (page 168) the sum of the components of 
the impressed forces in any direction is equal to the sum of the com- 
ponents of the effective forces in that direction. 

Hence, t?ie centre cfmass moves at any instant asifalltTie mass and 
impressed farces were collected at the centre of mass. 

Momentum. — From (1) we have for the sum of the components of 
momentum of all the particles, after reduction by (8) and (4), 

2mvx' = Mv^y 2mvy = Mvy, 2mvz =0. ... (7) 

Hence, the momentum of the body is the sam^ as for all the mass 
eollected at the centre of mass. 

Moment of Momentum.— Let Hs'mxy Hs'my, Hs'mz be the sums of the 
moments of momentum of all the particles about the co-ordinate axes 
OJT, OT, 0Z\ and itmx^ HSmy, ifbmz for the co-ordinate axes CZ; CY, 
CZ for any axis of rotation CZ fixed in direction so as always to be at 
right angles to the plane of motion X' T. Then we have from (1), after 
leduction by (8), (4), and (5), 

itS'mx = 2m(Vgy' - Vy'z") = — a>z2mx2 = Utrnx ; ^ 

it'my = 2m(VxZ' — Vz'xf) = — Qo^myz = itmy ; L . (8) 

Ht'mz = 2m{Vyx'-' Vx'y') = Iz'ooz + Mvj^ — Mvxy. J 
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In the last of these equations the first term on the right is the moment 
of momentum JJtmM for rotation about CZ^ and the other two terms on the 
right give the moment of momentum about OZ' due to transUition. If 
there is no transhition^so that the body rotates only about the fixed axia 
OZ, we have ^ = 0, t^ = 0, and hence 

This is equation (II), page 172. _ If the fixed axis of rotation is OZ' wo 
have, from (la), Vy = «<»«, Vx = — y ««, and hence, since Ig+M(x +y*)=/,', 

Hb'mz = -&'««, 

as on page 192, for rotation about a fixed axis. 

The resultant moment of momentum is in general given by 



A'« = VA"«x + A"my + A''m*, (») 

and the direction-cosines of the resultant axis of moment of momentum 
are 



itS'mx IKS my HS'mz 
A m ' A'm A m 



(10) 



If the axis CZ ia & principal axis we have 2mxz = 0, 2myg = 0, 
and hence AW = 0, AW = ^* Hence if the axis CZ is a principal 
axis the resultant axis of momentum coincides in direction with OZj 
otherwise it makes an angle with OZ, 

Kinetic Energ^y. — Let v' be the velocity of any particle and ^ the ve- 
locity of the centre of mass C with reference to 0, so that 

Then we have, from (1), 

-^mvy* = -^mvy + mv\f x<oz + —ma^iOf?. 
A o 2 

Adding these, we have for the sum of the kinetic energy of all the 
particles 

E' = :S-^ff* = ^'2m + v^togSmx — VxtogSmy + ^oos*2m(af + y^, 

or, reducing by (8), (4) and (5), 

^' = ljf7 + l/««,^ (11) 

The first term on the right is the kinetic energy of translation for the 
total mass collected at the centre of mass, and the second on the right is 
the kinetic energy for rotation about CZ, If there is no translation, so 
that the body rotates only about the fixed axis (7Z, we have 
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This is equation (IV), page 172. If the fixed axis of rotation is OZ'' 
we have 

as on page 193 for rotation about a fixed axis. 

Moment of the EffectiTO Forces. — Let Hs'/x, HS'/y^ ilSV«be the sums 
of the moments of the effective forces about the co-ordinate axes OX', 
0Y\ OZ'. Then we have from (2), after reduction by (3), (4) and (5), 



flS'/x = ^mifz'y' —fy^) = — oczSrnxz + ooz^lSmyz ; 
ilS'/y = ^n%{fx7f —fz'x') = — azSinyz — ooz*2mxz\ 
it'fx = :Sm{fy'x' -fx'y') = Izaz + Mf^ - Mfxy, 



(12) 



In the last of these equations the first term on the right is the moment 
of the effective forces for rotation about CZ, and the other two terms give 
the moment for translation of the effective force of the entire mass at the 
' centre of mass. 

In the first two equations (12) we have (page 193) 

2m{ftzy —ftyz) = - az^hxz, 2m(ftx2 --ftzx) = — ag2myz. 

These terms therefore give the moments about C7X, GT of the effective 
forces due to the tangential accelerations or the effective tangential forcea 
of the particles. We have also 

2m(fnzy -fnyz) = + oog^^myz, 2m(/nxZ -fnzx) = - a)g*2mxz. 

These terms therefore give the moments about C/JT, CYoi the effective^ 
forces due to the normal accelerations, or the effective deflecting forces of 
the particles. 

If there is no translation, so that the body rotates only about a fixedl 
axis CZf we hate 

itSfz = i^*. 

This is equation (I), page 172. If the fixed axis of rotation is OZ', we^ 
have 

Ht'fi^Izas, 

as on page 193, for rotation about a fixed axis. 

If the axis GZ iasL principal axis we have Hs'fx = 0, Hs'fy = 0, or the 
moment of the effective tangential and deflecting forces about OX' and 
OF' is zero. 

External Forces. — Conceive the body to be fixed to the axis GZ at two« 
points distant a' and a" from C7, and let the reaction of these points on the* 
body resolved parallel to the co-ordinate axes be respectively — Rx^ — Ryy,. 
+ Rz' and + Rx. + -Ky , + Rz- (See figure, page 254.) 

These forces are all impressed forces ; but since they are internal to the 
system consisting of the body and other bodies, we call them internal 
forces. 

All otJier impressed forces acting upon the body we call therefore 
external forces. 

Let these external forces be Fi , i^t , i^a , etc., making the angles (ai, /Si^ 
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Y^ )t (^> » P% t rOt etc., with the co-ordinate axes. Then we have for the 
resultant components of the external forces 

^« = -Fi cos oTi + ^t cos at + etc. = S-F cos a; \ 

^y = -yiCos/Ji + F, cos A 4.etc. = Si^'cos/J; V . . (13) 

i^i = J^i cos ri + ^% cos r« + etc. = 2^cosr. ) 

Moment of the External Forces. ~ Let Aex, Anr^ Aes be the 
sums of the moments of the external forces about the co-ordinate axes CX^ 
CYy GZ, and let (x% , yx , Zx\ (a;, , y, , z^\ etc., be the co-ordinates of the 
points of application of the external forces Fx, F%^ etc. Then we have 



flSex = :SFy cos y — 2F2 cos /J; 
Aey ^ ^^^ COS a — ^^ cos y\ 
UstM = ^^^ COS /S • ^i^ cos a. 



(14) 



Pressnres on the Axis.— We have by D*Alembert*s principle (page 
168) the resultant of the impressed equal to the resultant of the effective 
forces, or, from (6), 



Fx^'Smf^.=:Jlf^', 

Fy=:2fnfy'=:JH/y; 

Fz + Eg' + Rz' = 2mfz* = 0. 



(15) 



Also taking moments about the co-ordinate axes CJT, OT, CZy we have 
by D*Alembert'8 principle, from (12) and (14), 

2Fy cos r — ^Fz Qos/S — Ry(a' + a") 

= A/x = — aaSmxz + <oz^myz\ 
2Fz cos a — :SFx co&y + Itx(a' + a") [ (16) 

= HSfy = — az2myz — oagK 
2Fx Qos fi — 2Fy cos « = itfz = /«««. 

From the last of these equations we can And a^, and then from the first 
two we can find By and Rx. Then Rz and Rz' are indeterminate, but their 
sum is given by the last of equations (15), viz., Rz = Rz + Rz"- 

If there are no external forces, or if all the impressed forces pass 
through the centre of mass, we have in either case, from the last of equa- 
tions (16), ctz = and all terms containing az disappear. Now -|- ooz^Smyz 
and — ooz^2mxz (page 195) are the moments about X and F of the deflect- 
ing forces of the particles. If (7Z is a principal axis, we have, taking the 
other two principal axes as the co-ordinate axes, 2myz = 0, ^mxz = 0, 
and the moments of the deflecting forces are zero. 

Hence, if a body rotates about a fixed principal cutis through the centre 
of mass tfiere is no stress on tliat a^ns due to the deflecting farces. 

Spontaneons Axis of Rotation. — ^The axis through the centre of mass 
about which a body rotates at any instant we call the spontaneous axis 
of rotation.* In the case of motion in two dimensions it is of course always 
at right angles to the plane of rotation. 

* Usually called the ' ' instantaneous axis. " We prefer the term spontaneous 
axis. 
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Instantaneons Axis. — The axis fixed in space about which a body 
rotates at any instant when the centre of mass moves in a plane at right 
singles to the spontaneous axis we call the instantaneons axis of rotation.* 

If in (1) we make Vx =zO,Vy' = 0, we have for the co-ordinates ic", y" 
tffUh reference to Cot & point whose velocity is zero with reference to O 

v'x — y^atz = 0, 

Vy + x^'goz = 0. 

Evidently every point of a straight line through this point parallel to 
CZ is at rest at the instant. This line is the instantaneous axis. Its 
co-ordinates with reference to C are then 

y" = :?^, 0?" = - ^ (17) 

In the same way if ^, fty are the components of the tangential accel- 
■eration of due to rotation about the instantaneous axis, we have for the 
co-ordinates of this axis with reference to G 

y" = :^, aj" = -^ (18) 

«« az 

EXAMPLES. 

< (1) A rigid homogeneous circular disk of mass M whose plane is 
vertical has a force of P lbs, applied at the centre and rolls without 
sliding upon a rigid horizontal plane. Determine its motion. 

Ans. Let the force P make the angle B with the horizontal. If P is the 
force in pounds, the force in poundals is Pg. The horizontal component is 
Pg cos B and the vertical component is Pg sin B. 

Let r be the radius and A the point of contact. The 
moment of the impressed forces about Aib — Pg cos B . r. 
Let K be the radius of gyration for the axis through the 
centre of mass C at right angles to the plane of the disk, 
and /' the moment of inertia with reference to a parallel 
line through A. Then /' = M{K^ -f- ^')» aud we have 
<page d53), if a is the angular acceleration, ' 

r/ r> « P^r cos© 

Ia = -Pgrc<,B6. or « = - -^-^-j-j^. 

The axis at A is the instantaneous axis, hence (equation (18), page 259) the 
linear acceleration of the centre is 

— Pgr* cos B 




' M(K*+ry 



For a disk *c* ^-k (J?^^ ^^% hence 



' cosO — 2iVcosQ 

f ftx • 



Both angular and linear tangential accelerations are then constant if P 
is constant, and the displacement and velocity of the centre of mass and the 
angular velocity of the disk after any given time may be readily determined. 

* Usually called ''spontaneous axis." We prefer the term instantaneaits 
axis. 
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• (2) A rigid homogeneous circular dish of mass M whose plane is 
vertical reus (without sliding) down a rigid inclined plane. Deter- 
mine its motion. 

Ads. Let the radias be r, the radios of gTration aboat an axis through the 
eentre of maas C perpendicular to the plane of the disk be k, and the inclina* 
tion of the plane, and A the point of contact. 

Then the weight is Mg, the force parallel to the plane 
is Mg sin 0» and its moment about A, — Mgr sm 6. We 
have then, as in the preceding example, 

/'a = if(K'«+r«)a=-if^sinO, or a = -^^?- 

Also, since A is the instantaneous axis, the linear acceleration of the 
centre is 




■^ ^r* sin 



Since jc* = -5- , we have 



r sin -r- 



8r '•'to 



-- _ 1^ sin 6 



Both linear tangential and angular accelerations are constant .and the 
velocity after any time may readily be determined. 

(3) Find the time a rigid homogeneous cylinder will take to roU 
from rest down a plane 20 ft. long and inclined 30* to the horizon^ 
the aods of the cylinder being horizontal. 

Ans. 1.98 sec. 

(4) A rigid homogeneous circular disk of mass m and radius n 
whose plane is vertical, moves in contact with a smooth inclined 
plane whose angle is B. From a point in the same vertical plane as 
the disk and at a distance from the inclined plane equal to the diam- 
eter of the disk a string is carried parallel to the inclined plane and 
is wrapped round the edge of the disk, and its end is fixed in the 
circumference. Find the tension T in the string, the linear acceler- 
ation f^of the centre, and the angular acceleration a of the disk. 

«» fnoK* sin B mg sin B _ , m sin 6 ,. 
Ans. T= ^, ■ ^, = -^-3 poundals or g — lbs.; 

— gr* sin 6 2g sin B .^ 

/= ^—-1 — J- = -^— - — ft.-per-sec. per sec.; 

gr sin 6 2g sin B ,. 

a = ^r— ; — r- = -^^r radians-per-sec. per sec. 

K* + r* Sr 

(6) A perfectly flexible and ineoctensible ribbon is coiled on the 
circumference of a liomogeneous circular disk of radius r and mass 
m, and has its free end attached at a fixed point. A part of the 
ribbon is unrolled and vertical, and the disk is allowed to fall from 
rest by its own weight. Find the acceleration f of the centre and 
the angular acceleration a before the ribbon becomes wholly unrolled, 
and the distance s which the centre unll descend in one second. 
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• (6) A ho7nogene(yu8 hemisphere of radius r performs small oscU- 
lations on a perfectly rotign horizontal plane. Find the periodic 
tims. 

Ans. For the simple pendulum of length I and mass m we have 



^mg X lBm$ = mPa, or a = 



^ sin G 



(1) 




For the hemisphere let d be the distance 
00 from the centre of the hemisphere O to 
the centre of mass 0, and let K be the radius 
of gyration about an axis through the centre 
of mass G parallel to the instantaneous axis at A, Then the moment of inertia 
for the instantaneous axis at A is 

r = m[K^ + (d sin G)' + (r - (i cos ©)«]. 

If B is small we may put sin* 6 = and cos 6 = 1, and we have 

/' = wi[ic« + (r-d)«]. 

We have then 

gd sin S 



I'a =i mg X dainB, or a = 



K-« + (r-(i)' 



(3) 



Equating (1) and (2), we have for the length of the equivalent simple 
pendulum 

/c< + (r ~ d)* 
d 

The periodic time is then 



/ = 



^ g ^ dg 



' (7) A homogeneous circular hoop moving in a 'vertical plane in 
i^ontact with a rough horizontal surface has at a aiven instant an 
lingular velocity opposite in direction to that which would enable it 
to roll in the direction of its translation at that instant. Determine 
its m^otion. 

Ans. Let m be the mass of the hoop. The forces acting on the hoop are its 
weight 772^ at the centre (7, the upward pressure 
of the plane B at A, and the friction i^ opposite 
to the direction of translation AX» 

The acceleration of the centre is then 

m 

and the angular acceleration upon the axis 
through (7 perpendicular to the plane of the hoop 
is, if ic is the radius of gyration for this axis. 




a = 






We have also 



E — fng = 0, or i? = mg. 
It fiiB the coefficient of sliding friction we have 
F = Mtng, 
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Hence 

If vTand dOi are the initial yalnes of the linear and angolu yelocities, w» 
have then for the linear and angular velodtj after anj time t 

- — ' fiffrt 
t) = t), — /igt, » = 001 ^. 

If at any instant there is no slipping, we have at that instant the Telocity 
at A zero, or, from page 259, 

T-|- rat = 0. 

If we eliminate v and oo by means of this equation, we have then for th& 
time after which slipping ceases 

At this instant there is no tendency to slip and m becomes zero, and heno& 
at this instant/ = and a = 0, Hence after the time t the linear and angnlar 
yelocities are constant and given by 

— — K^jvi -|-r og|) r(rv'i — K^ao) 

* = ''^ i?r+15-= ^ + ^ ' 

If rvi — K^oo is negative v is negative. Hence if oi»i is positive and greater 

than — ^, the translation of the hoop after the time t will be in the opposite 

direction to the initial translation. 

• (8) A homogeneous beam is supported horizontally on two sup- 
porta. Find where one of them must be placed in order that when 
the other is removed the instantaneous force eocerted on the former 
m^ay be equal to half the weight of the beam. 

Ans. Let d be the required distance of the permanent support from the 

centre of the beam, K the radius of gyration of the 

beam about a normal axis through the centre, m the 

A*^ mass of the beam, a its angular acceleration, and R 

, _, T the reaction of the permanent support immediately^ 

H *^ after the removal of the other. Then 

and for the centre of the beam 

mk^a^M. or a « ^ = ^. 
For the end of the beam 

m(K^ -\- d^)a = mgd, or or = ^ ^ ^ . 
Equating these two values of a^ we have d = K. > . 
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(9) A homogeneous circular cylinder of radius r, radius of ayra- 
turn about the axis k^ rotating about its axis vnth angular velocity 
ooi , is placed with its aocis horizontal on a r(yugh inclined plane (co- 
efficient of friction jd, inclination 6, so that ju = tan G), the direction 
of rotation being that which it would have if the cylinder were roll- 
ing without sliding up the plane. Show that the axis of the cylinder 

will be stationary for a time t = ^, at the end of which the 

" "* urg cos 

angular velocity will be zero, 

(10) A uniform square is supported in a vertical plane with one 
diagonal horizontal by two supports, one at each extremity of the 
diagonal. Show that the initial force on one support when the other 
is removed is equal to one fourth of the weight of the square, 

(11) A uniform horizontal bar, suspended from any two points 
in its length by two parallel cords, is at rest. If one of the cords be 
cut find the initial tension in the other. 

Ans. T = ^ , where I is the length of the bar, d the distance from 

its centre of mass to the point of attachment^ of the uncut cord, and TTis the 
weight of the bar. 

(12) A uniform beam of weight W rests with one end against a 
smooth vertical wall and the other on a smooth horizontal plane, 
the inclination to the horizon being B. It is prevented from falling 
by a string attached to its lower end and to the wall. Find the force 
between the upper end and the wall when the string is cut. 

Ans. ^TTcotO. 

(13) A sphere is laid upon a rough inclined plane of inclination 
B. Show that it will not slide if the coefficient of friction is equal to 

2 
or greater than =- tan B. 

(14) A sphere of radius r whose centre of mass is not at its centre 
vbre is placed on a rough horizontal ptane, coefficient of friction 
'ind whether it will slide or roll. 

Ans. Let k' be the radius of gyration of the sphere about the line through 
the point of contact at right angles to the plane of the centres of figure and 
mass. Then if the initial distance of the centre of mass from a vertical 

through the centre of figure is greater than - — , it will begin to slide; if less, 

tOTOlL 



offigu 
u. Fi 
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CHAPTER IV. 
MOTION IN THREE DIMENSIONS. 



ICOTION OF A BODY IN OBNERAL. GENERAL FORMULAS FOR MOTION IN THREE 
DIMBNSIONB. PERMANENT AXIS OF ROTATION. SPONTANEOUS AXIS OF 
ROTATION. INSTANTANEOUS AXIS OF ROTATION. BQUIYALBNT SCREW. 
CONSERVATION OF MOMENT OF MOMENTUM. INYARIABLE AXIS AND 
PLANE. MOTION OF A RIGID BODY, NO IMPRESSED FORCES. MOTION OF 
A RIGID BODY, IMPRESSED FORCES. 

Motion of a Body in OeneraL— The motion of a body in general 
consists of rotation about an axis through the centre of mass and of trans- 
lation of the centre of mass. 

So far as motion of translation is concerned we can treat the body as a 
particle at the centre of mass and consider all forces acting upon the body 
as acting upon this particle without change in magnitude or direction. 

So far as motion of rotation is concerned we may consider the centre of 
mass as fixed. 

General Formnlas for Motion in Tluree Dimensions. — Let a 
rigid body of mass M rotate about an axis through the centre of mass G 
with the angular velocity od and the angular acceleration a, and let the 
components along the co-ordinate axes CX, OY, CZ be ooxj ooy, ooz^ 
axf ^V) as, positive direction of rotation being counter-clockwise as 
shown in the figure. 

Take a fixed origin in space and take the co-ordinate axes OX', 0Y\ 
OZ' parallel to CX, C7F, CZ. 




Let the co-ordinates of with reference to Obex, y, 2 and the co-ordi- 
nates of any point P of the body in general with reference to be x\ y\ 
z\ and with reference to C7, x^ y^ z, 

264 
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In the^same way let the components of the velocity of C with reference 
to OhQVx^VyyVz and the components of the velocity of any point P of 
the body in general with reference to O be Vx\ t^', «?/, and with reference 

to C, Vxy Vy, Vz. 

So ajso let the components of the acceleration of C with reference to 
^fxj/yyfzi and the components of the acceleration of any point P of the 
body in general with reference to befx\ fy, fz'j and with reference to C, 

fxify, fz' 

Then we have by reason of our notation 

nd = xJf X, y* = y + y, z =^ + z. 

For the components Vx, Vy, Vzot P due to rotation about the axis 
through C we have 



dx 

— =Vx = ZOOy — yQOz\ 

dy 

— =:Vy=zX(Oe^Z<Ox; 

dz 

— = t?« = yfox — XtOy. 



(la) 



If in these equations we make wx =0, ooy = 0, we have equations (la), 
page 254, for motion in two dimensions. 

At the centre of mass G there is no velocity due to rotation, but only 
velocity of translation. Every point of the body not in the axis of rota- 
tion has this velocity of translation and also a velocity of rotation. We 
have then for the combined velocity of any point P of the body with 
reference to 



dod ^ ^ - 

-^—Vx^^Vx-^Vx^Vx-V eoi>y — yoi>z\ 



^Vy =zVy + Vy =z Vy + XGOz — «»«; 



d£ 
dt 

d2f — — 

— =Vz' =Vz +Vz= Vz+ yOOx — XODy. 



(1) 



If in these equations we make 00^^ = 0, fi>^ = 0, we have equations (1), 
page 254, for motion in two dimensions. If in addition we make Vx = 0, 
t>M = 0, y = y', a? = a/, we have equations (1), page 190, for rotation only 
about a fixed axis. 

We have for the components of the tangential acceleration of P with 
reference to C7, due to rotation, 

ftx^zoty^yazj fiy = xae — zaxy fiz^ycLx'- xay^ 

and for the components of the normal acceleration of P with reference to 
C, due to rotation, 

fnx = 'Oz^y — VydOz , f%\y = t?jra>z — 'OzQUx , fwt = t>ya>a? — ^x^y* 

At the centre of mass there is no acceleration due to rotation, but only 
acceleration of translation. Every point of the body not in the axis of 
rotation has this acceleration of translation and also an acceleration of 
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rotation. We have then for the combined acceleration of any point P of 
the body with reference to 



(2o) 



■^ = fy = A + fny + fty =fy + (Vx(Oz — Vzooe) + {xaz — 2iax)\ 

/?<« ' — — — 

-^ =/«' = fz+fnz +ftz =fz + (fhfOOx - Vxooy) + (yxn — ««y). 

If we put for Vxi t>y, Vz their values as given by (1), we have, since oal^ = 
»«' + fi>»* + »*«, by reduction 

-^ =/«' = /» + (««x + yooy + zooz)(iOx - ««>' + (2ray - ya«); 
^ = /y' = >^ + («<»* + y^^^y + ^oon)ooy — ya>« + (aJ^e - zax)\ 



.(3) 



If in these equations we make oox = 0, coy = 0, oo = (»« andy^ = 0, a^ = 
0, ay = 0, we have equations (2), page 255, for motion in two dimensions. 
If, in addition, we make A = 0, /^ = and y^y^y x = x\ we have equa- 
tions (2), page 191, for rotation only about a fixed axis. 

We can obtain equations (2) directly from (1) by differentiating, since 

"ST"-^*' "sr"-^^' "dT--^" 

£5£— y* ^^ — /f dvz ^ 
dt ■"•'*' dt ■"•'^' d^"-''' 

dv^ _— ^_f dv^ ^ 
dt "^^^ dt -•^^' dt ■~'^*' 

donx dony dooz 

c2aj dy de 

Since the axis of rotation passes through the centre of mass 0, we have, 
if m is the mass of a particle, 

Smaj = 0, Smy = 0, Smz^O (3) 

Also 

2m = M, (4) 

and 

2m(x* + y*) = Iz , 2m(y^ + 2r») = Ji, 2m(aj» 



. (5) 



+ B")=Iy'. \ 
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Motion of Centre of Mass.— From (2) we have for the sum of the 
components of all the effective forces, after reduction by (8) and (4), 

:Smfx' = Mfxy 2mfy' = Mf^, 2mfz' = Mf^ . . . (6> 

Bat by D'Alembert's principle (page 168) the sum of the components of 
the impressed forces in any direction is equal to the sum of the Gomponents« 
of the effective forces in that direction. 

Hence, the centre of mass moves at any instant as if all the mass and 
impressed forces were collected at tJie centre of mass. 

Momentum. — From (1) we have for the sum of the components of 
momentum of all the particles, after reduction by (3) and ^4), 

2mvx = Mvx , 2mvy = Mvy , 2mvz = Mvz. ... (7) 

Hence, the momentum of the body is tfie same as for all the mass coU- 
lected at the centre of mass. 

Moment of Momentum. — Let AW, it' my, it'mz be the sums of 
the moments of momentum of all the particles about the co-ordinate axea 
0X\ OY'y 0Z\ Then we have from (1) after reduction by (8), (4> 
and (5), 

flS'ma;=^^(t5'a'y' —tJyV) ^IxfOx-'<30y'^mQCy^fXi^mxZ-\-MVz y—Mvy z ; 
ilt^'my=2m{VxZ' —VzOf) ^lyOOy—ooxSmosy— ooz^myz + Mvx z—Mvz x\ \ (fiy 
£l[^*jnz=2m{Vy'af^Vxy')=^z^z'-oox2mx2~'Oi}y2myz+Mvy x—Mvx y. 

The last two terms in these equations give the moment of momentum 
about 0X\ 0Y\ OZ' due to translation, the others due to rotation about 
the axis through the centre of mass C, 

If we make cox = 0, <»y = 0, t?« = 0, ar = 0, equations (8) become equa- 
tions (8), page 255, for motion in two dimensions. 

The resultant moment of momentum is given by 



Am = Vit'^mx + A'^my + A"m«, (9) 

and the direction-cosines of the resultant axis of moment of momentum are 

^ A'tiue t. Us' my ^ A mz .^ ^v 

COS Ox = -=7- » COS Oy = -=7-^, COS Oz = -^rT— . . . (10) 

If wehave rotation only without translation, we have from (1), making 
t?a; = 0, t^ = 0, ^ = and taking a?', y*, /, in place of x, y, z, 

Vx = z^ooy — y'a>z , Vy = afaog — z'oag , Vz' = y'<»« — afooy , 

and equations (8) become in this case, for rotation only, withotU trans- 
lation, 

A'ma? = ^mivz'y* — Vy'sf) = Ix'oox --QOy^mx^y^ — w^^mafy; ^ 

Amy = :Sm(VxZ' — Vzdif) = lyQUy — oog^mixf'i/ — GUz'^^my'^':, \ (8a) 

A m» = '2m{vy'ixf — Vx'y^) = Izooz — oi>g^msif2f — noy'Smyfif, J 

If the axes OX', 0Y\ OZ' are principal axes we have 

^mady' = 0, ^maiz^ = 0, ^myfz' = ; 
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and in this case, for rotation only, we haye 

A'fiwr = Ix'oifx » SS'my = lyOOy , A'mz = J-z^z* 

That is, for rotation only without translation, the moment of mo- 
mentum about a principal axis is equal to the product of tlie inoment of 
inertia and angular velocity about tliat axis. 

The same principle holds good for the axis of rotation through the 
centre of mass C7, whether it is a principal axis or not For let this axis 
be the axis of z, for instance. Then we have a>x = 0, a>y= 0, <oz = <», and 
from the last of equations (8), making vx =0, Vy= 0, we have for rotation 
only about the axis of rotation through C 

OSmz = -&<»«• 

Kinetic Energy. — Let t/ be the velocity of any particle, and v the 
velocity of the centre of mass with reference to 0, so that 

xf^ = Vx^ + V* + ^«'*» ^* = ii' + V +^«*- 

Then we have from (1), after reducing by (8), (4) and (5), for the sum 
of the kinetic energy of all the particles, 

E' = 2-mvf^ = -Mv + 2 /ajttJx' + jlyooy^ + ^Tz^z^ — (OxOOy^mxy 

— <MjxOi>z2nixz — oDyoozSmyg, 
Now we have for the direction-cosines of the axis of rotation through C 



^X J, 09y (Oz 

cos a = — , cos p = — ^, cos v = — , 

a? CO ' GD 



and hence 



E' = -Jfv + - wVxCOS* a + lyQos? fi + ZbCOsV — SSwwycosacosyJ 

— 7i2mx2 cos a cos X — 22my£ cos fi cosy). 

But (page 220) the quantity in parenthesis is the moment of inertia / 
for the axis of rotation. Hence 

J^' = ilfi* + ^/a>- (11) 

This is the same as equation (11), page 256, for motion in two dimensions. 
The first term on the right is the kinetic energy of translation for the total 
mass collected at the centre of mass, and the other term is the kinetic 
energy of rotation about the axis of rotation through C. If there is no 
translation, we have v = 0, and hence for rotation only about an axis 
through G 

For rotation only about any axis through we have 
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or if OX', OY'y OZ' are principal axes, 

i^' = ^/»'c»«* + ^/y'V + ^//«,« (11a) 

Moment of the Effective ForceS'-ETiler's Dynamic Equations. — 
Let as'fx, ItS'/vj ib'fz be the sums of the moments of the effective forces 
about the co-ordinate axes 0X\ 0Y\ 0Z\ 

Then we have from (2), after reduction by (3), (4) and (5), if the co- 
ordinate axes are principal aiceSy 

it'fx = :Sm(fz'y' —fy'z) = JC^y — Wv^^ + Ixax — (ly — Iz)afyOOz ; 

HS'fy = 2m(fx2^ — fzx^ = 10% 'z-MfzX + lyay - {Iz - Ix)GOzOi>x\ \ (^^) 

it'fz = 2m{fy'x' —fztn = Wy ^ — -^» y + hocz — (Ix — Iy)doxGi>y 

If iu these equations we make /« = 0, ^r = 0, aa; = 0, a^ = 0, aja. = 0, 
G>7^ = 0, we have equations (12), page 257, for motion in two dimensions 
and principal axes. 

In these equations the first two terms on the right give the moments 
about CJT, OY, GZ for the effective force due to translation of the entire 
mass collected at the centre of mass. 

We have (page 265) for principal axes, reducing by (3) and (5), 

2m(ftzy — ftyz) = Ixax , 2m(/txZ — ftzx) = lyay , 
2m(ftyx — fixy) = /«««. 

These terms in equations (12) give then the moments about CT, CY, CZ 
for the effective tangential forces due to rotation about CZ. We have also 
(page 265) for principal axes, reducing by (3) and (5), 

^mifney—fnyZ) = — (Iy—Iz)oi}yOi)z, 2m(fnxZ—fnza^) = — (-& — Ix)<Oz<Oxy 
2m(fnyX —fnxy) = - (Jx — Iy)oOx<Oy. 

These terms in equations (12) give then the moments about CX, CF, OZ 
for the effective deflecting forces. 

If we have rotation only without translation about an axis through 0, 

we have fx, fy, f% zero in (12) ; and since in equations (2) «, y, z become 
«'» y'. ^» equations (12) become, if Ixy ly'y Iz are the moments of inertia 
about the principal axes OX', OY*^ 0Z\ 

i3S'fx = Ix'ax — (ly — Iz)<oy<oz ; \ 

as'fy = ly'ay - (/«' - Ix)ooza>x ; > .... (12a) 

A'/* = ^z'az — {Ix — Iy)<Ox00y. ) 

These equations are known as Euler^s dynamic equations for rotation. 

Imprecwed Forces.— Let the impressed forces be Fi, F^, Ft, etc., 
making the angles (ai , fli , xO» («« » /?« » r«), etc., with the co-ordinate 
axes. Then we have for the resultant components of the external forces 

Fx = Fi cos ai + Ft cos a« + etc. = 2F cos a ; 

Fy = Fi cos fli + Fi cos fit + etc. = 2Fcos fi\ y . . (13) 

F« = Ft cos x» + Ft cos y, + etc. = 2Fgos y ; 
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Moment of the LnpreMed Forces. — Let A«r, Aey, OSez be the 
sums of the moments of the impressed or external forces about the co- 
ordinate axes CX, GY^ GZ, and let (xi , yi , «i), (ic«, yi, ;?«), etc., be the 
co-ordinates of the points of application of the impressed or external forces, 
J?i , Fi, etc. Then we have 

iKSex = 2Fy cos X — 2Fz cos P; \ 

ffSey = ^Fz cos a — 2Fx cos ;^ ; V (14) 

ItSez = 2Fx Cos /S — 2F2 cos a. ; 

Fermaiient Axis of Eotation. — Let a body rotate abont one of the 
principal axes through the centre of mass, as for instance the axis GZ, 
Then we have co^? = 0, <»y = 0, and from (12a), 

ItSfx = Ixctxy H^fy = ^y<xyy ibfz = Iz<Xz; 

that is, the moments of the effective deflecting forces about CX, CF, CZ 
are zero. By D'Alembert's principle we have 

A/r = JSSex ) A/tf = Ae^} A/e = A««* 

Now if there are no impressed forces, or if all the impressed forces 
always pass through the centre of mass, or always form a system whose 
resultant moment about C is zero, or if the resultant of all the impressed 
forces always lies in the plane of rotation, we have Aea; = HS/x = 0, 
Acy = A» = 0, or ax = 0, ay= 0, and therefore the axis CZ will 
remain unchanged in direction and the body will always rotate about it. 
For this reason the principal axis through the centre of mass in such case 
is called a permanent ajus of rotation. 

If therefore we observe a body to rotate a short time about an un- 
changing axis, we infer that it rotated about it from the beginning of the 
motion and that the axis is a principal axis through the centre of mass. 
If the angular velocity is uniform, we infer that all the impressed forces 
are zero or always pass through the centre of mass. If the angular 
velocity is not uniform we infer that the resultant of all the impressed 
forces always lies in the plane of rotation. 

Spontaneous Axis of Eotation. — The axis through the centre of 
mass about which a body rotates at any instant we call the spontaneous 
axis of rotation.'*' If od is the angular velocity about the spontaneous 
axis and cos a, cos fl, cos y are its direction cosines, we evidently have 



cos 



^X ^ «!/ ^Z 

a = —, cos/? = — , cosr = — 



(15) 




we have 



/' = ^y", X" = —z'\ y" = ^%f' (16) 

* Usually called the • * instantaneous axis." We prefer the term spontaneous 
aus. 
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These then are the equations of the projections of the spontaneous axis 
on the co-ordinate planes YZ, ZX^ JTY, respectively. 

We have just seen that if the spontaneous axis is a principal axis and 
there are no impressed forces, or if all the impressed forces always pass 
through the centre of mass, or always form a system whose resultant 
moment about is zero, or if the resultant of all the impressed forces 
always lies in the plane of rotation, the direction of the spontaneous axis 
will remain unchanged and it is a permanent axis of rotation. 

If the spontaneous axis is not a principal axis, or if, being a principal 
axis, the preceding conditions are not fulfilled, it will continually change in 
direction and describe a cone whose vertex is the centre of mass. 

Instantaneous Axis of Eotation. — The axis fixed in space about 
which a body rotates at any instant when the centre of mass moves in a 
plane at rigTU angles to the spontaneotis axis we call the instantaneous 
axis of rotation.* 

If in equations (1) we make Vx =0, Vy =• 0, Vz = 0, we obtain the equa- 
tions of the locus of all those points whose velocity is zero at the instant, 
that is, the equations of the instantaneous axis. Taking then af% \f\ ^' 
9& the co-ordinates for any point of the instantaneous axis with referefn/oe 
to C, we have 

y.^«!y/_^, ^. = !^^._:^, j^.^^^_K,, (17) 

These then are the equations of the projections of the instantaneous 
axis on the co-ordinate planes. Comparing with equations (16), we see that 
the instantaneous and spontaneous axes are parallel^ and the velocity of 
the centre of mass is at right angles to their plane. 

If in (17) we make coc = 0, g^ = 0, t?z = 0, we obtain equations (17), 
page 259, for motion in two dimensions only. 

If the axis of angular acceleration through the centre of mass coincides 
with the spontaneous axis, we can evidently replace ooxj ooy, ooz by axy 
ay, az, and Vx, Vy, Vz by /to, /^, ftz, and obtain 

^' = -%" - •^. a?" = —^' - =^, y" = ^af' - ^. (18) 
a/ ay' az ««' ^ ax a^. ^"^""^ 

If in these equations we make aa- = 0, a^ = 0, 7V« = 0, we obtain equa- 
tions (18), page 259, for motion in two dimensions only. 

Equivalent Screw. (Compare Vol. I., Kinematics, page 201.)— When 
there is an instantaneous axis it must then be parallel to the spontaneous 
axis and the motion of the centre of mass must be at right angles to their 
plane. 

But the velocity of the centre of mass in general may make an angle 
greater or less than 90" with the spontaneous axis. In such case the ve- 
locity of the centre of mass may be resolved into a component along the 
spontaneous axis and at right angles to it, and the entire motion of the 
lx)dy at any instant is then in general equivalent to its rotation about an 
axis parallel to the spontaneous axis and translation along this axis. 

The motion of the body is then a screw motion consisting at any instant 
of rotation about an axis and translation along it. 



* Usually called the " spontaneous axis." We prefer the tenn instantaneous 
axis. 
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We have for the angular velocity about the screw axis, and for its di- 
rection-cosines, since it is parallel to the spontaneous axis, equations (15), 



cos a = — -^ = cos /Jf = —2., cos 7^ = — . ( 

Let u be the velocity along the screw axis, and other notation as in figure^ 
page 264. Then we have 

00 "fa 09 

<»» . ^y , ^z . 

00 ' C0 * ' 00 

Inserting the values of t?»', ty'» ^' ^ni (1) and letting a?", y", 2r" be 
the co-ordinates for any point of the axis of the screw with reference to 
the centre of mass G, we have from these two equations 



U __ VxOOx + VyOHy 4- VzOOz 

00 "" 09aj* + 09y' + fl0«' 

00^ ^ 09^ O0Gi?y O0JS 09^ QOOOz 

y" = -^ai" - — + ^?^. 
cox C0a; (ooox 



(20) 



.. (21) 



Equation (20) gives the unit pitch of the screw, or the distance of ad- 

u 

vance — during a rotation of one radian. 

Equations (21) are the equations of the projections on the co-ordinate 
planes of the screw axis, which we see from equations (16) is parallel to the 
spontaneous axis. When there is no translation along the screw axis, 
that is, when the velocity of the centre of mass is at right angles to the 
spontaneous axis, we have u = 0, and equations (21) b^ome the same as 
equations (17), and the screw axis is the instantaneous axis. 

But when m = we have, from (9), 

VxOOx + VyODy + Vz^Oz = (22) 

Equation (22) is then the condition for rotation only without transla- 
tion. If it is satisfied, we have at the instant rotation only about the in- 
stantaneous axis given by (17). If it is not satisfied, we have screw motion, 
or translation along and rotation about the screw axis given by (21). 

u 

If we substitute in (21) the value of — from (20) and reduce, we have 

for the equations of the axis of the screw 

J_f V' _ ^Qgy -- VyOOz \ __ J^/ „ __ ^09g — Vzo9x \ 

eOxX 00^ I "^ OOyy 09* / 



09« \ 



Vy(M>x — Vx(Oy\ 



Digitized by VjOOQ IC 



OHAP. lY.] MOTION 127 THBBE DIKSKSIOKB. 273 

We Bee from these equations that the central axis of the screw passes 
through a point whose co-ordinates are 

« = ^ » tr - ^ » ^ ^ . . (23) 

If oox =: 0^ ooy ^ Oj tt>s = o>, and ^ = 0, these equations reduce to 
equations (17), page 259, for motion in two dimensions. 
If we substitute these values of «", ^\ 9" in (21) we have 



Vx = —oox — (;8r"ft^ - y"fi),); 



t^ 

tjb ss — 09« — (y"a%r — «"<»y). 



. • . . (24) 



The motion of the body at any instant is therefore known when the six 
quantities, «a? , i^ » «>* ? <»x , <»i/ , <»« , are known. These six quantities are 
tnerefore called the components of motion. 

If they are known we can find 00 and the direction of the axis of the 
screw from (19), the position with reference to the centre of mass from 
(23) and the velocity of advance along the central axis from (20). 

On the other hand, if the position of the central axis of the screw 
{af\ y", 2") is given, together with the velocity u along it, the rotation 
about it and its direction-cosines, the components Vx^ Vy,'vz are givea 
by (84). . . ^ 

If the spontaneous axis is a principal axis through the centre of masa 
and there are no impressed forces, or if all the impressed forces pass, 
through the centre of mass, then, as we have seen (page 270), the spon- 
taneous axis is a permanent axis of rotation and the parallel screw axis ia 
a permanent axis also. 

If the spontaneous axis is not a principal axis, then even if there are no^ 
impressed forces it changes in direction by reason of the moment of the- 
deflecting forces, and the parallel screw axis therefore also changes it» 
direction continually. 

Conservation of Moment of Momentum. — We have from (8) for 
the sums of the moments of momentum of all the particles about the 
co-ordinate axes 0X\ 0Y\ 0Z\ 

aS'mx = :Sm{Vzy — Vy'z')\ \ 

as' my = 2m(Vx'z' - Vg'x); I (a) 

it'mz = SmiPy'x' — VxY). ) 

We plso have from (12), for the sums of the moments of the effective^ 
forces about these axes. 



fsy-A'^);J 

fx2'-fz'a>'h r 

fpx' -fx'y'y ) 



itt'/a:=2m(Ay-/y'af); 

A'/y =2m(/x';?'-A'x'); ^ . ...... (6> 
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We can obtain these last equations (() directly from the preceding (a) 
by differentiating (a), since 



dt-'"^ 


dt -*»' 


d^ 

dt ="'' 


dvx' ,. 
dt=-^" 


dt -•'•" 


dt-J" 



Hence the integration of equations \h) will give us equations (a). 

Now by D'Alembert's principle the moment of the effective forces is 
equal to the moment of the impressed forces. But if the moment of all 
the impressed forces about any axis, as for instance the axis of 0Z\ is 
always zero, we have always Uti'/z = 0, and hence by integration 

m^'mz = Cz , 

where Cz is a constant of integration. 

Hence, if the tnament of the impressed forces about any axis is altvays 
zero^ the moment of momentum about tTiat axis is constant. 

This is the principle of conservation of momentum. 

Invariable Axis and Plane. — If all the impressed forces are zero, 
or if their resultant passes always through the centre of mass, we have 
always 

Afx = 0, ibfy = 0, Hbfz = 0, 

and hence by integration 

SSmx = Ox , itSniy = Oy , itSmz = Oz , 

where Cx, Cy, Cz are constants of integration. The resultant moment of 
momentum 



mm=VCx'+ Cy'^ + Cz' 

is then constant and its projection in any fixed direction in space is 
constant 

Hence, when a body or system of bodies is acted upon by mutual actions 
of the particles only, or by any system of impressed foj'ces for which the 
resultant always passes through the centre of mass, the resultant moment 
of momentum is constant and the direction of the axis of the resultant 
moment of momentum is fixed in space. 

The axis of the resultant moment of momentum through the centre of 
mass in such case is called the invariable a.xis, and the plane through the 
centre of mass at right angles to this axis is the invariable plane. 

The invariable plane for a system of bodies is then that plane through 
the centre of mass on which the sum of the projections of the moment of 
momentum of all the bodies is a minimum. 

If 00 is the angular velocity about the spontaneous axis at any instant 
and / is the moment of inertia of a body about the spontaneous axis at 
that instant, then (page 171) 

Igo 

is the moment of momentum about the spontaneous axis. 

If we take the principal axes through the centre of mass as co-ordinate 
axes, we have 

JtSmx = IxOJx , ItSmy = ^yO^y , Amt = ii«« , 
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and hence for the moment of momentum about the invariable axis 



Obm = VIx'gJx^ + ly^ooy* + Iz'goz* (25) 

The direction-cosines of the invariable axis are then 



-^1^, COS By = — -, COS Bz = 1^. 

ImJin *BJf» XB^m 



i>y 



COS Bx = "iir— , COS By = "sr^, COS S« = - 
xvm 

The angle <p of the invariable axis with the spontaneous axis is given 



COS = -=r- (27) 

xum 



The angular velocity about the invariable axis is then 

GO =: GOx COS Bx + OOy COS Oy + C»2 COS Bz = 00 COS 0, 

or, from (27), 

^ ^ Ja^oJa;' + ij/coy' + /gCOz» ^ lo^ ^ _2^ 

Am ^»» Am * • • • V -^ 

where (page 268) S = ^ii»' is the kinetic energy of rotation about the 

« • 

spontaneous axis. 

The velocity of translation along the invariable axis, if m is the velocity 
of translation along the spontaneous axis, is 

27 = w cos 0, 

or, from equations (20) and (27), 

17'= jjjr-(vxODx + V"y + 'D^ooz) (29) 

uDm 

Motion of a Eigid Body — No Impressed Forces. — Let the im- 
pressed forces be zero and let the body have the angular velocity go at any 
instant about the spontaneous axis. Then the centre of mass at any 
instant has a velocity of translation u along and of rotation go about the 
screw axis as given page 272. It only remains to discuss the rotation of 
the body. 

The kinetic energy JE = ^ /<»• = ~2mif is constant, and we have 

from (28) 

2mv^ = loo* = — — - = Obmoo cos ^, . . . . (30) 

V 

where (page 220) I = — (where p is any arbitrary distance and tc is the 

radius of gyration for the spontaneous axis) is the semi-diameter of the 
central ellipsoid of inertia which coincides with the spontaneous axis. 
We have from (80) 



^ I /2mv* /2mv* 
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Henoe we condnde, since Smtf is constant, 

(1) the angular velocity 09 about the spontaneous axis is directly 
proportional to the length I of the semi-diameter of the central ellipsoid of 
inertia which coincides with the spontaneous axis, or inversely as the 
square root of the moment of inertia with respect to that axis. 

We have also from (30) 

-j=r- = ^ = 09 COS df. 

Hence we conclude from (28), 

(2) The angular velocity about the invariable axis is constant. There- 
fore as increases or cos <p decreases, <o increases. That is, as the in- 
clination <p of the spontaneous axis to the invariable axis increases, the 
angular velocity 00 about the spontaneous axis increases. 

The equation of the invariable plane is from (26) since it puseofl through 
the centre of mass at right angles to the invariable axis 

XCOSBx + y OO&By + 2 QOSOt = 0, 

or 

Ixoax lyoay Izoog 
ajm xlJiH xDm 

Call the point in which the spontaneous axis pierces the central 
ellipsoid of inertia the spontaneous pole, and let a/, ^, j?' be its co-ordinates, 
and Ixf Ivf Iz tKe principal semi-diameters. Then the equation of the 
tangent plane to the ellipsoid at the spontaneous pole is 



But from (19) 






l^^^'^ l^^j,, l^^^. 



Hence the equation of the tangent plane to the ellipsoid at the 
spontaneous pole reduces to 

oja^ v^y tOtZ _ 09 
Now (page 220) 

Hence we have 

Multiplied by if and dividing by iftm, we have finally for the equation 
of the tangent plane to the ellipsoid at the spontaneous pole 

Ixcox lyOOit Izoaz losH ,««^ 

aSm /Dm nSm xDm 

Comparing with (31), we see that the tangent plane at the spontaneous 
pole is parallel to the invariable plane, and that these two planes are sepa- 
rated by the perpendicular distance (equation (27) ) Z cos = -=r-l. 
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Thus if CR coincides with the spontaneous axis, and R is the sponta- 
neous pole, the tangent plane RN at R is parallel to the invariable plane 

JToo 
and the normal CN is i cos = ■=—/, and 

aSm 
CiV coincides with the invariable axis. 

Hence the ellipsoid rotates about (7JV 
and rolls without sliding on the tangent 
plane NR parallel to the invariable plane 

at the fixed distance Z cos = -=—l. 

As different points of the ellipsoid come 
successively into the tangent plane, the 

«emi-diameters which join them with the centre become in turn the spon- 
taneous axis. 

The motion of the body at any instant is a screw motion for the spon- 
taneous axis at that instant, as ^iven page 272. The angular velocity 
about and linear velocity along the invariable axis at that instant are given 
by (28) and (29). 

Evidently, if the spontaneous axis coincides with a principal axis, CiV 
<5oincides with OR, which is a permanent axis (page 270). 

Motion of a Eigid Body — Impressed Forces — Euler^s Oeometric 
Equations.— By means of Euler's dynamic equations (page 269) we can 
£nd oox, oi}yt ojz when the impressed forces are known, by D'Alembert's 
principle. 

But since the principal axes move with the body, the complete solution 
requires that the position of these axes at any instant shall be determined 
with respect to the fixed axes. 

We need then the geometrical equations between the motion of a body 
In space and the angular velocity about an axis. 

These equations we have already deduced in Vol. I, Kinematics^ page 
"221. They are known as EvZer's geometric equations. We reproduce them 
here. 

Let OJT', 0T\ OZ* be three rectangular principal axes of the body at 
the point 0. These axes are fixed in the body and rotate with it. Let the 
body rotate about some axis through the point 0, also fixed in the body 
and therefore making invariable angles with these axes, so that the com- 
ponent angular velocities are ««', <^y\ ooz- We take direction of rotation 
as always 

about X' from F' to Z' ^ positive, 

a Z' ** X' to F' J negative. 

Let now OX, OY, OZhe rectangular co-ordinate axes whose directions 
-in spaxie are invariable. 

Let be the centre of a sphere of radius r. Let X, F, Z and X\ F', 
Z' be the points in which this sphere is pierced by the fixed and moving 
axes. 

Let the axes 0J\ 0Y\ OZ' have the initial positions OJTy OY, OZ, 
First let the body rotate about OZ through the angle XOP = ^, so that 
OX moves to OP and OF to OK Then rotate the body about Oif through 
the angle ZOZ' = S, so that OP moves to OE and OZ to OZ', Finally 
Totate the body about OZ' through the angle JSO^' = 0, so that OE moves 
to OX' and OiV^ to OY', 

It is required to find the geometric relations between 0, 0, tp and 
W) <»yS caz- These geometric relations are called EtUer^s geometric eqtia- 
tionsfor rotation. 
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The line ON" is called the line of nodeSy B is the obliquity ^ and ^ the 

precession. 

Let the angular velocity of Z' perpendicular to the plane ZOZ' at 

dflf 
any instant be ^. This is called the an^/t^rt^Zoci^yo/iTrccemon. Let 

de 
the angular velocity of Z' along ZZ' at the same instant be ^. This i& 




called the angular velocity of nutation. Let the angular velocity of X'' 

d(p 
with reference to -^ at the instant be -37. 

dt 

Draw Z'D perpendicular to OZ. Then Z'D = r sin and the velocity 

drb 
at any instant of Z' perpendicular to the plane ZOZ' is r sin 6 . ^, and 

along ZZ' at the same instant it is r-ji- The velocity at the same instant 

of Z' along T'Z' is rcoa?', and along Z'X' it is r<oy'. 
We have then directly from the figure 

dJB 
r-Ti = rooy cos + rcox' sin ; 

dtp 
r suxB .-Ti = rooyooy sin — roox cos 0. 

Oombining these two equations, we obtain 

floa; = ^ sm — -^ sin 6 cos ; 

, ^fi dtp . . 

In the same way we have the velocity of JE perpendicular to the plane 
d^ dip 

ZOE equal to r sin (90 + 0)— or r cos © . -jr, and of X' along EJ\ rela- 

d<l> 
tive to Ey r-^. The entire velocity of Z' in space along X'T' is rw/. 
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Henee 

. dif dip 



279 



or 



We baye then 



dip ^ dip 



d$ dif 



dB 



dip . 



oaj = ^ cos + ^ sin © sin ip ; 



dip 



dip 



W=-^cose + ^; 



(88) 



and these are Euler^s geometric equations, 

Anxiliary An^rles. — From the spherical triangles of the figure, con- 
sidering jy as a vertex in each, we have for the (urection cosines of the 
moying axis with respect to the fixed, 

cos X'OX = — sin ^ sin + cos ^ cos cos 0, 
cos TOX = — sin ^ cos — cos ^ sin cos 0, 
cos Z'OX = sin cos ^ ; 

cos XOr = cos ^ sin + sin ^ cos cos 6, 

cos FOr= cos cos — sin ^ sin cos©, [ • • (84) 

cosZ'Or = sine sin ^; 

cos X'OZ = — sin Q cos 0, 
cos T'OZ = sin sin 0, 
cosZ'OZ =cosO. 

For the angles which the axes Z, Z', and ON make with the axes X', 
Ty Z\ we have 

cos ZOX' = — cos sin 0; ' 
cos ZOT = sin <p sin 0; 
cos ZOZ* = cos ©; 

cos Z'OX' = 0; 

cosZ'OF = 0; \ (85) 

cosZ'O-ZT' t= 1; 

cos NOX' = sin ip; 
COR NOT = cos 0; 
cos 2fOZ' = 0. 

EXAMPLES. 

(1) A layer of dust of uniform depth dfeet, d being smaU, is formed 
on tTie earth by tTiefaU of meteors reaching the earth from dU directions. 
Consider the earth as a Tiomogeneous sphere of radius r and density A^ 
and let die tTie density of the dust. Find the change in length of the 
day. 
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Ans. Let (Ui be the angular velocity of rotation before, and <»« after, the 
layer is formed, and Ix the moment of inertia of the earth and /a that of the 
layer. 

Since there are no forces in the system except the mutual action of the 
particles, by the principle of conservation of moment of momentum (page 274)» 
we have 

IxQOx = (J, + /a)a?, ; or, 09% = jF-osh. 

The mass of the earth i« given by 

hence (page 176) we have 



if»=rij^r»; 



The moment of inertia of the dust-layer is then 

I,=±87t(r + df-^^Snf»; 
hence we have 

Ix ■" Jr^ 

Expanding, and neglecting — | and all higher powers, we I1B.Y6 

I^ _ 58d 
Ix " Jr' 
Therefore we have 



09, = 



■+^ 



(2) In the preceding example^ if tJie density of the dust is twice tJiat of 
water y and d == -rrr, find the length of day. 

Ans. The mean density of the earth is about 5.6 that of water. There- 
fore — r= =-z. We have then 
^ 5.0 

- » * ' 00s 11 

^'= , , 5X -2— =^12'"" 
"*" 6.5 X 20 

The length of day would then be t^ of 24 hours, or only 22 hours. 

(3) A head of mass m slides on a circular unre of mass Mand radius 
r, and the wire rotates about a vertical diameter. If ooi and 00% are the 
angular velocities oftJie tvire when the bead is respectively at the eodtrem- 

ities of a horizontal and vertical diameter, show that — = 1 -♦- 2 -=^. 

<ox M 

Mr'^ 
Ans. Let / = —5- be the moment of inertia of the wire (page 176) and mi^ 
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that of the bead. Then, since there are no forces except mutual actions of the 
particles, we haye, by the principle of conservation of moment of momentum 
{page 274), 

loDi + mrWi = /coa ; or, — s— «>i + ^w* d = — o~**» » 



Trhence we obtain 



— =1 + 2^- 



(4) If the earth gradually contracted by radiation of heat^ so a^ to he 
always similar to itself as regards its physical constitution and form^ 
show tTuit when every retdius vector has contracted an nth part of its 
lengthy where n is small j ths angular velocity has increased a 2nthpart 
of its value, 

Ans. Let M be the mass of the earth, n its radius before and r% that after 
contraction, and /i the moment of inertia before, and 1%, after. Then 



and 



_ 2Jfr,» - ^Mr^* 



/,«! = /a<»,, or O0« = -j-OOi = --; 
ia rt' 



But ra = n — nri = ri(l — n). Hence we have 

r,« 1 

a>a = 



ri»(l - w«) "■ (1 - nf 
Expanding, and neglecting n* and higher powers, 

o>a = 1 _ 2» ^' = (1 + 2»)a»,. 

(5) If two railway trains^ each of mass Jf, were to travel in opposite 
directions from the pole, along a meridian, and to arrive at the equator at 
the same time, show that the angular velocity of th£ earth UH)uld be 

2Mr^ 
decreased by „ , of itself; where r is tTie equatorial radius^ E is the 

mass of the earth, and k^ is radius of gyration for the axis, 

Ans. Let / be the moment of inertia of the earth and (Uj , o^a the angular 
velocities before and after. Then / = Etc^, and 

looi = JiO), + 3Jfr»c»8, or Ek^oo^ = Ek^co^ + 21fr»«)» ; 
hence 






+ Ek* 

(6) Suppose a mass of ice M to melt from the polar regions for 20° 
-round each pole to the extent of something more tTian a foot thidk, enough 
to give 1^ feet over tJiose areas or 0.066 of a foot of water spread over the 
whole globe, which uxntld raise the sea-level, by only some such undiscover- 
able difference as three fourths of an inch or an inch. Show tTiat this 
would slacken the earth's rotation by one tenth of a second per year, 

Ans. The moment of inertia of the ice-caps before melting is easily shown 
to be, if e is the angle of 20% 

5— cos 6 (1 4- cos 0). 

o 
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The moment of inertia of the earth, if i? is the mass of the earth considered 
as a homogeneous sphere, is — ^* If o^i is the angular yelocitj before and 00* 
after melting, we have 

5 
or 



091 g- COS O(l + cos e)<»i = -g-®a, 



Sabstitntinfi^ numerical values, the value of Q9j — oot is easily found. 

(7) Find the motion of a spTiere rolling on a rough plane. 

Ans. Let the plane be the plane of X'l^'. and let the components of the 
friction parallel to these axes be Fx\ Fz , All the impressed forces can be re- 
duced to a single force F at the centre of mass G and a couple which causes 
angular acceleration a about an axis through G, 

Let Fxi i^« be the components of this force parallel to the axes, and a^ , a^ 
the components of the angular acceleration. 

Let r be the radius of the sphere, k its radius of gyration about a diameter 




so that (page 176) k* = =r*, and let M be the mass of the sphere. 



Take the 



axes GX, GT, GZ through the centre of mass G parallel at any instant to OX ', 
0T\ 0Z\ 

Then we have for the moment of the impressed forces about GX and GZ 
iiSe* = — FJVf ItSez = Fx'r ; and for the moments of the effective forces about 
the same axes (page 269), if /« , ly are the moments of inertia about these 
axes, A/»= IxO^t itS/z = IzCCz • We have then by D'Alembert's principle 



Ix(Xx = - Fz'r, 



Igag = Fx'r. 



(1) 



Let /a, , fz be the linear accelerations parallel to 0X\ OZ ' of the centre of 
mass. Then, since the centre of mass moves as if all the forces acted at the 
centre of mass (page 267), we have, from (1), 



Jiffx = Fx + Fx' = Fx+ ^; 



Iffn^Fz+ Fz' = Fm- 



IxCtx 



(8) 



Bat 



/a, = - rat, ft = rag, or 






«. = --. 
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Sabstitnting in (2), we obtain 

-.__ f* If f^ 

•^* = /, + Jfr»^'' -^'^ /« + Jfr»^- 

Or, since Iio = Ig=s Mk*, 

-^* = jjrqpp--^*' -^' = jcs + r*'^" .... (8) 

These are the same equations as for a particle of equal mass acted upon by 
= =- of the acting forces. 



Hence, the motion of the centre of mass of a homogeneous sphere roUing on a 
rough plane under the action of any forces is the same as for a pa/rticle of the 
same mass if aU the forces are reduced to five seventlu of their former value. 

Now 



yfx^+fn =/ = the resultant horizontal acceleration, 
and 



4/ W + Fe* =H= the resultant impressed force. 
Hence, from (3), we have 

Mi^W^i^ = ^VW+FV. or Mr=^K 

If Fy is the normal force and jn the coefficient of friction, then /nFy is the 
friction; and since the centre of mass moves as if all the forces were applied 
there, we have also 

Mf=:S-MFy. 

Hence 

Is=S-mF,. or ;. = f|. 

2 S 

If, then, the coefficient of friction is equal to or greater than ^ ■=-, the 

7 Fy 

sphere will roll voUhout sliding, 

(8) A sphere is placed on an inclined plane sufficiently rough to pre- 
vent sliding, and a velocity in any direction is communicated to it. Show 
that the path of the centre is a parabola. If v is the initial horizontal 
velocity of the centre^ and a. the inclination of the plane, show that the 

14 i?» 
laiv^ rectum will he — — : — . 
5 ^ sm a 

Ans. The acceleration down the plane, from the principle of the preceding 

example, is y^ sin or. If the initial velocitj v makes an angle d with the line 

of slope, the velocity down the plane is v cos 0. and at right angles d sin 9. 
There is no acceleration at right angles. The distance y passed over at right 
angles in the time t is then 

y = «* sin 0, 

and the distance x down the plane is 

jB = t)< cos + 77^ sin a. 
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Eliminating t, we have for the equation of the cunre 

— y ^ ff ^^^ ^ A 

*'"tanO'*"i4 ««8in«6^' 

This is the equation of a parabola. If the initial velocity ia horizontal, 
6 = 90", sin 6 = 1, tan = 00 , and we have 

. 14 «» 
y* = -TT : 



5 ^ sin a 

(9) A liomogeneous sphere rolls on a rough plane under the actum of 
a force varying inversely as the square of tfie distance from a point in the 
plane of motion of the centre. Show that its centre describes a conic sec- 
tion. Also, if when the distance of its cetUrefrom the centre of force is 
one quarter of the major axis of its orbit, the sphere comes to a smooth 
part of t?i€ plane, tlie major axis of the orbit will he suddenly reduced in 
the ratio 1 to 13. 

Ans. We have the central acceleration 

where a' is the accebration at a known distance /. 
Hence (Vol. I, KinematicB, page 142) 

c» 



1 + j/ 



i + ^^^^o-*) 



which is the polar equation of a conic section. We have also (Vol. I, Rne- 
mattes, page 145) 

where A is the semi-major axis. When r = -^, we have 

7 
For a smooth plane we have jrafr^* instead of aV, and hence 

When r = -^, we have 

. _ aSa'f" 7aY* _ Sa'r'* 
^ ~ 6A ~ 6A, ~ A ' 

„ A, 1 
Hence ^ = jg. 

(10) A homogeneous sphere moves without rotation on a smooth horizon- 
tal plane under the action of a central force such tTiat tJie centre of the 
sphere describes an ellipse with the centre of force in the focus. If the 
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sphere arrive at a part of the plane which is rough when the distance of 

its centre from t?ie centre of force is —th of the major axis of its orbit for 

n 

the rough plane, show that the major axis is diminished in the ratio 

7 to 6 + 2n. Jf the spJiere come again to the smooth part of the plane 

when the distance of its centre from the focus is the same fraction as 

before of the major axis of its orbit for tJie rough plane, show that the 

major a^jcis is again diminished in the same ratio, 

(11) 8how as in example (7) tJiat the motian of the centre of ma^s of a 
homogeneous disk rolling on a rough pl-ane under the action of any forces 
is the same a^for a particle of the same mass if all the forces are 7'educed 
to two thirds of their former value. Also, that the dish will roll without 

1 TT 
sliding if the coefficient of friction is equal to or greater than — -^j-. 

(12) Show that the motion of the centre of mass of a very thin circular 
hoop rolling on a rough plane under the action of any forces is the same 
as for a particle of the same ma^s if all the forces are reduced to one 
haif their former value. Also that the Jioop unU roll vnthout sliding if 

1 H 
the coefficient of friction is equal to or greater than t- ^=r. 

« Jfy 

(13) Show that the motion of the centre of mass of a vei'y thin spherical 
shell rolling on a rough plane under the action of any forces is the same 
as for a particle of the same mass if all the forces are reduced to three 
fifths their former value. Also that the shell will roll vnthout sliding if 

2 H 

the coefficient of friction is equal to or greater than - ■=-. 

5 Jfy 

(14) Discuss t7iep7'oblem of the €hyroscope. 

Description. —The gyroscope consists of a disk aa which is set in rota- 
tion about an axis in the direction of the diameter of the ring R, This ring 




is attached to the rod 8, which passes through a sleeve at A. This sleeve is 
pivoted in the fork g so that 8 can rotate in a vertical plane, and the fork g is 
pivoted at J so that this rod can rotate horizontally. A sliding counterweight 
G can be so adjusted that the centre of mass of the apparatus can be made to 
lie on the same side of the standard as the disk, on the opposite side, or directly 
over the standard. 

Solution.— Let the counterweight be so adjusted that the centre of mass 
C is on the same side of the fixed point as the disk aa. Let the entire mass 
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be M, and the distance 00 be L Let 0Z\ OT, OF' be rectangular principal 
axes at O, fixed in the apparatus and rotating with it, and let the rectangular 
axes OZ vertical, and OX Orhorizomal, be fixed in space. 

Let (Oxt ony, oog be the angular velocity about the axes OX', OT, OZ' at 

any instant. Evidently ooz is always 
constant in magnitude, since the force 
Mg and the equal reaction at always 
pass through OZ, 

Let be the angle of the axis OZ' of 
the disk with OZ at any instant and di 
the initial angle at the beginning of 
the motion. At this instant we nave 
f'Oxt ooy zero. 

The moment of the weight Mg at 
C and the reaction at about the axis 
OZ is always zero. Hence by the 
principle of conservation of moment 
of momentum (page 274) the moment 
of momentum about OZ is constant, 
and we have 

T/a>g' cos Oi = Iz'ooz' cos + Tx'oox cos ZOX' + //«/ cos ZOY'. 

In the present case of a rod and disk, every straight line through at right 
angles to OZ' is a principal axis, and the moment of inertia about every such 
line is the same and equal to /'. We have then Jx = i/ = /'; and inserting 
the values of the cosines as given by equations (85), page 279, we have 




Iz'ooz (cos Oi — cos 0) = Foop' sin sin — /'<»«' sin cos 0. 



(1) 



The initial kinetic energy of rotation is ilz'ooz*; and the initial potential 
energy with reference to a plane at a distance I below 0, if C is on the same 
side of as the disk, is Mg(l -|- ^ cos Oi); if C7 is on the opposite side of O from 
the disk, Mg(l — I cos Oi). The total initial energy is then 

El = ii/(»/« + Jftr(Z ± I cos e,). 

The final kinetic energy of rotation (equation (11a), page 269) is 

iFojx'^ + i/'<« + W(»«'«; 

and the final potential energy, if C is on the same side of as the disk, is 
Mg{l-{-l cos 9]; if G is on the opposite side of from the disk, Mg{l — I cos 6). 
The total final energy is then 

E^ = i/'(»«'* + i/'«/'» + ilzGOz* + Mg{l ± I cos 0). 

If we disregard friction, we have by the principle of conservation of energy 
Ei=E9, or 



i/'(«« • + <»/•) = ± Mgl(coB e, - cos 0). 



... (3) 

where the (+) sign is to be taken for centre of mass on the same side of 
as the disk, and the (— ) sign when it is on the opposite side. 
We have also from equations (83), page 279, 

dQ dtb 

cox' = — Bin <p — -TT Bin B cos <p; 

dS di) 

, dtjj ^ , d(f> 
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dtb 
^here (figure, page 278) -^ is angular velocity of precession or rotation 

dB 
about OZ, and — the angular velocity of nutation or rotation about the line 

of nodes ON, 

Squaring and adding the first two of equations (3), we obtain 

«." + «,,'> = ^+^sm»e (4) 

Substituting (4) in (2) and the values of (»«', oo^' from (8) in (1), we have 

dp + ^'^ ^^^ ® "= =*" 2if^^(co8 ©1 - cos 0); . . . . (5) 

d^ 
r-^ sln« = /.'©/(cos Oi - cos 6) (6) 

Also, from the last of equations (3), 

f +?-<> = -.' (7) 

Equations (5), (6) and (7) are the differential equations of motion of the 
gyroscope. When = 0i , or at the beginning of motion, we have 

f- = 0, ^ = and^ = «;. 
dt ' dt dt * 

From (6) we have 

d^ _^ le'oo,^ cos Qi — cos 6 ,^. 

dt "■ ~T~ ' siL» ' ^' 

and substituting in (5), 

^ = j/(CO8fl.-CO8e)[±?f^-/^^C0S 6.-008 9)]. . (9) 

where the (+) sign is taken for on the same side, and the (— ) sign for C on 
the opposite side of from the disk. 

From (9) we see that for G on the same side of as the disk — is imagi- 
nary when 6 is less than Oi. Also for Con the opposite side of from the 

disk, — is imaginary when is greater than Bi. The centre of mass then 

dt 
always falls from its initial position and can never rise above it. 

From (8) then, if coz is positive, that is, if the rotation of the disk looking 

from to Z' is clockwise, -^ is positive, or the rotation about OZ looking 

at 
from to Z is clockwise, if C is on the same side of with the disk. 

If C is on the opposite side of from the disk, if qdz is positive -^ is nega- 

tive- 

If ^coincides with 0, we have I = and the angle 0i remains unchanged. 

Hence cos — cos Oj = and t? = 0, 37 = 0. The axis OZ' in such case 

at at 

remains stationary. 

These conclusions can be illustrated by the apparatus (figure, page 285) by 
shifting the counterweight. 

The length of the simple pendulum which would oscillate about OX' or 
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OT' in the same time as the gjrrotcope (if €Dm were xeio) is (page 17i>) <pr. 
Let MB call this length X, so that 

^^ Ml' 
and let us put for conyenience 



Then equation (8) becomes 

sin« S^ = 2)5j/^ (cos Oi- cose), (10) 

and equation (9) becomes 

sln«0^=^[±8hi«0-2/J«(cosei-coB0)](cosei-cose). . . (11) 

If we put -37 = ^^ obtain the maximum and minimum values of 0. We 

have -^ = when B = Bi, and this is the tninimum yalue of 0, for we have 

at 
just seen that cannot be less than Oi for on same side of as disk, nor 

greater than Gi for on the opposite side. We shall also have -^^0 and a 

nuMBimum when 

± sin» S - 2/^(cos Oi - eoe 0) = 0; (12) 

or denoting the maximum value of by O9, 



cos 0, = ± y5« T yl qp 2/y» cos ©1 + )5* (18) 

The upper signs are for C7on same side of Oas the disk, and the lower signs 
for C on the opposite side. 

We see from (18) that the value of B9 depends upon fl, and that 69 can be 
or ISO* or cos ©a = -f 1 or — 1 only when /3 = 0. But ft depends upon atg 
and can be zero only when (»«' is zero. Hence any velocity of rotation aog of 
the disk, however minute, i$ sufficient to pretent the cane from rectehing the ver- 
tical OZ. The self-sustaining power of the gyroscope is thus proved. From 
(12) we have, when is a maximum, 

cosO»-cose. = A_?!^ (14) 

If ft or Viz is very great, cos Oi — cos B% is very small. Hence by increas- 
ing the value of <oz we see that 69 — Oi can be made less than any assignable 
Quantity. This proves the apparently paradoxical result that the revcHving 
isk does not visibly fall. 

From (10) we see that f or 6 = di , ^ is zero. Hence the disk mttet fall 

dt 
in order to generate a rotation about 0Z\ but if <Oz is great this fall is very 
minute, and m not visible. 

The centre of mass, then, oscillates up and down between the minimum and 

maximum values of Bi and 69 given by (13), while the angular velocity ^ 

dt 

of the centre of mass about OZ varies from zr = 0, when the axis is la its 

dt 
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iDitUd positloD, to the maximum Talue given by (10), when we snbstitute the 
values of sin* fi and cos 61 — cos given by (12) and (14), viz., 

f =M «•> 



great, and hence cos Oi — cos Oi or — Oi very minute, we may obtain integrals 
of (6) and (6) which will express the motion with all requisite accuracy. 

Let us then assume oog or ft verv large and 6 — Oi very small, the centre of 
mass C being on the same side of (; as the disk. 

Let — Oi = «, or 

= Oi + w, de = d«, 

where u is a very small angle. 
Then we have 

sin = sin Oi cos i» -|- cos di sin u\ 

cos = cos 61 cos u — sin Gi sin u. 

Also by series, since u is a very small angle, neglecting higher powers of u 
than the square, 

sin u = u, cos tt = 1 — 5 • 

Substituting, we have 

sin = sin 0, f 1 — !L j -f u cos 9i; 

cosOrrcosOi fl — —J — u Bin Oi. 

Hence, neglecting higher powers of u than the square, 

sin» B = sin» ©1 - t«' sin» Oi +tt« cos* Bi + 2u sin Oi cosOi; 

cos ©1 — cos = « sin 0i +k^* cos ©i; (16) 

and therefore 

fi « tt sin Oi + K-t*» cos Oi 
cosQi — cose _ _[_2 

sln» e "" shi« e, + 3w sin 0, cos 0, + tt« cos» d - v* «in« 0, ' ' ^ ^ 
(cos 6, — cos 0)' __ w* sin* 0, 



sin« sin« $1+^ sin 0i cos 0, + u^ cos« Oi — w* sin» 0i 

Inserting (16) and (18) in (11), we obtam 



u\ (18) 



♦/"I 



i.d., *• 



A V2w sin 01 -f w« (cos 0, - 4/P) 

Since yS or q9«' has been assumed very great, cos Oi may be neglected in 
comparison with 4/^, and we have 

^ ^ ' V2t* sin 0, - 4/?»t*« 2/J • / gin 0, ' ' 
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Integrating, since when < = 0, w = 9 — 61 = 0, 



Hence 



or since cos 2^ = 1 — 2 sin' A, 



t« = ^sine,ein«(/y^|.<) (22) 






We have from (17), neglecting the %qwiT6 as well as higJier powers of u 
(which may be done without sensible error owing to the minuteness of t*, 
though it could not be done in the foregoing values of dt and t, since fi^ is 
great when u is small), 

cos Oi — cos tt sin Oi 



sin» e sin" Gi + 2t* sin Oi cos 8,' 

The greatest possible value of sin 0, cos 0i is for Oi = 45**, or 

sin 61 cos Oi = i. 

Since u is very small, we have then, neglecting 2t£ sin Oi cos Oi, 

cosQj — cos _ u ^ 
sin«"0 ~ sin^' 

and substituting in (10) we obtain 

dt ^f X sinOr 
Inserting the value of u from (22), we have 

*4/l«..(„/|,.). 

Integrating, shice (2^ = when t = 0, we obtain 

^=p/f-*-i5''4Vf*) (24) 

Equations (22), (23), (24) give with all requisite accuracy the vertical 
angular depression of OZ', « = — 0,, the horizontal angular velocity 

-^, and the horizontal angle ^ at the end of any time t, provided oog is 

ut 
very great. 

Referring to (19), we see that it is the differential equation of a cycloid gen- 

• vated by a circle whose angular diameter is ' . (Vol. I, Kinematics, page 

157.) 



• • • 
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# 



When, starting from i = (and therefore t* = 0, -^ and ^ = 0), w has its 
greatest value, we have from (20), (21), (28), (24) 



After the expiration of the time t 
have 






we 



-«• f = o.^=^' 



and OZ* has regained its original elevation and the 
horizontal velocity is zero. 

The axis OZ' then moves as if it were the element 
of a right circular cone AOZ\ the angle AOZ' being 
equal to u, which rolls on the cone ZOA, the angle ZOA \)e\ng equal to Oi. 
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Acceleration, 2. 
Advantage, mechanical, 52. 

Analogy between equations for rotation and for rectilinear motion, 172. 
Angle of friction, 67. 
Areas, conservation of, 142. 
Axes, principal, 221. 

Axis, fixedr rotation about, 167 ; general formulas for, 190 ; of rotation, per- 
manent, 195, 270 ; spontaneous, 270 ; instantaneous, 271 ; invariable, 274. 
Axle, friction, 69, 74. 

Ballistic pendulum, 184. 
Beams, impact of, 160. 
3rake, friction, 73. 

Central impact, 144. 

•Centre— of mass, conservation of, 141 ; of oscillation, 179 ; of percussion, 180, 

195; of rotation, 167. 
Centrifugal force, 16. 
•Centripetal force, 15. 
Coefficients of kinetic friction, 66 ; experimental determination of, 69 ; table 

of, 74. 
Composition and resolution of forces, 2. 
Compound pendulum, 178. 
"Cones, equimomental, 225. 
Conical pendulum, 16. 
Conservation — of areas, 142 ; of centre of mass, 141 ; of energy, 86 ; of moment 

of momentum, 273 ; of moments, 142 ; of momentum, 141. 
Conservative forces, 86. 

Constrained motion— of a particle, 118 ; general equations, 128. 
Curve, motion on, 124 ; reaction of, 66, &, 118. 

D'Alembert, principle of, 168. 
Deflecting force, 15 ; on the earth, 18. 
Density of earth by torsion-pendulum, 189. 
Determination of moments of inertia, 227. 
Deviation of falling body, 25. 
Direct impact, 144. 
Dynamics, 1. 
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Earth consolidation, 152. 

Earth density » bj torsion-pendulum, 189. 

Eccentric impact, 144, 185. 

Effective forces, 167 ; moment of, 168. 

Efficiency, 52. 

Elastic impact, 151. 

Elasticity, modulus of, 149. 

Ellipsoid of inertia, 219, 223. 

Energy, 56 ; conservation of, 86 ; law of, 87 ; potential, 86. 

Equation— of force, 2 ; of motion, 8 

Equimomental cones, 225 ; system, 227. 

Equipotential surface, 103. 

Equivalent screw, 271. 

Euler's geometric equations, 277 ; dynamic equations, 269. 

Falling body, deviation of, 25. 

Field of force, 102. 

Fixed axis, rotation about, 167 ; general formulas, 190. 

Force, conservative and non-conservative, 86 ; centrifugal, 16 ; centripetal,. 
15 ; deflecting, 15, 18 ; effective and impressed, 167 ; equation of, 2 ; field 
of, 102 ; lines of, 103 ; tubes of. 108 ; impulsive, 35 ; resolution and com- 
position of, 2 ; uniform, 2 ; unit of, 2 ; variable, 2 ; work of, 45. 

Foucault's pendulum, 27. 

Friction, angle of, 67 ; axle, work of, 74 ; brake, 73 ; coefficient of, 74 ;. 
kinetic, 69; laws of, 68; moment and work of, 68; of pivots, axles,, 
ropes, 69 ; table of coefficients of, 74. 

Geodesic line, 129. 
Gravitation unit of force, 8. 
Gravitational potential, 103. 
Gyration, radius of, 176, 217. 

Hardness, 146. 

Impact, 144 ; general equations, 145 ; imperfectly elastic, 148 ; non-elastic,. 

150 ; elastic, 151 ; oblique central, 154 ; strength of, 158 ; of beams, 160 ; 

eccentric, 185 ; of an oscillating body, 182 ; of revolving bodies, 182. 
Impressed forces, 167. 

Impulse, 31 ; unit of, 31 ; and momentum, 32 ; moment of, 171. 
Impulsive force, 35. 
Inertia, moment of, 174, 176, 217 ; reduction of moment of, 173 ; experimental 

determination of moment of, 179 ; ellipsoid of, 219 ; discussion of ellipsoid 

of, 223 ; products of, 226. 
Instantaneous axis of rotation, 270. 
Invariable axis and plane, 274. 

Kinetics, 1 ; of a particle, 1 ; of a system, 141. 

Kinetic energy, 56 ; of a rotating body, 171. 

Kinetic friction, 65 ; kinds of, 66 ; coefficients of, 66 ; moment and work of,. 

68 : laws of, 68 ; experimental determination of coefficient, 69 ; of pivots, 

axles, roi>es, 69. 

La Place, theorem of. 113. 

Law of energy, 87 ; applications to kinetic problems, 87 ; to static problems,. 

92. 
Laws— of kinetic friction, 68 ; of motion, 35. 
Line, geodesic, 129. 
Lines of force, 103. 

Mass, conservation of centre of, 141 ; reduction of, 173. 

Mechanical advantage, 52. 

Medium, resisting, coefficient of resistance, 59. 
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Modalus of elasticity, 147 ; experimental determination of, 149. 

Moment— of effective forces, 168 ; of friction, 68 ; of impulse, 171. 

Moment of inertia, 170, 174, 217 ; reduction of, 173, 218 ; experimental 
determination of, 179. 

Moment of momentum, 171 ; conservation of, 278. 

Moments, conservation of, 142. 

Momentum, 31 ; unit of, 31 ; relation between momentum and impulse, 82 ; 
momentum and work, 48 ; momentum and power, 50 ; conservation of 
momentum, 141 ; moment of momentum, 171. 

Motion, equations of, 3 ; of particle on earth's surface, 24 ; Newton's laws of, 
35 ; of body in resisting medium, coefficient of resistance, 59 ; of particle, 
constrained, 118 ; general equations, 123 ; on a curve, 124 ; on a surface, 
128 ; rectilinear and rotation, analogy between equations for, 172 ; in two 
dimensions, 252 ; general formulas, 258 ; in three dimensions, 264 ; gen- 
eral formulas for, 264. 

Newton's laws of motion, 85. 
Non-elastic impact, 150. 

Oblique, impact, 145 ; central, 154 ; friction of, 156. 
Oscillation, centre of, 179. 

Particle, kinetics of, 1 ; constrained motion of, 118 ; motion of an earth's 

surface, 24. 
Pendulum, ballistic, 184 ; simple conical, 16 ; Foucault's, 27 ; compound, 178 ; 

torsion, 187. 
Percussion, centre of, 180, 195. 
Permanent axis of rotation, 195, 270. 
Pile-driving, 153. 
Pivots, friction of, 69. 
Plane of rotation, 167. 

Point, potential of, 102 ; of suspension, 167. 
Poisson's extension of La Place's theorem, 114. 
Potential energy, 86. 

Potential, theory of the, 102 ; gravitational, 103. 
Poundal, 3. 

Power, 49 ; unit of, 60 ; power and momentum, 50. 
Principal axes, 221. 
Products of inertia, reduction of, 226 ; determination of, 227. 

Radius of gyration, 176, 217. 

Bate of work, 49 ; unit of, 50 ; and momentum, 50. 

Reaction of a curve or surface, 66, 68, 118 ; due to rotation of path, 122. 

Rectilinear motion and rotation, analogy between equations for, 172. 

Reduction — of niass, 173 ; of moment of inertia, 173, 218 ; of products of 
inertia, 226. 

Resistance, coefficient of, for body moving in resisting medium, 59. 

Resolution and composition of forces, 2. 

Rigidity of ropes, 69. 

Ropes, friction of, 69 ; rigidity of, 69. 

Rotation, kinetic energy of, 171 ; about a fixed axis, 167 ; plane of, 167 ; 
centre of, 167 ; at^ut a fixed axis, general formulas, 190 r permanent axis 
of, 270 ; spontaneous axis of, 270 ; instantaneous axis of, 271 ; analogy 
between equations for rotation and rectilinear motion, 172. 

Screw, equivalent, 271. 

Spontaneous axis of rotation, 270. 

Statics, definition of, 1. 

Stress, 37. 

Surface, equipotential, 103 ; motion on, 66, 128 ; reaction of, 66, 68, 118. 

Suspension, point of, 167. 

System, kinetics of a, 141. 
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^eorem of La Place, 118. 

Toreion-pendalum, 187. 

Translation, 1 ; of a body on a carre or sorface, 06. 

Tubes of force, 108. 

I 

Unit— of force, 2 ; of gravitation, 8 ; of impnlae, 81 ; of momentiim, 81 ; of > 

work, 42 ; of power, 60. | 

Virtual work, 48. 

Work, 41 ; unit of, 42 ; Tirtual, 48 ; relation between momentum and, 48 ; of , 

a force in general, 46 ; done under given forces, 46 ; of a central force, 47 ; \ 

rate of, 40 ; of friction, 68 ; of axle-friction, 74. I 

I 
I 
I 
I 
I 
I 
I 



MECHANICS— MACHINERY. 

Text-Books and Practical Works. 

A TEXT-BOOK OF ELEME]!VTABY MECHANICS 
FOB THE USE OF OOIJiEaES AND SCHOOLS. 

Bj E. 8. Dana, AssiBtant Profeesor of Natural PhilosophT 

Tale College. Twelfth edition 12mo. doth, fl 50 

*' All Students and Mechanics will find the aboye a most admirable 
woTk,''^Inauttri<U World, 

PBINdPIiES OF ELEMENTABY MECHANICS. 

By Piof. De Volson Wood. Fallj Ulustrated. Ninth edi- 
tion 12mo, doth, 1 35 

This work is designed to give more attention to the fundamental principles 
of mechanics. Analysis is subordinated, and whacls used is of a very ele- 
mentary character. No Calculus is u^ed nor any analysis of a high character, 
and yet many problems which are generally cousidered quite difficult are 
here solved in a very simple manner. The principles of Bnergr, which 
holds an important place In modem physics, is explained, and sevezal 
problems solved by its use. Every chapter contains numerous problems 
and examples, the former of which are fully solved ; but the latter, which 
are numerical, are unsolved, and are intended to familiarize the student with 
the principles, and test his ability to apply the subject practically. At 
the close of each chapter is a list of Exercises. These consist of questionB 
of a general character, requiring no analysis in order to answer tnem, but 
simply a good knowledge of the subject. The mechanics of fluids forms an 
important part of the work. 

Supplement and Key to ditto .' 1 25 

THE ELEMENTS OF ANALYTICAL MECHANICS. 

With numerous examples and illustrations. For use in 
Scientific Schools and Colleges. By Prof. De Volson Wood. 
Sixth edition, revised and enlarged, comprising Mechanics of 
Solids and Mechanics of Fluids, of which Mechanics of 
Fluids is entirely new. About 500 pages. Seventh edition. 

8to, doth, 8 00 
The Calculus is freely used in this work. One of the chief objects sought 
is to teach the students how to use analytical methods. It contains many 
problems completely solved, and many others which are left as exercises 
for the student. The last chapter shows how to reduce all the equations of 
mechanics from the principle of d*Alembert. 

STBENGTH OF MATEBIALS AND THEOBY OF 
STBUCTUBES. 

By Henry T. Bovey, Dean of School of Applied Science, McGill 
University, Montreal, Canada 8vo, cloth, 7 50 

ELEMENTS OF ANALYTICAL MECHANICS. 

By Col. Peter S. Michie, of U. S. Military Academy. Fourth 
edition 8vo, cloth, 4 00 

" A revised edition, as taught to the Cadets of U. S. Military Academy, 
West Point." 
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A TEXT-BOOK ON THE MECHAinCS OF HA- 
TEBIALS, 

And on Beams, ColumnB, and Shafts. By Prof. M. Merriman. 
Sixth edition, revised and enlarged 8vo, cloth, |4 00 

*' We cannot commend this book too highly."— ilmerk^n Bngineer. 
" The well-earned reputation of the Author renders any comment on the 
quality of the work snperflaons."— Fan NoetrawPn Magazine. 

MECHAEIG8 OF EKGINEEBma. 

Comprising Statics and Dynamics of Solids, the Mechanics 
of the Materials of Construction or Strength and Elasticity of 
Beams, Columns, Shafts, Arches, etc., and the Principles of 
Hydraulics and Pneumatics with Applications. For the use of 
Technical Schools. By Prof. Irving P. Church, C.E., Cornell 
University 8vo, cloth, 6 00 

"The work Is very abundantly illnetrated, and the iofonnation is riven 
in a style which cannot fail to make the student thoroughly master of the 
subject. Prof. Church may certainly be connatulated upon compressing a 
vast amount of instruction into a very small space without in any degiae 
interfering with the necessary minuteness of detail or clearness of deso^ 
tXfm."— London Industriai Seview, 

MECHANICAL PBIN CIPIiES OF ENGINEEBINa 
AKD AltCHITECTUKB. 

By Henry Mosely, M.A., F.R.S. From last London edition, 
with considerable additions by Prof. D. H. Mahan, LL.D,,of 
the U. S. Military Academy. 700 pages. With numerous 
cuts 8vo, cloth, 5 00 

MECHANICS OF ENQINEEBINa AND MACHINEBY. 

By Dr. Julius Weisbach. Designed as a Text-book for Tech- 
nical Schools and Colleges, and for the use of Engineers, 
Draughtsmen, etc. Second edition, thoroughly revised and 
greatly enlarged, by Qustav Herrmann, Prof, at the Royal 
Polytechnic School, Aachen, Germany. Translated by J. F. 
Klein, D.E., Prof, of Mechanical Engineering, Lehigh Uni- 
versity, Pa. With numerous fine illustrations. Second edition. < 

1 vol., 8vo, cloth, 5 00 
** Weisbach is a standard in all matters of Ensineeringand Mechanics, 
and his teachings are accepted as correcV—IfeManical Ehigineer. 

MECHANICS OF THE MACHINEBY OF TBANS- 
MISSION. 

Being VoL III., Part I., Section II. of Mechanics of Engineering 
and Machinery. By Dr. Julius Weisbach. Edited by Prof. 
Gustav Herrmann and translated by Prof. J. F. Klein, Lehigh 
University, Bethlehem, Pa 8vo, cloth, 5 00 

NOTES AND EXAMPLES IN MECHANICS. 

With an Appendix on the Graphical Statics of Mechanism. 
By Prof. L P. Church, Cornell University. 135 pages, with 
blank pages for problems 8vo, cloth, 2 00 
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APPLIED MSCHANICS AND BESISTANCE OF 
MATEBIALS. 

By Prof. G. Lanza. Showing Strains on Beams as determined 
by the Testing Machines of Watertown Arsenal and at the 
Massachusetts Institute of Technology. Practical and Theo- 
retical. Designed for Engineers, Architects, and Students. 
With hundreds of illustrations. Sixth edition, revised. 

1 vol., 8vo, cloth, $7 50 

'* The whole work is a yalnable contribution to the sabject of which it 
. treats, and we can cordially recommend it."— Zondon BuUaer, 

WEISBACH'8 MECHANICS. HYDBAULICS AND 
HYDRAULIC MOTOBS. 

With numerous practical examples for the calculation and 
construction of Water- wheels, including Breast, Undershot, 
Back- pitch. Overshot Wheels, etc., as well as a special discus- 
sion of the various forms of Turbines. Translated from the 
fourth edition of Weisbach's Mechanics, by A. Jay Du Bois. 
Profusely illustrated. Second edition 8vo, cloth, 5 00 

WEISBACH'S MECHANICS THEOBY OF STEAM- 
ENGINE. 

Translated from the fourth edition of Weisbaeh's Mechanics 
by A. Jay Du Bois. Containing notes giving practical examples 
of Stationary, Marine, and Locomotive Ensines, showing Amer- 
ican practice, by R. H. Buel. Numerous illustrations. Second 
edition 8vo, cloth, 5 00 

MECHANICS OF THE GIBDEB. 

A Treatise on Bridges and Roofs, in which the necessary and 
sufficient weight of the structure is calculated, not assumed, 
and the number of Panels and height of Girder that render the 
Bridge weight least for a ^ven Span, Live Load, and Wind 
Pressure are determined. By John D. Crehore, C.E. Illus- 
trated by over 100 engravings, with tables, etc 8vo, cloth, 6 00 

**The work bears internal evidences of patient indostry and scholarly 
ability^is a valuable contribntion to science and to the literature of 
Bridge building. "—W. B. Ssablbs. C.S. 

VKINEMATICS; OB, PBACTICAL MECHANISM. 

A Treatise on the Transmission and Modification of Motion and 
the Construction of Mechanical Movements. For the use of 
Draughtsmen, Machinists, and Students of Mechanical En- 
gineering, in which the laws governing the motions and 
various parts of Mechanics, as affected by their forms and modes 
of connection are deduced by simple geometrical reasoning, 
and their application is illustrated by accurately construct^ 
diagrams of the different mechanical combinations discussed. 
By Prof. Chas. W. MacCord. Fourth edition 8vo, cloth, 5 00 

** The work can be confidently recommended to Draughtsmen, and all vrbo 
have occasion to design machinery, as well as to every earnest student of 
Mechanics, young or old."— ilmmcan Machinist. 
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TBEATI8 E ON FBICnON AND LOST WOBK IN 
MACHTNEBY ANJ> MILL WOBK. 

Containing an explanation of the Theory of Friction, and 
an account of the yariooB Lubricants in general nae, with a 
record of various experimenters to deduce the laws of Friction 
and Lubricated Surfaces, etc. By Prof. Robt. H. Thurston. 

Copiously illustrated. Fourth edition 8vo, cloth, $3 00 

*'lt is not too high praiM to say that the present treatise is exhanstiTe 
and a complete review of the whole subie^V— American Engineer. 

CAR LX7BRXOATZON. 

Treating of Theoretical Relations, Coeiacient of Friction, 
Bearing Metals, Methods of Lubrication, Journal-box Con- 
struction, Heated Journals, and the Cost of Lubrication. By 
W. E. Hall. Second edition, entirely rewritten. . .12mo, doth, 1 00 

" A yery osefol book on a snblect opon which literature is verv scarce. 
While the author gives full creoit to Prof. Tharston and to Mr. Woodbury 
for their researches in this direction, he puts the varions theories and re- 
snlts of experiment in a very practical shape and shorn of all bat the 
plainest mathematical dress. The volame is evidently the work of a 
raactical investigator, and is correspondingly valuable. "—.fi^nfl^inMHng 

A HISTORY OF THE FLAinNG MHiL. 

With Practical Suggestions for the Construction, Care, 
and Management of Wood-working Machinery. By C. R. 

Tompkins, M.E 12mo, cloth, 1 60 

" Bach of these chapters is as fhll of meat as an egg ; they give the 
results of long experience and intelligent observation, and no proprietor 
of woodworking machinery and employer of labor can afford to be without 
a copy, nor should any young mecnanic, ambitious to excel in his calling, 
fail to send for it.''— 7^ Lumberman, Chicago, June 16, 18m. 

DYNAMOMETEBS, AND THE MEASUREMENT OF 
PC WEB. 

By J. J. Flather, Prof, of Mechanical Engineering in Purdue 

University, Lafayette, Ind 12mo, cloth, 2 00 

A Treatise on the Construction and Application of Dynamometers. Com- 
TOising Determination of Driving Power, Friction Brakes, Absorption and 
Transmission Dynamometers, rower to Drive Lathes, Measurement of 
Water-Power. 

ELEMENTS OF MACHINE CONSTBUCTION AND 
DRAWING; 

Or, Machine-Drawing, with some elements of descriptive and 
rational Kinematics. A Text-book for Schools of Ciyil and 
Mechanical Engineering, and for the use of Mechanical Estab- 
lishments, Artisans, and Inventors. Containing the principles 
of Gearing, Screw Propellers, Valye Motions, and Groyemors, 
and many standard and novel examples, mostly from present 
American practice. By Prof. S. Edward Warren. Seventh 
edition ,2 vols., 8vo, text, and small 4to plates, cloth, 7 60 

EXTBACT8 FBOM CHOBDAL'S LETTERS. 

Ck>mpriBingthe choicest selections from the Series of Articles which 
have been appearing for the past two years in the columns of the 
American Machinist. With over 50 illustrations. 13mo, cloth, 2 00 

"The author discusses shop work and shop management with mom 
practical shrewdness, and in a manner that Mechanics. Artisans, and wide 
awake worldiig men, generally, cannot help but eu)oj,^''—8cienHtle American. 
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THE LATHE AND ITS USES ; 

Or, Instruction in the Art of Turning Wood and Metal. 
Including a description of the most modem appliances for 
the ornamentation of plane and curved surfaces, with a de- 
scription also of an entirely novel form of Lathe for Eccentric 
and Rose Engine Turning, a Lathe and Turning Machine com- 
bined, and otner valuable matter relating to the Art. 1 vol., 
8vo, copiously illustrated. Sixth edition, with additional 
chapters and Index 8vo, cloth, $6 00 

**The most complete work on the subject ever pablished."— ilm«ri«an 
ArHsan. 

*'Here is an invalaable book to the practical workman and amateur."— 
London Weekly Times. 

A TREATISE ON TOOTHED GEABING. 

Containing complete instructions of Designing, Drawing, and 
Constructing Spur Wheels, Bevel Wheels, Lantern Gear, 
Screw Gear, Worms, etc., and the proper formation of Tooth 
Profiles. For the use of Machinists, Pattern Makers, Draughts- 
men. Designers, Scientific Schools, etc. With many plates. By 

J. Howard Cromwell. Fourth edition 12mo, cloth, 1 60 

''Mr. Cromwell has accomplished good work in brining together in this 



▼olnme a great deal of information onlv to be f oond by searching many 
works, and by adding the resalts of his own experience in the field of 
Mechanical Engineering."— ^m«ri<;a» Machinist 

A TREATISE ON BELTS AND PULLEYS. 

Emhracing full explanations of Fundamental Principles ; 
proper Disposition of Pulleys ; Rules for determining widths 
of leather and vulcanized ruhher belts, and belts run^g oyer 
covered pulleys ; Strength and Proportions of Pulleys, Drums, 
etc. Together with the principles and necessary rules for 
Rope Gearing and transmission of power by means of Metallic 
Cables. By J. Howard Cromwell, Ph.B., author of a Treatise 

on Toothed Gearing 12mo, cloth, 1 (M) 

**ThiB is a yery complete and comprehensive treatise, and is worthy of 
the attention of all Mechanics who have anything to do with the manage- 
ment of belts and pulleys, eto."— National Gar Builder, 

SAW FILING. 

The Art of Saw Filing Scientifically Treated and Explained 
on Philosophical Principles. With explicit directions for 
putting in order all kinds of Saws, from a Jeweler's Saw to a 
Steam Saw-mill. Illustrated by 44 engravings. By H. W. 
Holly. Fifth edition 18mo, cloth, 75 

SAW PTLINQ. 

A Practical Treatise on Filing, Gumming, and Swageing Saws. 

By Robert H. Grimshaw Fully UluBtrated 1 vol.. 16mo. 1 00 

MACHINEBY PATTSBN MAKING. 

A Discussion of Methods, including Marking and Recording 
Patterns, Printing Press, Slice Valve and Corliss Cylinders ; 
How to Cast Journal-boxes on Frames, Differential Pulleys, 
Fly-wheels, Engine Frames, Spur, Bevel and Worm Gears, 
Key Heads for Motion Rods, Elbows and Tee Pipes, Sweeping 
Straight and Conical Grooved Winding Drums, Large Sheaves 
with Wrought and Cast-iron Arms, 128 full-size Profiles of 
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Gear Teeth of different pitches for Gears of 14 to 800 Teeth, 
with a Table showing at a glance the required diameter of 
Gear for a given number of teeth and pitch, Double Beat, 
Goyemor, and Plug Valves, Screw Propellor, a chapter on 
items for Pattern Makers, besides a number of valuable and 
useful Tables, etc., etc. 417 illustrations By P S. Dingey, 

Foreman Pattern Maker and Draughtsman 12mo, cloth, $2 00 

" A neat little worlc that shoald be not only in the hands of eveir pattern 
maker, bat read by every foundry foreman and proprietor of foandries 
doing machinery work."— IfacAin^ry Moulder^s Journal. 

THE BOSTON MACHINIST. 

Being a complete School for the AppfeDtice as well as the 
advanced Machinist, showing how to make and use every tool 
in every branch of the business ; with a Treatise on Screws and 
Gear-cutting. By Walter Fitzgerald, Third ed'n. 18mo,cloth, 76 

STEAM HEATING FOB BUILDINGS. 

Or, Hints to Steam Fitters. Being a description of Steam 
Heating Apparatus for Warming and Ventilating Private 
Houses and Large Buildings, with Kemarks on Steam, Water, 
and Air in their Relations to Heating. To which are added 
useful miscellaneous tables. By Wm. J. Baldwin. Tiiirteenth 

edition. With many illustrative plates 12mo, cloth, 2 50 

'*Mr. Baldwin baa supplied a want long felt for a practical woik 
on Heating and Heating Apparatus.*'— i9aniMry J^^gineer. 

THE COST OFUtfANUFACTirRES— AND THE AD- 
MINISTBATION OF WOBKSHOP8, PUBLIC 
AND FBIVATE. 

A System of Mechanical Book-keeping, based on the Card- 
Catalogue method, dispensing with skilled clerical labor and 
the use of books, by which the cost of manufactures may be 
promptly determined, either in gross or in any detail, as to 
component parts and operations thereon. Comprising a 
simple method of recording all dealings with materials which 
relate to its procurement, expenditure, or possession. Applied, 
with numerous practical illustrations, to the trust, accounta- 
bility for public property, and funds required of the U. S. 
Ordnance Department, with a review of its present practice. 
By Capt. Henry Metcalfe, U. S. Ordnance Department. Illustra- 
ted with tables, forms of cards, etc. , etc. Second ed'o. 8vo, cloth, 5 00 

*' I feel Biire that by the nse of yonr methods I can determine a cost I have 
never been able to arrive at."— Swart Manufacturino Co., Chicago. 

*' We find that it enables us to keep a more accarate record of each piece 
of work. We can locate the responsibility for any delay or omission.*^— 
Rathbonb & Co., Stove Works, Albany. 

WBISKLEB AND BECIPES. 

Compiled from the SCIENTIFIC AMERICAN. A collection 
of practical suggestions, processes, and directions, for the 
MECHANIC, ENGINEER, FARMER, and Housekeeper. 
With a COLOR TEMPERING SCALE, and numerous wood 
enjjravings. By Park Benjamin. Revised by Profs. Thurston 
and Van der Weyde, and Engineers Buel and Rose. Fifth 

revised edition 12mo, cloth, 2 00 

** Hundreds of Trade Secrets and Mechanical Shop Wrinkles.** 
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MEOHANIOAIi ENQINEER'S POOEET-BOOE. 

By William Kent, M.E 12mo, morocco, 1100 pages, |5 00 

HEATING AND VENTILATINO OF BUILDINGS. 

An Elementary Treatise. By Prof. RoUa C. Carpenter, Cornell 
University 8vo, clotb, 3 00 

A TREATISE ON HYDRAULIOS. 

By Prof. Henry T. Bovey, McGill University, Montreal. 

8vo, cloth, 4 00 



THE ELEMENTARY PRINCIPLES OF MECHANICS. 

By A. Jay Du Bois. Three volumes. 8vo, cloth. 

Vol. I. Kinematics 3 60 

Vol. II. Statics 4 00 

Vol. III. Kinetics 3 60 

COMPRESSED AIR. 

By Frank Richards 12mo, cloth, 1 50 

A TREATISE ON ROPE DRIVING. 

By Prof. J. J. Flather, Purdue University 12mo, cloth, 2 00 

LOCOMOTIVE MECHANISM AND ENGINEERINQ. 

By H. C. Reagan, Jr 12mo, cloth, 2 00 

PRACTICE AND THEORY OF THE INJECTOR. 

By Strickland L Kneass, C.E Svo, cloth, 1 50 



joh::n^ w^iley & sons, 

53 E. Tenth St., New York. 
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